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I. The main theorem 


The set R of elements z, y, --- will be called a normed ring if 

a) R is a Banach space over the field of complex numbers. 

b) The operation of multiplication is defined for elements of R. This operation 
possesses the usual algebraic properties. 

ec) R contains a unit element e. 

d) |\jay|] S|lel|l-ilyl, — llell-= 1. 
Since commutativity of multiplication is not assumed we shall have to dis- 
tinguish between left inverses, right inverses, and (two-sided) inverses. We 
note that a left inverse, if it exists, need not be unique. 

Our principal result is the following theorem: 

THEOREM 1. If R’ is the ring of periodic functions 


(1) a(t) = >> ane™, a,eR, 


on0 St < 2x to R, with 


(2) d || an || < %, 
where the product x(-)-y(-) in R’ is the function x(t)y(t), then x(t) has a left in- 
verse in R’ if x(to) has a left inverse in R, for every ty . 

This is a generalization of the known theorem of N. Wiener’ from complex 


numbers to a general R. 
Denoting by L(R) the Banach space of strongly integrable (Bochner, 2] 


functions f(t) on —2 <t < © to R with the norm 


oo 


3) Wil = [iso |lae 


we are able to obtain a generalization of another of Wiener’s theorems. 
Toeorem 2. If f(t) « L(R) and if the Fourier transform 


(4) a(u) = [soe at 


has a left inverse in R, for each real u, then the linear combinations 


(5) YAflt— ra), AneR, 


1 We shall quote from the memoir of Wiener [6] rather than from his book on the Fourier 
Integral. 
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are dense in L(R). Conversely, if (5) is dense in L(R) then x(u) has a left 
inverse throughout (— ©, «). 

The possibility of extending Wiener’s results from numbers to ring elements 
was suggested to us by Gelfand’s new method [3] of proving Wiener’s theorem 
with the aid of maximal ideals in rings. It turns out that Wiener’s own method 
leads very directly to our version of his theorem, whereas the adaptation of 
Gelfand’s method to the non commutative case is slightly more elaborate. 
We shall present both methods. The normed ring approach has been found 
applicable to a slightly more general type of function ring. 


II. Wiener’s method 
Lemma 1. If aeR, ||a|| < 1, then the series 
c=e-at+ta—a+--: 
is absolutely convergent and 
(6) cle + a) = (e+ ajc = «. 


Relation (6) can be verified by direct multiplication. 
Lemma 2. If a has a left inverse a’ (i.e. a’a = e) and @f || b||-|| a’ || <1, 
then a + b has a left inverse c, and 


(7) c = a’(e — ba’ + (ba’)” — (ba’)*® + ---) 
In fact, a + b = (e + ba’)a, and hence, by Lemma 1, 
c(a + b) = a’(e — ba’ + (ba’)’ — ---)(e + ba’)a = a’ea = «. 


LremMaA 3. The set U; of all elements in R with a left inverse is an open set. 

Proor. Lemma 2. 

Since F is a Banach space, we first note that if x(t) belongs to the R’ of Theo- 
rem 1, it is in particular strongly integrable. Therefore series (1) is its Fourier 
series, and many familiar theorems hold. For instance, expansion (1) is unique, 
no matter how arrived at. In what follows, analysis of real and complex 
variables will be applied to the value space R without special emphasis. 

Lemma 4. If x(-) € R’, and if x(0) has a left inverse in R, then there exists an 
element 


y(t) = >) ene 


in R’ with the following two properties: 
(2) the coefficient co has a left inverse cy , and 


Nes I-Ie (em + ea) I <3 


(i) in some interval —e < t < ¢, y(t) = x(t). 
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Proor. As in Wiener [6, p. 12, Lemma 2d], we introduced on the circle 
—-x < t < m the numerical function 


<% lt] <e 


| 
wdt) = 42 —!8, ex|t| <2 





and the function 
y(t) = w.(t)-a(t) + [1 — w.(t)]-2(0) = D0 en(oe™. 


Obviously y.(¢) satisfies property (ii) for each «. As for property (i), Wiener’s 
argument shows that 


lim Cole) = 2x(0), 


lim y || en(e) + c_n(e) || = 0. 
Thus by Lemma 2 property (i) holds for sufficiently small e. 
Lemma 5. If y(-) € R’, and y(t) satisfies property (i) of Lemma 4, then y(-) 
has a left inverse y’(-) in R’. 
In fact, putting 
B(t) sia ¥. (cre”* + ce”), 


we have by Lemma 2, 
y(t) = cole — (B(t)eo + (B(t)co)” — (B(t)eo)* + +++] 


Now if z(-) eR’ and if for all ¢, x(t) « U,, then by Lemmas 4 and 5 there 
exists for each f a function y;,(-) € R’ such that y,,(¢)-2(t) = e in some interval 
(to — €, f& + €). We can now piece together a finite number of these functions 
y:(-) and obtain a function z’(-) ¢ R’ for which z’(t)-z(t) = e for all ¢. For 
details of the argument see Wiener [6, pp. 10-11, Lemma II,]. This concludes 
the proof of Theorem 1. 

We now turn to the proof of Theorem 2. Our main step is 

Lemma 6. Given constants —r <a <a<b< 8B <7, if 1(-), 22(-) belong 
to R’ where x2(u) has a left inverse for a < u < B, and x(u) vanishes outside 
a <u Sb, then there exists an element x3(-) of R’ which vanishes outside a S u SB 
such that 


(8) ti(u) = x3(u)x2(u) 


m—-rSu<n. 

Proor. By Lemmas 4 and 5 corresponding to any % ina < u < b, there 
exists a function Yu,(-) ¢ R’ such that in some interval (uo — €, Ww + 6), 
Yuy(U)x2(u) = e. As above, we can define a function z,(u) which belongs to R’ 
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and for which 2(u)a(u) = eina Sub. Let 2(u) = ai(u)+22(u). Then 
x3(u) = Oin the intervals -r Su Sa,8 Su<-7. Inaddition 


x3(u) eR’, and a(u) = x(w)xo(u). 


Lemma 7. If x(u) is strongly integrable in (—x, x) and vanishes in (—r 
—a + «) and (x — «, m), and af we put 


’ 


Tr 


_ 1 : —iut oe 1 [ —inu 
fi) = os: x(u)e*“* du, On = = _ aude du 


then [iis \\ae < « if and only if > [| an || < 0. 


Proor. As in Wiener [6, p. 14-15, Lemma IIf]. 
From Lemmas 6, 7 we now conclude 


Lemma 8. If g(t) and f(t) both belong to L(R), if x1(u) = [ g(t)e™' dt vanishes 


outside some interval (a, b), and if x2.(u) = [ f(je™* dt vanishes outside some 


larger interval (a, 8), a < a,b < B, x2(u) having a left inverse for each uina < u 
< B, then there exists an element h(t) in L(R) such that 


9) a) = [ t h(nf(t — 2) ad. 


Integral (9) can be approximated in L(R) by sums of the form (5). The 
transition from Lemma 8 to Theorem 2 can be effected by Fejer approximation 
as in Wiener [6, p. 16-18]. 


III. Irreducibility and maximal ideals 


The following lemmas are the algebraic basis for an adaptation of Gelfand’s 
methods. 

Let V = (a, b, c, ---) be a Banach space over the complex numbers, and let 
A = (a, B, ---) be the ring of all bounded linear transformations on V to V. 
Then a(a + b) = aa + Bb, (Ba)a = B(aa). If Vo is a subset of V and Ay a 
subset of A then AoVo will denote the set of all elements (aa) of V for a Ao 
and ae Ao. 

V will be said to be irreducible over the subring A» of A if for every ae V, 
(a # 0), Aca = V. This means that V has no subspaces invariant with 
respect to Ao. 

Lemma 9. If V ts irreducible over Ao , and if A’ denotes the set of all elements 
of A which commute with all elements of Ao, then A’ is isomorphic to the field 
of complex numbers. 

In fact if a’, B’ € A’ and a € Ao, then a’ap = apa’, B’ay = a8’ implies (a’ + 
B’)ao = ap(a’ + 6’). Similarly a’B’ao = a’an8’ = aa’B’. Thus A’ is a ring. 
Clearly A’ contains the null element and the identity. Now, if a’ « A’, a’ # 0, 
consider the set W = a/V. The irreducibility implies AjW = AV = V; 
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and the commutativity implies a’Ay = Apa’. Therefore W = a’V = a’(ApV) = 
Aj(a’V) = AoW = V. That is, the range of the homomorphism a’ is all of V 
Now suppose that for some a e V,a ~ 0, we hada’a = 0. Thena’/V = a’(Aya) 
= A,(a’a) = 0 which is contrary to a’'V = V. a’ is therefore a one to one 
linear bounded transformation on V to V. By a theorem due to Banach (1, 
p. 41, Theorem 5), the inverse @’ is a linear bounded transformation and hence 
belongs to A. B’ao = B’aoa’B’ = B’a'a8’ = apf’ for all ap € Ao. Thus 8’ 
belongs to A’. A’ is therefore a field. Clearly a limit (in A) of transforma- 
tions which commute with elements of Ay also commutes with these elements. 
A’ is thus a complete normed field over the complex numbers. Such a field is 
isomorphic to the field of complex numbers. Since the proof of this is the same 
in the commutative and noncommutative cases we refer the reader to Gelfand 
(3, pp. 6-8]. 

If R is a ring with unit element, a left ideal I is a subset with the properties: 

1) ifxel,y eT, then px + qy eI for any elements p, q from R. 

2) I is a proper subset of R. 

A maximal left ideal is one not contained in a larger left ideal. 

Lemma 10. Jf Risa ring with unit, if I is a maximal_left ideal, if V is the 
addition group of the cosets R/I, and if Ao is the ring of homomorphisms of V onto 
itself as produced by multiplying V by elements of R from the left, then V is ir- 
reducible with respect to Ao. 

If « e R, then the element of Ap corresponding to x will be denoted by u(z). 
For fixed a e V, a ¥ O, we form the set Vo = u(R)a. Since R is a linear space, 
Vv isa linear subspace of V. Also,since R contains a unit element e, u(e)a = a 0. 
Thus V» contains the null element and some other elements. Now form the 
set S of all elements of R contained in the cosets composing Vy). Then S 
includes J as a proper part. On the other hand, S is a left ideal. As I was 
supposed maximal, S = R. Thus Vo = V; that is Aga = V. 

Lemma 11. Jf R, I, V, Ao have the same meaning as in Lemma 10, and if 
for fixed x « R and every maximal left ideal I the corresponding element u(x) of Ao 
has a left inverse in Ag , then x has a left inverse in R. 

Proor. Since R contains a unit element e, every left ideal is contained 
in a maximal left ideal, and consequently an element x of # has a left inverse 
a’ if (and only if) it is contained in no maximal ideal. See Gelfand [3, p. 8-9]. 

If x’x = e, then p(x’)u(x) = u(e). Denoting by a, and a the elements of V 
which as cosets in R/I contain the elements e and 0 respectively, we have in 
particular 


(10) p(x’)u(r)ae = plea . 


Since e-e = e, we have pu(e)a, = a,. On the other hand, u(x)a, contains z. 
Hence if x were contained in a = J, we would have u(x)a, = a, and con- 
sequently yu(x’)u(x)ae = a. This completes the proof of Lemma 11. 

Finally we have to make several statements for normed rings. 

Lemma'12. Every maximal ideal of a normed ring is closed. 
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For the proof see Gelfand [3, p. 8]. 

Preparatory to an amendment of Lemma 11, we first observe that if R js 
normed, and X is a closed linear subspace, then R/X is made into a Banach 
space by introducing the norm 


|| ¥ || = infyr || y || 


for any Y of R/X [see 3]. 
Lemma 13. Jf R, I, V, Ao, have the same meaning as in Lemma 10, then V 
is a Banach space, Ay is a normed ring, and for the norm || u(x) || in Ao we have 


|u(z) || S lla], weR. 





In fact, 
|| w(x) a || inf [|| zy || | yea] 
= eaeeeewets OS GU < ‘ 
I a(2) II re || a || mp, inf (ily ll| yeal Iz II 
IV. Theorem 3 


Assumptions. Let F denote a (commutative) ring of complex valued functions 
S(t) on a point set [t]. Ring multiplication is ordinary multiplication f(t) -g(t), 
and the constant function f(t) = 1 belongs to F and is its unit. The norm in F 
will be denoted by ordinary bars: | f(t) |. By M(f) we shall denote any continu- 
ous ring homomorphism from F to complex numbers. Thus in particular M(fg) = 
M(f)-M(q). - 

Let R = (a, y, -++) denote any (non-commutative) normed ring with unit e and 
norm || x ||, and let R’ denote a family of functions x(-) = x(t) from [t] to R with 
the following properties: 

1) R’ is a ring under point multiplication x(t)y(t). 

2) Ifa, +--+, eR, filt) --+ , fr(t) € F, then 


(11) wifi(-) + +++ + Onfn(-) 


belongs to R’. If x e R, f(t) € F, then the element xf(-) of R’ will be denoted by a’. 
3) R’ is a normed ring with norm || x(-) || for which 


I” |] = lle ll-1f1- 


4) The linear combinations (11) are dense in R’. 
5) If x(-) = af! + +--+ + 272, then for every homomorphism M(f) of F, 


|| mM (fi) + +--+ + enM(fr) || S || x (-) II. 
On the basis of 4) and 5) every M(f) gives rise to a continuous homomorphism 
M(x(-)) from R’ to R, with the property , 
M(x’) = xM(f). 


We will call M a generated homomorphism. 
Conciusion. An element x(-) € R’ has a left inverse if for every generated 
homomorphism M, the element M(x(-)) of R has a left inverse in R. 
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Proor. Replacing R by R’ in Lemma 11, we consider an arbitrary maximal 
left ideal J and for any element z(-) ¢ R’ the corresponding element u(x(-)) of 
Ay. The elements e’(-) = ef(-) of R’, e = unit in R, f ¢ F, are commutative 
with any element x’ of R’ and hence by 4) with every element of R’. There- 
fore, by Lemmas 9, 10, and 13, u(e’(-)) can be looked upon as a continuous ring 
homomorphism from F to complex numbers. More precisely there exists an 
M(f) such that 


ule’) = eM(f) = (ex: = u(e-1) is unit of A). 
For an element of the form (11) we have 
w(x(-)) = w(att + +++ + at) = w(ai-Dules,) +--+ + (xe Duley) 
= w(2r-1)M (fr) +e tute 1) M (fe) = w([erM (fit) +--+ +2%.M(fr)]-D 
and thus 
(12) u(x(-)) = w(M(2(-))-1) 


By property 5) in conjunction with Lemma 13 this relation is valid for all ele- 
ments x(-) « R’. Now if M(a(é)) has a left inverse x’ in R, then 


u(a’-1)-p(x(-)) = w(x’-2(-)). 
Applying (12) to x’-a(-) instead of x(-), this is 
= pw(M(a’-(2(-))-1) = w(x’-M(2(-))-1) = ule-1) = 1. 


Thus u(2(-)) has a left inverse, and by Lemma 11, z(-) has a left inverse in R’. 
A ParticuLarR AssuMPTION. Corresponding to any M(f) there exists a 
point t& such that 
M(f) =f() feF. 


In this case, property 5) can be replaced by the simpler property: || x(f) || < 
| a(-) ||, for each to. 

A ParticuLarR Conciusion. The element x(-) € R’ has a left inverse in R’, 
provided x(t) has a left inverse in R, for all t. 

The proof is obvious. 

Adjunction of unit. If the ring F has no unit, we make a formal adjunction 
of aunit 1, and we consider the enlarged ring F: \1 + f, with the norm | \| + | f | 
(A = complex number). This leads to the ring R’ of elements #(-) = Ae-1 + 
2(-) where || #(-) |] = |A| + |] 2(-) ||. It can be shown, Gelfand [3], that 
every homomorphism M = M(A1 + f) to the complex numbers is either +M(f) 
where M is a homomorphism of F, or it is the exceptional homomorphism M(A1 
+ f) =X. We can then obtain the following conclusion: If F has no unit, 
then the element z(-) = Xe-1 + 2(-) with A ¥ O and 2(-) eR’, has a left inverse 
of the form d’e-1 + 2/(-), if for every generated homomorphism M the element 
Ne + M(x(-)) ¢ R has a left inverse in R. In the particular circumstances 
cited before, it is again sufficient that Ae + x(¢) shall have an inverse for each t. 
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V. Expansions on groups. Applications 
By known results on topological groups, and by results on numerical func- 
tions by Gelfand [4], and Gelfand-Rykov [5], Theorem 3 leads easily to the 


following theorems. 

TuHreorEeM 4. If I = (a, B, -+-) 1s a commutative group of addition with dis- 
crete topology and G = (t, s, ---) is the compact dual group of addition; if {x(a, t)}, 
aeT,t¢ Gare the characters from T to G; of R is any normed ring; and if R’ is 
the ring of functions on G, 


(13) z(t) = po Qax(a, t) a.€eR 
(14) Di || 4a || < *, 
then x(-) has a left inverse in R’, provided x(t) has a left inverse in R, for all t. 
More generally, if (14) is replaced by 
de || Ga || < ~, 


where the real numbers qa have the properties dais S Ya + Ys and q = 0, then the 
condition is that 


> aae”*x(a, t) 


shall have a left inverse in R for all t, and every system of real numbers pa, for which 


Pats = Pa + Pp, Po = 0; Pa S Ya- 
However, if T is a locally bicompact group with unique Haar measure da; if 
x(a, t) are continuous characters; if R’ is formed by 


z(t) = / da x(a, t) da, d.€eR 
r 
where 
[ e\|ax||da < =; 
r 


and if R’ has no unit, but 1 is an adjoined unit, then the element Z(-) = 1 + 2(-) 
has a left inverse of the form \’1 + x'(-) provided 


r-| rve + | aoe x(a, t) da 


has a left inverse for all t, and every continuous system pz with the previous properties. 

In the case of a discrete group TI it is often natural to consider not the total 
compact group G but a dense subgroup G. For instance, if I is the linear 
group —%° <a < without topology then it is natural to consider the char- 
acters x(a, t) = e*‘ with —« <t< o, dense in the total group G. It is not 
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necessary to make sure of the existence of x’(t) for all G, but it is sufficient to 
know that the left inverse x’(¢) exists and is bounded in norm (— *«, ~). This 
results from the following lemma: 

Lemma 14. Supposexz,—>xink. If x, is @ left inverse of x, and the || Ln 
are bounded, then x possesses a left inverse. 

PROOF. € — Int = € — LpXn + Xn2n — 2,2. Hence lle — ana || S |] xy | 

In —2|| 7. By Lemma 1 there exists for sufficiently large n, an inverse 
yn, Of va so that YnYn is a left inverse for x 

However, if I is the continuous group —*x < a < o with the ordinary 
Lebesque measure as measure, the line (—~, ~) is the complete group G. 
Thus we obtain the following: 

TueoreM 5. If x(t) = >> ane’, an € R, >> || an || < ©, and if a left inverse 
y(t) exists for each t and || y(t) || < C, then there exists a function x’(t) = >> b,e*"" 
with >> || bn || < 2% such that x’(t)-x(t) = 


Ifa(a) eR, —~ <a < &, and a(a) is strongly integrable [ || a(a@) || da < x, 


and if for complex X # 0, Xe + / a(a)e*' da has a left inverse for all t, then 


there exists a left inverse of the form Xe + [ b(a)e'*‘ da, with / || b(a) ||\da << x. 
— 20 


-— 20 
Difference and integral equations. Now, consider functions g(t), y(t), 
on the line — © <t < o with values in a space on which R operates; and assume 
that they form a Banach space B, and that the norm in B is invariant under 
translation. Then, all symbols having the same meaning as in Theorem 5, 
we see that the difference equation 


(15) be ang(t - Qn) ae y(t) 
has a solution 
(16) y(t) = >> bab(t — Br), 


and the integral equation 
elt) + [ alaelt ~ a) da = vid 
has a solution 
o() = v0 + [wave - 8) a8. 
For instance, let R be the space of k-dimensional matrices of complex numbers 


p=(m) i f=1,---5k 


and let || «|| be the maximum of )>‘, j-1 x:spiq; for D> | pi | S 1, Dial <1 
Then we obtain the following result. 
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If dn = (a7;), >, || an || < ©, an = real, and if for 
Dit) a (x aise") i, j = a. tee, k, 
n=1 


IID"@||SC< 0 -w <t<-o, 


then there exist matrices b, = (b7;), >» || bn || < 2%, and real numbers Ba , 
such that the system of equations 


Oe) k 
p> 2 aij gilt + an) =y(t) i=1,-::,k 


n=1 


has a solution of the form 


are De bivilt + Br). 


n=1 1= 


If the functions y,(t) belong to Lebesgue class L, , to B, M, C ete., then the 
functions ¢;(t) belong to the same class respectively. 
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ON THE LAW OF THE ITERATED LOGARITHM 


By Pau Erpés 
(Received December 26, 1941) 


Introduction 


Let ¢ be a real number (0 S ¢ S 1), and let ¢ = 0.a(t)e(t) --- be its dyadic 
expansion, or equivalently, 


a(t) , e(t) €n(t) 





(0.1) j= = - te aS + +, 
where ¢,(t) = 0 or 1 according as the integral part of 2"t is even or odd. It 
is well known that {e,(t)} (n = 1, 2, ---) is an independent system in the 
sense of probability,’ and that 
1 1 2 
“=, i 
(0.2) [ e,(t) dt = 5 ; (<(0 s) di = rt 
Let us further put 
(0.3) ft) = Del) — 2. 
k=l 2 
It was proved by A. Khintchine’ and A. Kolmogoroff* that 
n(t 
(0.4) lim sup = Salt) ;=1 
= (; log log n) 


for almost all ¢. 

Let y(n) be a monotone increasing non-negative function defined for all 
sufficiently large integers. Following P. Lévy we say that ¢(n) belongs to the 
upper class if, for almost all t, there exist only finitely many n such that 


(0.5) fit) > g(n) } 


and y(n) belongs to the lower class if, for almost all ¢, there exist infinitely many 
nsuch that (0.5) is true. According to the well-known law of 0 or 1, each ¢(n) 
must belong to one of these classes. Then the result of A. Khintchine and A. 
Kolmogoroff stated above means that g(n) = (i + «€)(4n loglog n)* belongs to 
the upper class if « > 0, and to the lower class if « < 0. 

The purpose of the present paper is to give a sharpening of this result. The 





*Cf. M. Kac and H. Steinhaus, Sur les fonctions indépendentes, Studia Math. 6 (1936), 
46-58, 59-66, 89-97. 
* A. Khintchine, Asymptotische Gesetz der Wahrscheinlichkeitsrechnung, Berlin, 1933. 
*A. Kolmogoroff, Uber das Gesetz der iterierten Logarithmus, Math. Annalen, 101 
(1929), 126-135. 
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main results are stated in Theorems 1, 2, 3, 4, and 5 below. Among other 
results, it follows from Theorem 3 that, for k > 3, 


’ 


n ‘3 3 1 
y(n) = (5 rea .) (tog log n + 7 logs n+ 5 108s n 


(0.6) 1 1 
foe e 5 log n+ (; + .) log; r 


belongs to the upper class if « > 0 and to the lower class if « < 0. 

Our proof is direct and elementary. We do not assume the result of A. 
Khintchine and A. Kolmogoroff, and the paper can be read without knowledge 
of any particular results concerning the law of the iterated logarithm. The only 
facts we need are the notion of independence, and the well known inequality 


(0.7) one < Pr(A,(x)) < nen, 
where 
(0.8) A,(x) = Eft: f,(t) > 2] 


means the set of all real numbers ¢ (0 S ¢ S 1) satisfying f,(¢) > x, and Pr(A) 
means the ordinary Lebesque measure of a measurable set A in the interval 
0O<t<1. c; ( = 1, 2, ---) will denote positive constants. 

Throughout the present paper, the sequence {m,} (n = 1, 2, ---) defined 
by m, = land 


(0.9) mn = [e”!/!*"], n = 2,3, °°, 


will play a fundamental réle. The fact that we adopt the sequence {m,} 
(n = 1, 2, ---) instead of {a”} (n = 1, 2, ---), which was used by A. Khint- 
chine and A. Kolmogoroff, is essential in our proof, and will enable us to ob- 
tain our sharper results. The following inequalities, which are easy to prove, 
will be used very often: 





(0.10) Mn < Manzi < C3Mn , 
‘Mn n 
(0.11) C4 ie < Mn+1 — Mn < G5 = 
log log m, log log mn 
__™n —) ] l b 
hi hee wa < (mMn41 log log mn41) 


(0.12) 


— (m, log | y< hn 
ates “ log log m,/ 

It is not difficult to extend our results to the case in which the parameter ” 

is continuous, i.e. the case of Brownian motion.’ We can define the upper and 





‘Cf. A. Khintchine, loc. cit. 2. Cf. also N. Wiener, Differential space, Journal of Math. 
and Phys. 2 (1923), 131-174, and the book of P. Lévy quoted in footnote 5. 
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the lower classes in this case, and can obtain the corresponding results. It was 
stated by P. Lévy’ that A. Kolmogoroff has proved the following result: Let 
yk) = v(k)/M be monotone increasing. Then a necessary and sufficient 
condition that g(A) belong to the lower class is given by the divergence of the 


integral 
7 —2(¥(A))2 dy 
(0.13) I V(rJe > 


It is easy to see that this is equivalent to Theorem 4. As far as I know, the 
proof of A. Kolmogoroff has not been published. Recently, J. Ville’ proved 
that the divergence of (0.13) is necessary. This corresponds to a special case 
of Theorem 1, but his proof is entirely different from ours. 


1 


THEOREM 1. g(n) belongs to the upper class if it 1s monotone increasing and if 
(1.1) > Pr(Am,(e(m,))) < 2. 
n=1 


Proor. First we remark that we may assume that 
(1.2) g(n) S (n loglog n)? 
for sufficiently large n. Indeed, otherwise we may consider gi(n) = 
min (y(n), (n loglog n)') instead of ¢(n). It is clear that ¢:(n) is monotone in- 
creasing, that (7) satisfies (1.1) if y(n) does (because, by (0.7), go(n) = 
(n log log n)? satisfies (1.1)); and that if g,(n) belongs to the upper class so does 


y(n) too. 
Next we notice that, under the assumption (1.2), we have 


(1.3) Pr(A my, (9(1Mn))) < csPr(Am,(¢(mn))). 


This is an easy consequence of the relations (0.7), (0.10) and (0.11). We omit 
the proof. 

Now assume that Theorem 1 is not true. Then there exists a constant cy > 0 
such that, for any My = m,, , there exists an Ny = muni (mo > mo) such that 


(1.4) Pr( Dd) Au(g(u))) > c > 0. 


Mo<usNo 


Let us put 
Blu) = A.(y(u)) — Aule(u)) De Aly) 


(1.5) Mo<v<cu 


Elt:f.u(t) > o(u); f(t) = ev), Mo <v < ul. 


I 


’P. Lévy, Théorie de l'addition des variables aléatoires, Paris, 1937. 
‘J. Ville, Etude critique de la notion de collectif, Paris, 1937. 
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Then {B(u)} (Mo < u S No) are mutually disjoint, and 
(1.6) ® ae = ) A,(g(u)). 


Mog<usNn Mg<uZNo 


For each u (My < wu S No) takeann (m Sn < no) such that m, < u S mu, 
and put 


(1.7) ee - Eft: fm, (t) ia Sut) = 0}. 
Then it is clear that B(u) and Az,m,,, ate independent, and hence 
(1.8) Pr(B(u)+Avimyss) = Pr(B(u))Pr(Av.mas:) 2 3+Pr(B(u)). 


On the other hand, since ¢t ¢ B(u)-Av,m,,, implies fm,.,() 2 fult) > o(u) = 
y(m,), we have 


(1.9) B(U) + Mv musr CG Amays((mn)) 


form, < US Mp4. Hence, since {B(uU) + Ai my+1} (Mo < u S No) are mutually 
disjoint, we have, by (1.3), (1.8), (1.6) and (1.4), 


cs Dy Pr(Am(e(mn))) 2 DY Pr(Amusi(g(mn))) 


My<u<No Mo<usNo 
> DY Pr(Blu)-Abmea,) 2% YD  Pr(Blu)) 
(1.10) My<u<No My<uSZNo 
=4PrC Bw) = 4Pr( YE Au(o(u))) > F > 0. 


Mo<usNo Mo<usNno 


Since cg and cy are positive constants, and since My) = m,, can be arbitrarily 
large, this contradicts to the assumption (1.1). This proves Theorem 1. 
Corotiary 1. y(n) = (1/(2)' + 6) (n log log n)* belongs to the upper class 
fore > 0. 
CoroLuary 2. The expression (0.6) belongs to the upper class for « > 0. 
Proor. Follows immediately from Theorem 1 and (0.7). 


2 


THEOREM 2. If y(n) is monotone increasing, then a necessary and sufficient 
condition that y(n) belong to the lower class is that, for almost all t, there exist 
infinitely many n such that 


(2.1) fm,(t) > o(mn). 


Proor. The sufficiency is obvious. In order to prove the necessity, let us 
assume that y(n) belongs to the lower class. First we remark that we may 
assume 


(2.2) y(n) < (n log log n)} 


for sufficiently large n. Indeed, by Corollary 1 to Theorem 1, go(n) = (n loglog n)' 
belongs to the upper class. Hence, if we put g:(n) = min (y(n), go(m)), then 
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gi(n) belongs to the lower class if y(n) does; and if the necessity of the condition 
is proved for gi(n), then it is obviously true for y(n) too. 
By assumption, there exists a constant ci > 0 such that for any My = m,, 
: ’ 
there exists an No = mri (mM > mM) such that 


(2.3) Pr( Pm A.(g(u))) > ew. 
Let us put 
C(u) = Au(y(u)) — Aule(u))- DY Ad(e)) 
(2.4) ee 


= Eft:f.() > e(u); fo) S gv), u<v S Ni. 
Then {C(u)} (My < » S No) are mutually disjoint, and 


(2.5) > Cu = DD Axlg(u)). 


My<uZNo Mog<uSNo 


Foreach u (My < u < No) take ann (nm <n < m) such that m, <u S may 
and put 


(2.6) An,.u = Eft: ful) — fm,(t) S 0). 


It is to be noticed that C(u) and A;,,,, are not independent, but it can be shown 
by computations’ that there exists a constant cy > 0 such that 


(2.7) Pr(C(u)-An,.u) > ¢uPr(C(u)). 





7 We sketch the proof of (2.7): Let us put 
C(u, k) = Elt:fu) =k; fot) Sev), u<v S Nol, 


where k > y(u) is an integer or integer + } according as u is even or odd. Then a simple 
calculation with binomial coefficients shows that 


Pr( pe C(u, k)) > cae Pr(C(u)). 
e(u)<kSe(u)t+u/e(u) 


Thus it suffices to show that, for g(u) < k S g(u) + u/p(u), 
Pr(C(w, k)- Amu) > caPr(C(u, k)). 


Now, it is easy to see that 





Pr(C(u, k)) a ' / a : 
Pr(C(u, k)-Ampu) \ Yak 
r(C(u 5 tk / = 4 





and a simple calculation shows that 


u a 
uU > cal x ’ 
“ vk 
gtk 9 + 


which completes the proof of (2.7). 
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On the other hand, since ¢ ¢ C(u)-Ax.,,,. implies fn,(¢) 2 fu(t) > e(u) = o(m,), 
we have 
(2.8) C(u) + Angu C Am, (¢(mn)) 


for m, <u SX Mnp41. Hence, since {C(u)-An,,u} (Mo < u S No) are mutually 


disjoint, we have, by (2.7) and (2.5), 
 — Pr(Am(gmn))) = DY Pr(C (ut) -Angwu) 


Mo<mnZNo Mg<uZNo 
(2.9) = Cu > > Pr(C(u)) = en Pr( > C(u)) 
Mo<usNo Mg<uSNo 
- eu Pr( a A.(¢(u))) > Co'Cu > 0. 
Mo<usNo 


Since ci and cy are absolute positive constants, and since My) = m,, can be 
taken arbitrarily large, this means that the set of all ¢ for which the inequality 
(2.1) holds for infinitely many n, has positive measure. By the law of 0 or 1, 
this set must have measure 1, and thus Theorem 2 is proved. 


3 
THEOREM 3. Let y(n) be monotone increasing and let us assume that 
(3.1) o(Mn41) — o(mn) > C12 (ma/log log m,)’. 


Then a necessary and sufficient condition that y(n) belong to the lower class is that 


(3.2) Y Pr(Amg(o(ms))) =. 


Proor. The necessity follows from Theorem 1, without assuming (3.1). 
In order to prove that the condition (3.1) is sufficient, let us assume that ¢g(n) 
is monotone increasing and satisfies (3.1) and (3.2). We first notice that 
(3.1) and (0.12) imply 


(3.3) g(mn41) — o(mn) > e13((Mas1 log log mns1)* — (m, log log m,)'), 


and hence 


(3.4) g(m,) > cu(m, log log m,)'. 
From (3.4) and (0.7) it follows easily that 
(3.5) lim Pr(An,(g(mn))) = 0. 


Next we notice that we may assume 
(3.6) g(n) < (n log log n)' 


for sufficiently large n. Indeed, otherwise we may consider gi(n) = 
min (g(n), (n log log n)') instead of g(n). Since go(n) = (n log log n)? clearly 
satisfies (3.1), ¢g:(n) satisfies it too. Further, it is obvious that (3.2) is satisfied 
by ¢i(n) whenever it is satisfied by y(n). Moreover, since go(n) belongs to the 
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upper class, by the corollary to Theorem 1, ¢:(n) belongs to the lower class at 
the same time as o(n). 

Because of the law of 0 or 1, and because of Theorem 2, it is sufficient to prove 
that there exists a constant ¢c:, > 0 such that there exists, for any Wy = m,,, 
an No = Mnj (no > no) such that 
(3.7) Pr( >> Am (o(m,))) > ew. 

Mo<mnSNo 

Let 6 > 0 be a small positive number, which we shall determine later. Then, 
by (3.2) and (3.4), there exists an N such that, for any WM) = m,, > NV, an 
Ny = mans (no > no) exists such that 


(3.8) 5< y ® Pr(Am,(¢(mn))) < 26. 


Mo<mnSNo 
We shall prove that if 6 is chosen sufficiently small (but fixed), then (3.7) is 
satisfied, with the same integers My and Np as in (3.8), by a suitable positive 
constant Cis > 0. 
In order to prove this, let us first put 


D(m,) = Am,(¢(mn)) — Am,(e(mn)) * ye Am,.,(¢(Mn+r)) 


Mn<Mn+7rSNo 


= Elt:fm,(t) > o(mn); finns -(t) S elMnsr), Mn < Mnsr S Nol. 


Then {D(m,)} (Mo < mn, S No) are mutually disjoint, and 


(3.9) 


(3.10) > D(m,) = 2. Am,(¢(m,)). 


Mo<mnZNo Mo<mynZNo 


Let us further put 


a ” , cn(_ma__\ 
iat Di(mn) = Am,(e(mn)) — Am, (clm,) +3 (ss log =) 
3.11 


= B| trem) < fm,(t) = (mn) + 7 (i “= =) | 


Then a simple computation will show that’ 





8’ We have clearly 


_PDim) ie. 


Pr(Am (¢(mn))) rae 
ay, 
u>g(my) \ U 


where the dash indicates that u runs only over the interval 


» 4 ot atte) 
¢g(mn), o(mn 2 \log log mn : 


A simple calculation shows that 


E(2)/ Feo ()>* 


which proves (3.12). 
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(3.12) Pr(Di(mn)) > ¢16Pr(Am,(¢(mn))). 
Let us put 
(3.13) D.(mn) = D,(mn) + Elt: fing s,—1 0) —- Srrns, (t) Ss 0, as 1, 2, = hl, 


where h is a positive integer which we shall determine later. Then it is easy to 
see that 


(3.14) Pr(D2(m,)) = 2"Pr(D1(m,)), 

and that ¢ « D.(m,) implies 

(3.15) Fine (OS Fmq() < e(Mn++), 

forr = 1,2,---,h. Let us further put 

(3.16) Ds(mn) = Da(mn)- Ele: fng s(t) S e(Mntr), Math < Mntr ZS Nod. 


Then it is clear that D3(m,) C D(m,) C Am,(¢(mn)). In order to complete the 
proof of Theorem 3, it is sufficient to prove that, if 6 is chosen sufficiently small 
and if h is chosen sufficiently large (but both fixed), then there exists a constant 
Ci; > O such that 


(3.17) Pr(Ds(mn)) > ¢17Pr(Am,(e(mn))). 
Indeed, (3.17) will imply 
Pr( 3d) Am,(g(mn))) = Pr( 3 D(m,)) 


Mo<mnZNo Mo<mnSNo 


(3.18) = > Pr(D(m)) = DY _ Pr(Ds(m,)) 


Mo<mnSNo Mo<mnSNo 


>er DY Pr(Am(e(mn))) > ex, 
Mo<mnSNo 
which means that (3.7) is satisfied by cis = 7-6 > 0, thus completing the proof 
of Theorem 3. 
The rest of the proof of Theorem 3 is devoted to establishing the relation 
(3.17). For this purpose, put 


(3.19) Ds,(mn) = Do(mn)-Am.,(e(Mntr)); 

for all integers r such that mrs, < Mmnir S No. It is easy to see that 

(3.20) D2(mn) a D;(m,) + pe Ds,-(mn). 
Mnt+h<Mn+rSNo 


We shall evaluate Pr(° mj; <1mn+;<No D3,r(™n)) by decomposing the sum into 


three parts: F ritaittiensilttne ’ 2mn< Mn+ < my log my » and my, log My<™Mn+rSNo* 
In the first place, ¢ ¢ Ds,,(m,) implies 








the 
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(3.21) 


Hence 


(3.22) 


where 


(3.23) 


Since, on the other hand, mri, < mMn4, S 2m, implies 


(3.24) 


we have, by (0.7), 


(3.25) 


for Mn+h < Mn+r > 


(3.26) 


Sng (t) 


a; 


Marr — Mar S a (Mnpeq1 we Mn+k) 
k 


Pr( 


Mnth<Mn+7 S2mMy 
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— Srin+n{t) & Sinn, (t) — Sm, (t) 


; 
> olan) ~ om) ~ $¢(_ =) 
2 \log log m,, 
Mn+k 


3 4 
Cio My, 
> c _ - 
3 * (1 log +) 2 (= log =) 


Cy Mn 
te 3 (* log m, =): 


Pr(D3,.(mMn)) S ar: Pr(Do(m,)), 


4 

Cio? Mn 

Pr (z ax )— Smnsi(t) > (- log 1 m -) ) 
2 
Cy Mn 
Pr EMbiarcind (2 ("= ) )) 
C121 ‘ Mn 

2(°*") os 

up) ~ g 10F Mn ’ 


Mnrtr — Mn+th 


(Mntr aid Mn+n)* 


C2 
Cr (mn 
2 Ces log =) 








r—1 


Mnrntr 


< or —_——— & 
log log Mn+,r 


Mn 
ees » 
log log m, 
a, < Ce 1” 


2m,. Consequently, 





Eagle) < es-Pr(Dslms))» oe". 


r=h+1 


Secondly, t € Ds,,(m,) and 2m, < mMn4r S my log m, imply 


(3.27) 


Frys -(t) — 


r—1 i 
Cie Mn+k 
Sons (t) > 2 ot (= log +) 
r—1 


> af 2d ((mn n+ log log Mnzks1)! — (mn4e log log Mni)') 


> c(mn,r log log Must). 
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Hence 
(3.28) Pr(D3,-(mn)) < 6, Pr(D2(mz)) 
for 2m, < Mnir S mM, log m,, where 


Br = Pr(Elt:fings,(t) — foray (t) > Co0(tMn4r log log mn4,)']) 


= Pr(Am,,,—my+;(Co0(Mns log log mnz,)*)) 








2 
(3.29) <q (Miner = Mat)” oy [ log log mas, 
. 2 ate 
C20(Mn+r log log Mn+r)? Mntir — Mnth 
< Co e722 log log mn+, C21 


(log m,)°? ° 


On the other hand, the number of m,4,’s satisfying 2m, < mnz, S m, log m, 
does not exceed ¢23(log log m,)’. Hence we have 


2 
(3.30) Pt > Daltmn)) < Pr(Do(smy)) +04 108 108 Mn) 
2mn<mn+r ZS My log my (log Mn)?! 


Lastly, t ¢ Ds,,(m,) and m, log m, < mnzr S No imply 


3 
Cio Mn 
ag Tre) ~ Innvald > (mass) ~ elm) — (ne. se =) 


> o(mMnyr) — 2(m, log log m,)'. 
Hence 
(3.32) Pr(D3,-(™mn)) < y--Pr(Do(mn)) 
for m, log m,n < Mn4, S No, where 


Yr = Pr(Elti finns, (0) — Smysy(t) > o(Mner) — 2(mn log log m,)')) 
= Pr(Am,.,—main(G(Mnyr) — 2(m, log log m,)*)) 








< 6 (Mars —_ Matn)* 
“Q(Mnsr) — 2(mn log log mz)? 
h2 
(3.33) -exp bee — 2(m, log log m,)’) | 
Mn+r — Mn+th 
3 
< c (mnsr) 





*O(Mnir) — 2(mn log log m,)} 


oa Gees 4 80(mn+r) * log me) 
n+r n+r 











* It follows from (0.11) that the number of m,’s in the interval (2, 2x) does not exceed 
cso log log x. Thus the number of m,’s in the interval (x, x log x) does not exceed 


log log 


z 
5 log | ‘ 2, 
eso log log x log 2 < ¢:3(log log x) 
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On the other hand, for sufficiently large n, m,;, > m, log m, implies 





(3.34) o(mn4,) — 2(m, log log m,)' > 4¢(mMmns2), 
(3.35) ¢o(Mn+r) (mn log log m,)* iC Wikia: 
Hence 


< Co Pr(Am,+,(¢(Mn4r))) . 


Consequently, 


Pr( p Bi Ds,+(mn)) 


my log My<mMn+7rSNo 


(3.37) < Pr(D2(mz)) + C2 , i Pr(Am,4,(¢(Mnr))) 


Mo <Mn+7SNo 


< Cog° 26+ Pr(Do(m,)). 
Combining (3.26), (3.30) and (3.37), we have finally 
Pr( Das r(omn)) 


Mn+h<Mn+rSNo 


te (log log m.,)? 
< Pr(D2(m,)) {ow ” Pits C24 “(log m,)°22 + C2°25>. 


(3.38) 


Hence, if we take h sufficiently large and 6 sufficiently small, then we have 


(3.39) Pr( > Ds,(mn)) < 6-Pr(D2(m,)), 


Mnt+h<Mn+rSNo 


where @ is a constant with 0 < 6 < 1. Consequently, by (3.20), 
Pr(D3(mn)) > (1 — 0)-Pr(D2(mz)) 
(3.40) > 2-"(1 — 6)-Pr(D,(m,)) > (1 — 0)-cxzPr(Am,(g(m,) (by 3.12) 


> ¢17Pr(Am,(e(ma))), 


which proves (3.17). The proof of Theorem 3 is completed. 
CorotuaRy 1. y(n) = (1/+/2 + e)(n log log n)' belongs to the lower class 
fore <0. 
CoroLtary 2. The expression (0.6) belongs to the lower class for « = 0. 
Proor. Follows immediately from Theorem 3 and (0.7). 


4 


THEorEM 4. Let y(n)/n’ be monotone increasing. Then a necessary and suff- 
cient condition that y(n) belong to the lower class is that 


(4.1) Y Pr(Am,(o(ms))) = ©. 


n=1 


We need the following 
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Hence 
(3.28) Pr(D3,-(mn)) < B,-Pr(D2(mnz)) 
for 2m, < Mnir S m, log m,, where 


B, 


Pr(Elt figs. (t) — fngsn(t) > C20(Mnyr log log mn4,)']) 
Prl An... <trgsgtel Mase log log Mn+r)*)) 











(3.29) < (Mrs _ Mn+n)* xp | -7 Mnrtr log log wd 


C2 
C20(Mn+r log log Mn+r)? Mntr — Math 


—co2 log log mn+, C21 


< 7 
Co € (log m,)* 


On the other hand, the number of m,4,’s satisfying 2m, < mns, < m, log m, 
does not exceed ¢23(log log m,)’.° Hence we have 


2 
(3.30) Pro Du Dalia) < Pr(De(m,)) +e 228 108 Mn) 
2mn<Mn+rS My log my (log M,)°2! 


Lastly, t ¢ D3,,(m,) and m, log m, < mn+r S No imply 


4 
- m _t2(__ mn 
a1 Terre ~ Snura( > oltinys) ~ omy) — % (= se =) 


> ¢(Mnsr) — 2(m, log log m,)’. 
Hence 
(3.32) Pr(Ds,-(mn)) < Yr Pr(D2(mn)) 
for m, log m,n < mMn4, S No, where 
Yr = Pr(Elt:fgs,(t) — Snnsn(t) > ¢(tmnyr) — 2(my log log m,)']) 
= Pr(Am,.,—mn+n(9(Mnyr) — 2(m, log log m,)*)) 


2 
an (Mnpr — Mash) 


O(Mnsr) — 2(m, log log Mn)? 








(3.33) ia e—.. — 2(m, log log = 
Mntr — Mn+th 


—— (nt 

“ O(Mnsr) = 2(m,, log log m,)? 

“orp ee + 8o(mn+r) (mn log eet. 
Mn+r Mntr 














* It follows from (0.11) that the number of m,’s in the interval (x, 2x) does not exceed 
¢so log log x. Thus the number of m,’s in the interval (x, x log x) does not exceed 


log log x 
log 2 





cso log log x < exs3(log log x)?. 
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On the other hand, for sufficiently large n, m,+, > m, log m, implies 








(3.34) o(Mn+r) — 2(mz log log mx)! > 4¢(mn4,), 
(3.3) ¢o(Mn+r) (mn log log m,)* < Mage « 
Hence 

ee reed 


< C2 Pr(Ams,(9(Mnzr))). 


Consequently, 


Pr( > ™ Ds,(mn)) 


my log M<mMn+rSNo 


(3.37) < Pr(D2(m,)) * C25 ) # Pr(Am,,,(¢(Mnir))) 


Mo<mnt1SNo 
< €2°26-Pr(D2(m,)). 
Combining (3.26), (3.30) and (3.37), we have finally 
Pr Dar(mn)) 


Math<Mn+rSNo 


i) 2 
< Pr(Dslma)) {on Ye + cq, 108 1OE ma)” 4 cu 28}, 
r=h+1 


(log m,)°* 


(3.38) 


Hence, if we take h sufficiently large and 6 sufficiently small, then we have 


(3.39) Pr( , Ds3,-(mn)) < 6-Pr(D2(m,)), 


Mn+h<Mn+rSNo 
where @ is a constant with 0 < @ < 1. Consequently, by (3.20), 
Pr(D3(m,)) > (1 — @)-Pr(D2(m,)) 
(3.40) > 2“(1 — 6)-Pr(D,(m,)) > (1 — 8)-¢exPr(Am,(g(mz) (by 3.12) 


> C17Pr(Am,(e(mn))), 


which proves (3.17). The proof of Theorem 3 is completed. 
Corottary 1. y(n) = (1/2 + €)(n log log n)' belongs to the lower class 
fore <0. 
CoroLiary 2. The expression (0.6) belongs to the lower class for « = 0. 
Proor. Follows immediately from Theorem 3 and (0.7). 


4 


Turorem 4. Let g(n) /n* be monotone increasing. Then a necessary and suffi- 
cient condition that y(n) belong to the lower class is that 


(4.1) Y Pr(Am(e(m))) =». 


n=l 


We need the following 
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LEMMA 1. Let M, < N, < M, < Ne Sree < M; < N; <itee be a sequence 
of positive integers tending to infinity, and let y(n) be such that 


Mn 


3 
2 M; < Mn Mns41 s N; 
log log m,, ; 


(4.2)  —o(mnys) — g(mn) > ca ( 


(4.3) g(m,) > cx»(m, log log mn)’, Mi < mn < may S Ni, 
(4.4) 7. Pr(Am,(e(mn))) > Ca. 


Mi<my,SNj 
Then y(n) belongs to the lower class. 

We do not give the proof of Lemma 1, since it can be carried out in the same 
way as in Theorem 3. 

Proor or THrorEM.4. The necessity of the condition is clear by Theorem 1, 
In order to prove that it is sufficient, let us assume that ¢(n)/n’ is monotone 
increasing and that (4.1) is satisfied. We shall prove that there exists a sequence 
of integers M, < Ni < M2 < No +++ <M; < N; < --- tending to infinity, 
which satisfies the conditions of Lemma 1. 

If we have 


(4.5) g(mn) < po(mp log log m,)! 


for all sufficiently large n, then the fact that go(n) = 7'5(n log log n)' belongs to 
the lower class (see Corollary 1 to Theorem 3), together with Theorem 2, will 
imply that g(n) belongs to the lower class. On the other hand, if 


(4.6) ¢e(mMn) > so(mz log log Mn)? 


for sufficiently large n, then 


} 
(4.7) e(Mnyi) = (=) g(mn) > (1 + oct.) etm 
m 


" log log m, 
by (0.11), and hence 





b 
(4.8) olin) — lm.) > ea 2 > 6 | 
log log m, © 20 \log log m, 


Consequently, by Theorem 3, y(n) must belong to the lower class again. 

Thus, in order to prove Theorem 4, we have only to consider the case when 
there exist two sequences of integers tending to infinity {M;} = {m,,} 
(¢ = 1,2,---) and {N;} = {m,;} (¢ = 1, 2, --- ) such that M, < Ni < Mn < 
Ne Sree < M; < N; < -++, and 


(4.9) (Mi) = o(mn,) = Po(M; log log M,), 
(4.10) o(Ni) = g(mn,) S do(N; log log Nj)’. 


We may assume that 


(4.11) g(mn) < po(mn log log m,)! 
for M; < m, S N; (ie. for n; < n S$ nj) (¢ = 1, 2,---). 
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We shall prove that the conditions of Lemma 1 are all satisfied by these {M/;} 
G=1,2,---) and {N,j @ = 1,2,---). Since g(M,)/(M,)' < y(N,)/N} by 
assumption, we have 7p(log log M,)* S gy(loglog N,)' for i = *_ fr 
Since M;, Ni 2 © as i— ©, it follows that we have Mj} < N; for sufficiently 
large 7. 

Let now M; < m, < N;. Then 


(mn)? —2(p(mn))2/my 





Pr(Am,(g(mn))) > ¢1 ay 
10 —(log log m,)/50 = 10 ; 
(4.12) > Ci (log log may” (log log mn)* (log m,) 5 


1 
(log m,) 1/9 


for sufficiently large 7. Since 2-log M;-log log M; < n < 3-log M;-log log M; 
implies log M; < n/log n < 4 log M;, or equivalently M; < e”'*" < Mi, 
for sufficiently large 7, we have 


; 1 
Dr, PrlAm(olm)) > SO Gorin 


Mi <mynSNji Mi<mnSNj 


=-"s 


4.13) 
1 1 


aS. a = om 
Mi <m,<M} (log m,)/* 2p5<n<3p; nil49 


> 


where p; = log N;-log log N;. Thus (4.4) is satisfied. (4.8) is clearly satisfied 
with c29 = 35; (4.8) shows that (4.2) is also satisfied. This completes the proof 
of Theorem 4. 


5 
TuErorEM 5. Let g(n) satisfy 
(5.1) o(n) > cg2(n log log n)’, 
(5.2) > Pr(Am,(¢(mn))) = ~. 


n=l 


Then y(n) belongs to the lower class. 

To prove Theorem 5 we need the following 

Lemma 2. Let y(n) be monotone increasing, and let {mn,;} (i = 1, 2, --- ) bea 
subsequence of {mn} (n = 1, 2, --+ ) such that 


(5.3) — o(mn,4,) = elmn,) + €s3((mn,4, log log mn,.,)! — (mn, log log mn,)’) 


(5.4) D Pr(Am, (g(tn,))) = &. 


i=l 


Then y(n) belongs to the lower class. 
Since the proof of Lemma 2 can be carried out exactly as in the proof of 


Theorem 3, we omit the proof. 
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Proor or THEOREM 5. As in the proof of Theorem 3, we may assume that E 
(5.5) g(n) < (n log log n)! 
for sufficiently large n. We shall find a subsequence {m,,} (¢ = 1, 2, ---) of 
{mn} (n = 1, 2,---) which satisfies the conditions of Lemma 2. For this 


purpose we classify the integers m, into two classes. The first class I consists 
of all integers m, for which 


(5.6) go(m,) = go(m,) + e((m, log log m,)' — (mz, log log My)') 


for all g = p, where ¢ is a positive constant with 0 < € < cx which we shall 
determine later. All other integers m, will belong to the second class II. We 
shall prove that, if we denote by {m,;} (¢ = 1, 2, +--+ , mn; < mn,,,) the integers 
of the class I, then this sequence satisfies the conditions of Lemma 2. Indeed, 
(5.3) is clear from (5.6). In order to prove (5.4) for the m,,’s of the class I, 
let us denote by II; the set of all integers m, of the class II such that m, < m,, and 


(5.7) g(mn;) < o(my) + €((m,, log log Mn,)* — (m, log log m,)'). 

By definition, for each m, of the class II, there exists an m, (m, > m,) such wh 
that 
(5.8) g(m,) < o(my) + e((m, log log m,)* — (m, log log m,)'). 


Because of (5.1) and the relation « < cz, there exists, for each m, of II, a 
largest integer m, (m, > m,) satisfying (5.8). This m, clearly belongs to I. 
Hence we have )>7., II; = II (II; are not necessarily mutually disjoint). 

Thus in order to prove (5.4), we need only prove that there exists a constant 
C34 > O such that 


(5.9) >» Pr(Am,(ge(m,))) < cu Pr(Am,,(g(mn;))). 


my € Ii 
For this purpose we shall first show that (3 
(5.10) Mn, < C39Mp 


for all m, € IT; , where css is independent of 7 and p. Indeed, if (5.10) is false, 
we have 


g(mn,) < o(mpy) + €((mn,; log log m,,)* — (m, log log m,)') 


(5.11) < (my log log m,)' + €(mn, log log m,,)' 


< (+. 4 .) (mn, log log mn,)’, 
v/ C35 


and this is a contradiction to (5.1) if css is sufficiently large. 
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By (5.5), (5.7) and (5.10), if mp = mn,-x € 11; , then we have 


ms —2(p(mpy))2/mp 


Pr(Am,(e(mp))) < C2 o(m,) é 


C2 
< (og log ms)! | Me 
2{o(mn,) — €((mn, log log mn;)’ — (m, log log my ] 
‘exp | - : Wine 





(512). ; 
(log log mp ) 
2(o(mn,))* — 4eg(mn,)((mn,; log log mn) — (m, log log my) ] 
exp - - 





k — 
~* Top log Mp 





= exp | —26elomad) | at < ca*Pr(Am,, (¢(mn,))) “9 








(log log mn)? Mn; 
where 
(y(amn,))” 
it Mn; 
(o(mn,))” — 2ep(mn,)((mn, log log Mn)? — (my log log 
Y ng i 
a Mn; 
Mn, — hess To Tog ma; 
Mn;))” 
< exp Ee 
ng | ; 
(o(mn,))” — 2ee(mn,) ((mn; log log Mn) — (my log log My) ) 
Yg ny ‘ i oe 
“+o Mn; 
(5.13) 





C39 
(i +s log log _-)| 


} 
—s _ log log m,)’) 
< exp ES ((mn, log log mn,;) (m, log J 


. Kewl elm)” 
mn, log log mn; 


2ep( ) m ) k sei | 
Meng =... - i si 
“i | — bas (— log Mn; mn; log log Mn, 








< exp [(2e-cz7¢32 — C4* C32) “ki. 
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Hence, if we take e sufficiently small, then 
(5.14) s<e™ 


with a positive constant cw. Hence 


X Pr(An,(e(ms))) < es Pr(Am,(o(Mmn,))) ye 


(5.15) 
= Pr(An,, (y(mn, ))) 


1 — = 
which proves (5.9). This completes the proof of Theorem 5. 

Before concluding this chapter, let us add some more results without proof. 

1). If y(n) ts monotone increasing and belongs to the lower class, then 

y(n) + ¢ (n/log log n)* belongs to the lower class for all c. 

This result is the best possible. For, if y(n) — o, then we can find 
a monotone function y(n) belonging to the lower dem such that y(n) + 
¥(n)(n/log log n)* belongs to the upper class. 

2). If y(n) ts monotone increasing and belongs to the lower class, then 
g(n) + c(n/y(n)) belongs to the lower class for all c. Since we can always assume 
that g(n) < (n log log n)', 2) is slightly stronger than 1). 

3). Let g(n) be monotone increasing, and suppose that it belongs to the upper 
class. Then for almost all t, there exist only finitely many n such that for some 
m <n, | fn(t) — fn(t) | > on). 

4). For almost all t, we have 





) fil) 
(5.16) lim sup = 


k= —_ 
n +0 la log log 4 
2 2 


Professor J. L. Doob suggested that if n. < nm. < --+ is a sequence of integers 
with nj4:1/n; > ¢ > 1, then for almost all ¢, 


Pp > S(t) 


(5.17) Mess oe = 
tim 5 al 


Indeed, it is not difficult to show that (5.17) holds. In fact, the condition 
Nit+i1/n; > ¢ > 1 can be weakened, but it is necessary that n; tends to infinity 
with a certain speed (quicker than 7). 

5). There exists a continuous strictly decreasing function y(x) defined for 0 S$ 
xz S 1, with ¥(0) = 1, ¥(1) = 0, such that, for almost all t, the upper density of 
the set of n’s for which 


(5.18) fat) = Cay 


is exactly y(x).”° | 





10 This problem was suggested by W. Ambrose. 
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6 
In this final chapter, we shall construct an increasing function y(n) such that 
(6.1) LL Pr(Am(elms))) = ©, 


and nevertheless y(n) belongs to the upper class. This shows that the converse 
of Theorem 1 1s not true. 

We put 

2* 

(6.2) mBR=2 , k= 1,2---, 
and define g(n) as follows: 
(6.3) y(n) = logk-V/p, for pri <n p. 

It follows from (0.11) that the number of m,’s satisfying }p. < m, < pm 
is >css log log p, and hence =cu2". Consequently, from (0.7) we have 





C1 = _-4(logk)?2 
4° ” “C44 2" = C4, > O. 


(6.4) > = Pr(Am,(¢(mn))) > = > 


$Pk<mnZ Pk 
Since this is true for each k, (6.1) is proved. 
Denote now 
(6.5) M; = Eft: max f,(t) > log k-~/ pil. 


Isn<pX 
In order to show that g(n) belongs to the upper class, it is clearly sufficient 
to prove that 
(6.6) > Pr(Mi) < o. 


k=1 


It is easy to see that” 
(6.7) Pr(M,) S 2Pr(Elt:fp,(t) > log kv/ px). 





Tn general, we have 
Pr(Elt: max fn(t) > z]) S 2 Pr(Elt: fp() > a). 
l<n< 


Sn<p 
Indeed, we have 
Pr(Elt: max fn(t) > 2]) = Pr(Elt: fp(t) > zl) 
Snsp 


lA 
lA 


p—l 
+ >> Pr(Elt: fi) S 2, +++, frat) S 2, fal) > 2, fp) S 21) 
n=1 
= Pr(Elt: fp(t) > a)) 
—1 
4+ = Pr(Elt: fit) S 2, +++, fnalt) S 2, fnlt) > 2, f(t) 2 2fn(t) — z)) 


n=1 


lA 


S Pr(Elt: fp(t) > 2z)) 


lA 


- 
$F Pr(Blt: fil) Sm +++ ySrall) S 2, fal) > 2, fll) > 2) 


n=l 


= 2 Pr(Elt: fp(t) > al). 
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Thus from (0.7) we have 


(6.8) > Pr(M,) < 2-c:>> Sod 
k=1 


—2(log k)2 
cones < 
k=l log k 


which proves (6.6). 
My indebtedness to my friend S. Kakutani is very great. In fact, he wrote 
the whole paper after listening to my rough oral exposition. 


UNIVERSITY OF PENNSYLVANIA 
PHILADELPHIA, Pa. 
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ON AN ELEMENTARY PROOF OF SOME ASYMPTOTIC FORMULAS 
IN THE THEORY OF PARTITIONS 


By P. Erpés 


(Received January 7, 1942) 
Denote by p(n) the number of partitions of n. Hardy and Ramanujan’ 
proved in their classical paper that 


pin) ~ pe", eo = HQ)! 


using complex function theory. The main purpose of the present paper is to 
give an elementary proof of this formula. But we can only prove with our 
elementary method that 


(1) p(n) ~ 2 


and are unable to prove that a = 1/4.3'. 
Our method will be very similar to that used in a previous paper.’ The 
starting point will be the following identity: 


(2) np(n) = 2 di vp(n — ke), (0) = p(—m) = 0. 


v=l1 k=l 


(We easily obtain (2) by adding up all the p(n) partitions of n, and noting 
that v occurs in p(n — v) partitions.) (2) is of course well known. In fact, 
Hardy and Ramanujan state in their paper’ that by using (2) they have obtained 
an elementary proof of 


(3) log p(n) ~ en’, 
The proof of (3) is indeed easy. First we show that 


We use induction. (4) clearly holds for n = 1. By (2) and the induction 
hypothesis we have 


j fe) 0 ; } io] oe belant 
np(n) < } re ve (™—*») < p > ve” —ckv/2n4 ‘a oe" p —— mye 
ml kal val kal k=1 (1 — € 
C n 








‘Hardy, Ramanujan, Asymptotic formulae in combinatory analysis, Proc. London Math. 
Soe. 17, (1918), pp. 75-115. 
? Erdés, On some asymptotic formulas in the theory of factorisatio numerorum, these Annals 
42, (1941), pp. 989-993. 
* Hardy, Ramanujan, ibid, p. 79. 
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Now it is easy to see that for all real z, a < Ls . Thus 
G=-<eEy 
np(n) < &™ pa ap =n, 


which proves (4). 
Similarly but with slightly longer calculations, we can prove that for every 
e > 0 there exists an A > 0 such that 


(5) p(n) > zooms ; 


(4) and (5) clearly imply (3). 
To prove (1) we need the following 





LEMMA 1: 
Oo or. on 

0 EEE [r+o(2)) 
von 


for some fixed « > 0. 

Proor. We omit as many details as possible, since the proof is quite straight 
forward and uninteresting. We evidently have by expanding 1/(n — kv) and 
omitting the terms with kv > n'* 


n n ecin-ke)t 





ve ae = —kv)% —kv)4 
> bed . ve” v) +2 a > koe c(n—kv) 
v=1k=1 1 — kv N v=1 S cal bal 
kv<n kv<n kv<n 


+ o(£ 5. D+ Det 0(! a 


Now 


end 


io) foo) en 
>= e_ > , kote stent + o( <x) . 
n 


ne v=1 k= 


(It is easy to see that the other terms of e”~** can be neglected and that 


the summation for v and k can be extended to ~.) Thus 


cnt 3 
e 2k "i on 2k-8 
22 = poy ) ® e-kel2nd)s +0 (= ) = = 4 


n* pm (1 — he mM Be 





On the 


” 


Hence 


But 


And 


—_ 
Vv 
es 
= 
a 


Thus 


Hene 


whicl 
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On the other hand 
cnt 2 ent 
- F. e—cke/2nt—ck?v2/snk (S 
ba a dee “ nite 
cnt /o @ it 
é —ckv/2n3 ck? v en chv lant 
= ve _ — — 
n tse Sni )- da '+0(S2). 
cnt co © cnt ent 
” Kept eneheland ce (5 *) 
"a ~ ~ 8n! t 2s G@ae-arely oe is nit 
pn ce™ io} 6k?- 16n” en _ 3e en 
ial k=1 Khe ae mae _ t ol ee F 
eon oO 806 be/tat em CJ enchant 
! ea a ve * v/2n in , 
di n ~ = n me (1 — enck/2nt)? 
A simple calculation shows that 
g* 1 , enchant 
a _—e )2 _ z + O(1), 1.€. (1 = enck/2nt)? - =. + O(1). 


Hence 


. en u An enchant en 
Li- CPS +e +0(.)) «= bo 











NM kal k>u (1 — e-ck/2nt)? 
But 
“~. 4n 4nn” 4n 1 4n n 
es aa a ae oe a a +0(5). 
And 
—ck/2n4 -) —cx/2n4 
e€ e€ 1 
ku (1 — enck/2n8)? ™ [ (1 si emez/2nb)? ere +) 





3 4 3 
a -"+0(4)-®-"+0(2). 


c(1 — ew?!) oc wn 


Thus finally 





Hence 


5-Ei- 5+ E-e'fi+o(d)] 


which proves the lemma. 
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Next we show that 





(7) 0 < lim inf mp(n) < < lim sup np(n) — 
eon eon! 
To prove (7) write 
(8) c\” = max mp(m) 
msn e*™ 


Clearly by (8) and (6) and (2) 


per (nti—key4 ‘ 
(n+ 1pnt+1) sc” > - 3 _< of eentd Cy by | 
mi min+1-— 


kv<n 


Write 





nite 


(n + j)p(n + . of” ( 


ec(nti)i 


1+ 4), j=1,2,--- 


Then 


" e(nt+rt+1—kv) 4 
(n) ve 
ntr+)pntrt+1) <¢; DL haasrice 


kvusnt+r 





max b; erin trti—ke)t 


r t] 
4 gf ist 2b 
nit a Cae es pee 





kusr 
(n) .e(n+r+i)4 bi ry b; r ecintrtyt 
“—* ‘ial nite i nite n |’ 

since 

Dvsr 

kvSr 
Hence 

r* max b; 


bu X & > —I., 
n 


We show that, for r” < n/2, b,41 < 2b. We use induction. We have 


* 











Dyas < by Pid anette < 2b, . 
‘b; is chosen such that for every m > 0 
per (m—kv) 4 ; b; 
— < ¢ec(m) 
2 le m — kv , (: ” 3s) ; 


antes : 0 





Thu: 


Or 


and 


evel 


Nov 
n- 


We 


mp 


mp' 





kv 
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Thus 
cin tamil < PP ad (1 ™ >) 


nite 


Or 
climty® < cw” (1 4 = 


nite 


and since >, m'"** converges we see that lim sup c{” < = ; i.e. lim sup np(n)/e" < 
x, Similarly we can show that lim inf np(n) Je" > 0, which completes the proof 
of (7). 
Next we prove that 
(9) lim inf mp(n) = lim sup np(n) 
eo” ecn 
and this will complete the proof of (1). 
Suppose that (9) does not hold; write 
2 mee p(s) = 
ec" ec” 





(10) lim inf 


Now choose n large and such that 


np(n) 


ecnt 





>D-e. 


Then since p(n) is an increasing function of n there exists a c; such that for 
. ; 
every m in the rangen S$ m S n+ con 
mp(m) _d+D 


> 
ecm? 2 





Now we claim that for every 7; there exists a 6,, = 6(r:) such that, form Sm S 


1 
n+ rn’, 





(11) — >a +a,. 


ecm 


We prove (11) as follows: We evidently have by our lemma 








—kv)4 

/ ve™ si D —_ d c(m—kv)# 

mp(m) = d > ) * + 3 > ve em}y\ 5 
vl k=l m — ko 2 v=1 k=l nae ole) 
ku<m n<m—kvsntegnt M — KV 


> The term o(ec™) is present because d is the lower limit and not the lower bound of 
mp(m) 


emi 
m 











“RR 7 | 


PTE 





hanes apo 


TO a hed oh Ak 
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ent 
> dem 4 a= te 


>m} 4 
v — o(e” ) > de™ + c3e"" ~ o(e™) 
2 mM nsm—vsnteont 





ent 
> (d+ 6.,)e™, (ic. —_" c) ; 


ec™ j 


which proves (11). 
Suppose 2n = m = n + sn’, s sufficiently large; we show that 


—kv)4 } 
(12 alae 
a i < —; . 
m—kv<n M — kv s§ 
Clearly 
c(m—kv)4 c(m—kv) 4 
ve — ve 
p ae —_ =) > —~ 
v k m— — kv v k mi-— kv 
O0<m—kv<n ku>sn3 
as c(m—kv)i 





a > 


secniateedl m>kv>im 
kv /2m4 
Sb ia 2 c(im)4 
' ee + mt 
iuannencodl 
since 
2 
Levees 
v k 
ku<z 
Further 
the tGusl = 4 Hy 
by : * ve ckv/2m < > x > ve cusn3/2m 
v k u=1 
Im>kv>sn3 a nl OR 
- . 2.2 4 
<2 D> Dd ve ™"*§ < DY (ut 1)*8' ne. 
u=1 vel k=1 u=1 
kv <(utl)snt 
Thus 
kv/2m4 . 
YY ve tt < ms? > ( (u + 1)%e7™* < bal 
v k u=1 4s 
lm>kv>snt 


for sufficiently large s. Hence finally 


c(m—kv) 4 cm} 


} oe De = . wT 
ee m ec oe. 
a1 fa m — kv 2s! gi? 


m—kv<n 


for sufficiently large m and s (since s < n’). 
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Consider now the intervals n + tn’, n + (t+ 1)n',t >, t+1 < ni. Split 
it into ¢ equal parts. Write 


min @?™) — a + ar, nsmsn+(i+"t})y ; 


eo™ 





and put st = 6, Nowletn+ (t+ u/t)n' Smsnt(t+(ut1)/P)n'; 
then we have 


c(m—kv) 4 yecim—ke) 4 


ve u— cmd 
mp(m) > d >, ) a = ha iia 2d + Tt — o(e”), 
v=1 kel t m— kv 
kv<m 
where the primes indicate that the summation is extended only over those v 
and k for which n S$ m — kv S n+ (t+ u/t)n*®. Further by Lemma 1 
c(m—kv) 4 


mp(m) = (d + gh ... alia L"— ec te 


ectm—ke) 


-~ T= é 


m — kv 


j 
a o(e” ), 


where in >>” the summation is extended only over those v and k for which 
m — kv S n, and in >°’” the summation is extended only over those v and k 
for which m — kv = n + (t + u/t’)n*. We have by (11) 


em! 


b hy < a 2 


Further we have 


cm} cm} 
yy" < n2en ge 2 
t! ts 


m 


Hence finally 


cm} (u—1) 36;~ ° cm} 
mp(m) > e d+ 6, ele me is o(e”’). 


Hence 


u u— 3 
i s gf » (1 - 2) - oa. 


Thus if ¢ is fixed, independent of n, we have 


3\" 
br44 > 6: (1 oa *) —_— o(1), 





therefore 


3 u2 
6 > 6, I] (1 — 5) — o(1). 


u>ri 
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But II. (1 — 3/ u')"* converges; thus, if 7; was sufficiently large, we have 6, > that 
6,,/2. Now choose r2 sufficiently large; then we have 6,, > 6,,/2, i.e.forn < m < 

; =ms 
n+ ron’, 


wm) 5 a4 & 
- 


























ecm) Nov 
Consider the interval n + tn', n + (¢+ 1)n', t>r2. Split it into f equal parts, 
‘” and 6, have the same meaning as before. Suppose n + (t+ u/t)n' < m < 
n + (t + (u + 1)/t*)n’; then evidently , 
We 
; e(m—kv) 
d go ’ , ve 
mp(m) > (d + 4; I he he ae 
where the primes indicate that the summation is extended only over those » tor 
and k for which n S m — kv Sn+n(t + u/?). 
Now 
perimke)4 perm—*e)} 
! re = j po ee mr 
oe oe Hack * u”, x 
ku<m ; NO} 
where >>” and >.’” are defined as before. By (12) and the previous estimate 
of >-’” we have 
cm} cm} 
€ 2e 
>" < s > < = The 
Hence by Lemma 1 
(u—1)\ .emt 
mp(m) > ed + 5{"-?) (1 ~ *) _ bi(d + 8" )e : Wr 
t nite 
i.e. 
(u) (u—1) 3 bi(d + 8;"-”) 
d+é," > (d+ 6 ») (1-3) - ———— Th 
and (t - 
t2 2 (u—1) 
i#ha> (a +0) (1 - *) ~ ae, 
t4 nite 
or 
d+ > (a+ 5) ll (1 - ) -2 
. 2 t>re t* nite ‘ 
For sufficiently large rz we have, 
5, 3\" 5 
a+%) (1 - *) én 
( 2 I ( t? > + 4 : 
and if s S (log n)’ and n is sufficiently large, : 
6 
6; > —s 
8 
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that is, forn < m S$ n+ n'(log n) 








Po = 
a4 
a mp(m) 5 
— >d oad 
ecm! + 8 
Now suppose m > n + ni (log n)°; we shall show that 
ve e(m—kv) 4 em! 
te, ae: — <<. 
< m — ky m 
= a 
We have 
Zo < me ent — m? ecm ioe log m < en 
m 
a for sufficiently large n. Hence by Lemma 1, 
c(m—kv) 4 , 
ve cm} bi 6 
-> 1— ——}. 
X 2 he" ( *) 
m—kv=n 
Now we continue as in the proof of (7). Suppose t > n + ni(log n)?; write 
te 
d+ 8, = min "2 | nim St. 
ecm 
Then 
yet ke) , b, 
(+ Dpt+ 2 @+N DL > at aes(i— #). 
Pai Ky n 
Write 





(t+ r)pltt+r) _ @+0)(1- fs) 
t pe) 


Then as in the proof of (7) we have 
et(ttiti—ke) 4 


(+j+Dpt+it+D>@+H CD 


t+j+1—k 
t+j+l—kvin 
max by 
rsi e(t+j+1) 
— d+ 4) SF es 
max b, » 
> (d +4 bettas hi _ ££... = (d + 5,) - rsi 4 c(t+j+1) 4 
(+ 7+ 1) tit ¢ 


, 
—_ e(t+j+1)4 = Dyas 
= (d + bie (1 zs) 
® As in footnote 4 b; is chosen such that for every m > n + ni(log n)? 


? —kv)} , 
>> ees | Pan. TY 
a om = be mit€ 
n<m—kv 
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where 


bis < bi + max bh 


7sj 
We show that for 7’ < t/2 we have, D4 < 2b;. We use induction; we have 
* 





ba th + = Rh. 
Thus 
d+ brawn > (d+ 8) (1 7 at 
That is, 
d + Ssa12 > (d + 4,2) (1 — *) : 
Therefore 


(tte> (a+ &) II (1 - a >d+h 
8 v>logn yite 
which contradicts (10); and this completes the proof of (1). 

As can be seen, the main idea of our proof is rather simple; unfortunately the 
details are long and cumbersome. By the same method we can prove the 
following result: Let m be a fixed integer. Denote by p{”.,.,...,a,(n) the number 
of partitions of n into integers congruent to one of the numbers a, a2, --: 4; 
(mod m). Then 


(13) pi ,..a,(n) ~ —o" ((a, a2, ---, a") = 1) 


where C depends on m and r, and a and a depend on m, ay , a2, --* G;. 

The same method will work if we consider partitions of n into rth powers. 
Denote the number of partitions of n into rth powers by p,(n), Hardy, Ramanu- 
jan and Wright’ proved that 


1/(r4+)— § cant / (rth) 


(14) pe” ~an 


Clearly as in the case of p(n) we have 


np,(n) = x > v' p(n — ko’). 
ey 


7 Hardy, Ramanujan, ibid. p. 111. Maitland Wright, Acta Math. 63, (1934), pp. 143-191. 
Wright proves a very much sharper result than (13). 





To 


(15 


If ( 
lon 


foll 


wh 


We 


It 


th 


th 








have 


the 
the 
ber 


a, 


ELEMENTARY PROOF OF ASYMPTOTIC FORMULAS 447 


To prove (14) we should only have to prove the analogue of our lemma, namely 


» ) & (n —v ies porns 
v k 


vwk<n 
1/(r+1)—} cont/(r+1) ] 
= 7 1“ - - 
d e E + o(<-aeans) | 


If (15) is proved the proof of (14) proceeds as in the case of p(n). 

I have not worked out a proof of (15); it seems likely that a proof would be 
longer than that of Lemma 1, but would not present any particular difficulties. 

Recently Ingham® proved a Tauberian theorem from which (1) and (14) 
follow as corollaries. In fact his Theorem 2 gives a more general result, from 
which (13) also follows as a very special case. 

Denote by P,(n) the number of partitions of n into powers of r. Clearly 


nP,(n) = i p> r’ P.(n — rk). 


v " 
ruke<cn 


(15) 


It might be possible to get an asymptotic formula for P,(n) by our method. 
I have not succeeded so far. But we can show without difficulty that 


| (log n)° 
IC log P,(n) ~ “0S. 
(16) og P,(n) vac; 
We have 
3 2) 1 





fle) = 2 P.(n)x" = II 


n= v=l1 1 il x” 


It is easy to see that for 0 < x < 1, 


1 en ee Senos ] (1/(2 log a)) log 1/(1—z) 
17 Seenencnnieanios . < c Aes oga og —z : 
(17) a(; — .) < f(z) oa(, =n .) 


Thus ° 


P,(n) (1 _ 2) < s(1 dis 4) < cg nite? 1060). 
n n 


2 
Pin) < qa log P,(n) < (1 — €) (log n)" for n> Mm. 
2 log a 


that is 


Suppose now that for a certain large n log (P,(n)) < (1 — €)(log n)’/2 log a; 
then, since for m < n P,(m) S P,(n) we have 


n 
(18) f(x) < e—O (log n)?/(2 log a) = at + Zz Cy kesh log a) a", 


k=0 k>n 





*A. E. Ingham, A Tauberian Theorem for Partitions, these Annals, 42 (1941), p. 1083. 
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and a simple calculation shows that (18) contradicts (17). (Choose x = (1 — 6)n, 


6 = 6(e)). The same method would of course give 


3 
ieee os (7") 


We can also prove the following results: 

I. Let a; < a2 < --- be an infinite sequence of integers of density a, such 
that the a’s have no common factor. Denote by p’(n) the number of partitions 
of nm into the a’s. Then 


(19) log (p’(n)) ~ can)’. = (c = (3)! 


II. Let a; < a, < --- be an infinite sequence of integers of density a, such 
that every sufficiently large m can be expressed as the sum of different a’s. 
Then denote by P’(n) the number of partitions of n into different a’s. Then 


2 


We shall sketch the proof of II; the proof of I is similar but simpler. Denote 
by P(n) the number of partitions of n into different summands: it is well known 
that? 


} 
(20) log P’(n) ~ c (§ n) , 


n 4 
(21) log P(n) ~ (5) , 
First we show that 
/ 
(22) lim sup we Sth = 1. 
(5) 
To the partition n = a;, + a:, + --- + a;, we make correspond the partition 


4 t+i+-+: +7. Fort > % we havei < aj(a + e) therefore % + i2+ 
+++ tin <n(a+e)+%. Thus each partition of n into the a’s is mapped 
into a partition of integers < n(a + 2e) with all integers as summands; hence 


from (20) we obtain (22). Next we prove that 


/ 
(23) lim inf OS P') 5 1, 
Qa 
c (5 n) 
Split the sequence a; into two disjoint sequences b; , bs, --- and ¢, 2, °°" 


where the b’s have density 0 and every sufficiently large integer is the sum of 
different b’s and the c’s are the remaining a’s. It is easy to see that we can 
find the b’s with the required property; also the density of the c’s is clearly a. 
Denote by Q(n) the number of partitions of n into the c’s. Now associate 





* A well known result of Euler states that the number of partitions of n into odd integers 
equals the number of partitions of n into different summands. Thus (20) follows from t. 


wit 


Ne 
m 


be 
fol 
th 
be 


th 
an 
wi 


an 


al 








such 
ions 


uch 
a’s, 
hen 


ote 
wn 


on 


(| 
ce 





ELEMENTARY PROOF OF ASYMPTOTIC FORMULAS 449 


with the partition m = %4 +am+-:+ +h, i <i < +++ < & the partition 


¢, + Ciy ttt Hy; as before, we have 
n n 
a 2 Ci F eee ; © x , 
ate itty + T a-e 
Hence for at least one n/(a + €) < m < n/(a — €), Q(m) > p(n)(a — &)/n. 
Thus there exists a sequence of integers x, < 2 < --- with lim 2,,;/7; = 1 and 
04) lim ing 0S OS) _ 1. 


($x) 
C\5 % 


Now suppose 7; S m < 2%j4:. Choose 2; such that em > m— 2; > C. Then 
m — x; is a sum of different b’s, hence P(m) = Q(x;). Thus (23) follows from 
(24), and this completes the proof of II. 
If might be worth while to mention the following problem: Let a; < a, < - 

be an infinite sequence of integers, such that log P(n) ~ c(an)'. Does it then 
follow that the density of the a’sis a. I cannot decide this problem. Perhaps 
the following result might be of some interest in this connection: Let a; < a --- 
be an infinite sequence of integers. f(n) denotes the number of a’s S n, and 
y(n) denotes the number of solutions of a; + a4; S n. It can be shown trivially 
that if lim f(n)/n* = ¢, then lim g(n)/n** = c.. But the converse is also true, 
and can be simply proved by using a Tauberian theorem of Hardy and Little- 
wood.” We have 


20 2 2 
(f(z)? = (> r*) -_ ZZ di of 
i=l k=1 
and, since >> d, = y(n) ~ cyn®*, we evidently have 


C3 
{2 ~ Gy 
and hence by the theorem of Hardy and Littlewood, 


fin) = DY 1~ an’. 


apsn 


By the same methods that were used in proving II, we can prove the following 
result: Denote by R(n) the number of partitions of n into integers relatively 
prime ton. We have 

log R(n) ~ e(¢(n))’. 
Similarly, if we denote by R’(n) the number of partitions of into different 
integers relatively prime to n, we have 


} 
log R’(n) ~ (2) ‘ 


' Hardy-Littlewood, Tauberian Theorems, Proc. London Math. Soc. 13, (1914), pp. 
174-191, 
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I have not succeeded in finding asymptotic formulas for R(n) and R'(n). 


This problem seems rather difficult. 


March 12, 1942. 
In the meantime I have proved the above conjecture. Consider 


f(x) = : P(n)z” = II : 


If we assume that log P(n) ~ a(n), we obtain by a simple calculation 


2 
] oY, aa 
08 f(z) 61-72 


But 


log f(z) = Dea +4 Dia + o> = Do dea’. 


k=1 


Denote by A(n) the number of a’s not exceeding n. We have 


n i> 2] 1 n 
Bon) = Yn = Dia (2). 
Thus 


k= sik 
But by the well known Tauberian theorem of Hardy-Littlewood,” we have 


iin = © 3 (). 


2 
ar n 


B(n) ~ 





Hence 


we 


2 
ie Ee am. ead, 
km =k? 6 


Similarly we can show that if log P’(n) = c[(a/2)n]’, the density of the a’s is a. 
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ON A PROBLEM OF I. SCHUR 


By P. Erpés ann G. Szecé 
(Received June 11, 1941) 


To THE MEMORY OF I. ScHUR 


1. Introduction 


i. Let n = 3, and let Q, denote the class of polynomials f(x) of degree n 
satisfying the condition | f(x) | S 1 in the interval —1 < x < +1. Let Q,(2) 
denote the subclass of Q, characterized by the further restriction f(a») = 0. 

A well-known theorem of A. Markoff’ states that | f’(x)| < n°’ for -—1 < 
x < +1 provided that f(x) €Q, ; here | f’(x) | = n’ holds if and only if x = +1 
and f(x) = +T7',(x), where T,,(2) denotes the n*® Tchebycheff polynomial. We 
observe that 7',(2) does not belong to the classes Q,(+1). 

Some years ago I. Schur’ proved the following interesting theorem: Let 
—1 < a S +1, and let f(x) belong to Q, (ao). Then | f’(ao) | < 4n®. Moreover 
he showed: Let m, be the least positive constant (depending only on n) such that 
f'(v) | S ma-n? for all f(x) €Q,(a), and xm in -1 Sx Stl. [fu = 


lim SUPn+o Mn , then 


(1.1) 0.217 --- Su 3 0.465---. 


Obviously 


(1.2) mn = max max | f’(xo) |. 
—lS2pStl f(z) € Qn(z0) 

The main purpose of the present note is to determine the constant u and the 
polynomial f(x) for which the extremum (1.2) is attained. In terms of the con- 
stant m, , we obtain a bound for the derivative f’(x) of a polynomial f(x) which 
satisfies the condition that | f’(x)| has a relative maximum at the point x 
considered. 

2. Let un(x) be the polynomial of the class Q,(+1) for which u, (1) is a maximum. 
This polynomial u,(x) = u,(x; A,) can be determined from the transcendental 
equations (2.5), (2.6) and (2.17) of §2 (see below). It is a special case of a 
remarkable class of polynomials u,(x; A) considered first by G. Zolotareff” 

‘A. Markoff, On a certain problem of D. I. Mendeleieff (in Russian), Zapiski Imperatorskoi 
Akademii Nauk, vol. 62 (1889), pp. 1-24. 

*T. Schur, Uber das Maximum des absoluten Betrages eines Polynoms in einem gegebenen 
Intervall, Mathematische Zeitschrift, vol. 4 (1919), pp. 271-287. 

°G. Zolotareff, (a) On a question concerning a minimum value (in Russian), Dissertation 
“pro venia legendi,”’ published in lithographed form, 1868, Oeuvres, vol. 2 (1902), pp. 130- 
166; (b) Application of elliptic functions to questions concerning functions which deviate the 
least from zero (in Russian), Zapiski Imperatorskoi Akademii Nauk, vol. 30 (1877), Oeuvres, 
vol. 2, pp. 1-59; (e) Sur V’application des fonctions elliptiques aux questions de maxima et 
minima, Bulletin de l’Académie des Sciences de St.-Pétersbourg, series 3, vol. 24 (1878), 
pp. 305-310, Mélanges, 5, pp. 419-426, Oeuvres, vol. 1 (1931), pp. 369-374. 
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playing also a role in the important investigations of W. Markoff.* Recently 
N. Achyeser’ used polynomials of the Zolotareff type in his investigations on 
polynomials of least deviation in two disjoint intervals. With the previous 
notation, our main result is: 

THEOREM 1. The extremum m,-n’ in (1.2) is attained for 7 = +1 and for the 
Zolotareff polynomials +u,(x) [or for x» = —1 and for +u,(—2)], provided n is 
sufficiently large. Furthermore 


(1.3) lim mM, = pw 
exists and 
(1.4) uw = k*(1 — E/K)’ = 0.3124 ---, 


where k’ is the only root of the transcendental equation 
(1.5) (K-E'+(1-M)K-(1+kK)E=0 


satisfying the condition 0 < k’ < 1. Here K and E are the complete elliptic 
integrals associated with the modulus k. 

A further analysis and discussion of a few special cases furnishes the more 
informative 

Turorem 2. If n > 3 the extremum m,-n' in (1.2) is attained in the cases 
mentioned in Theorem 1, and only in these cases. If n = 3, it is attained for 
«% = 0 and for the Tchebycheff polynomials +T7T3(x), and only then. 

In §§2 and 3 of the present paper we first study as a preparation the general 
polynomials u,(z; A) of Zolotareff and the special case u,(x) = un(x; An) men- 
tioned above. The proof of Theorem 1 is then given in §§4 and 5, and that of 
Theorem 2 in §§6 and 7. In §8 we consider two problems of Zolotareff in which 
the polynomials u,(x; A) were first used; §9 contains another application. 

The polynomials of Zolotareff occur in numerous other related extremum 
problems. They satisfy a simple differential equation by means of which they 
can be brought in relationship with the multiplication problem of elliptic 
integrals. In what follows we have tried to reduce the use of elliptic functions 
to a minimum. 





*W. Markoff, Uber Polynome, die in einem gegebenen Intervalle méglichst wenig von Null 
abweichen, Mathematische Annalen, vol. 77 (1916), pp. 213-258. The Russian original 
appeared 1892. 

5 N. Achyeser, (a) Uber einige F unktionen, welche in zwei gegebenen Intervallen am wenig- 
sten von Null abweichen, Bulletin de |’ Académie des Sciences de l’URSS, Classe des sciences 
mathématiques et naturelles, series 7, 1932, pp. 1163-1202; (b) Uber einige Funktionen, die in 
gegebenen Intervallen am wenigsten von Null abweichen, Bulletin de la Société Physico- 
Mathématique de Kazan, series 3, vol. 3 (1928), pp. 1-69. 

° Zolotareff and Achyeser make extensive use of the theory of elliptic functions; however, 
W. Markoff does not. ; 
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2. On the polynomials of Zolotareff 


1. It is a classical fact that there is a unique polynomial 7',(x) of degree n 
(the n** polynomial of Tchebycheff) having the following property: The curve 
y=7,(t), -lSzs +1, consists of m monotonic ares varying between +1 
and -1; 7,(1) = 1, and 7T,(—1) = (-—1)". This polynomial satisfies the 
differential equation 


(2.1) n'(1 — y') = (1 — 2)y” 

from which follows 

(2.2) y = cos {n f a—?’y? it. 
1 


2. We show that there are infinitely many polynomials y of degree n possessing 
the following property: The curve y, —1 S x S +1, consists of n — 1 monotonic 
ares varying between +1 and —1, y = 1forz = 1,andy = (—1)""forz = —1. 
Such a curve necessarily has n — 1 roots in —1 S x S +1 and consequently 
one more outside this interval. If this additional root is >1, y satisfies a 
differential equation of the form 


(23) nd — yy) = (1 — ay? Ws : z) 





where y’ = Oforz = A,y = lforz = B,y = —lforz = C,and1 <A < 
B<C. A similar differential equation holds if the additional root of y men- 
tioned above is <—1. (The second case can be obtained from the first one by 
replacing « by —z.) 

Solving the differential equation (2.3), we obtain 


(2.4) y = cos {nf (A -*(B-td(e -—a ta erat}, 
1 
From the properties of y mentioned above we find 


(2.5) | ‘1 (A — 1)(B — te — ) — by dt = (n — 1)x/n, 
(2.6) | : (A — t)(B — te — de — 1)° dt = 0, 
+1 


(2.7) fi. («-— At — BC — te — 1) 7% dt = x/n. 


By a well-known application of Cauchy’s theorem we see that the sum of the 
integrals (2.5) and (2.7) is x, so that (2.7) is a consequence of (2.5). 

Conversely, if (2.5) and (2.6) hold, an easy discussion (encircling the singular 
points —1, +1, B, C) shows that (2.4) is an analytic function single-valued and 
regular in the whole finite x-plane. If x — ~ we find y = O(| |"), so that y 
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must be a polynomial of degree n. Of course it satisfies the differential equation 
(2.3), and it has all the properties mentioned above. 
For later purposes we note that 





,..2 (4-1) on 
(2.8) y’ =n B-pe-t) at «= 1, 
(2.9) a ee ae ey 





(B+ 1)(C + 1) 


These values can be obtained from the differential equation (2.3). 

3. Lemma 1. Of the three quantities A, B, C (1 < A < B < C) satisfying 
the two transcendental equations (2.5) and (2.6), any one can be prescribed arbi- 
trarily provided that 


(2.10) A>1l,orB>1,orC >c, = 1+ 2a, = 1 + 2 tan’ [r/(2n)! 


respectively; the two others are then uniquely determined. As A increases mono- 
tonically from 1 to +2, B and C increase likewise from 1 to + and from c, 
to +, respectively. 

Furthermore the values of y, y’, --- , y” for a fixed x not less than one, and the 
values of (—1)"y, (—1)"""y’, ---, y™” for a fixed x not greater than —1, are in- 
creasing functions of A. 

The only exceptions are y = 1 for x = 1 and (—1)"y = —1 forz = —1. 
In particular, the expressions (2.8) and (2.9) are respectively increasing and 
decreasing functions of A. 

In order to prove this Lemma, let B denote a fixed value, greater than 1, 
and let C be variable, such that C > B; we define A = A(C) by (2.6) so that 
1<A < B. Then 


I f (4 a= ) (B- oe — ye — 1) at = 0: 


dC 2C—t 
hence 
dA _ 1A— ig . 
me Sr -%! where 1 < & < B. 


Now consider the function \(C) defined by the left-hand member of (2.5), where 
A = A(C). We find 





on. f SA Aka ” 4 a4 
mc) =f (4 sa) B-0 (Cc —t#?a — yd 


_ T/1A—-t 1A-—t be re nud 
=f, Gene - pea )e-o (Cc — t)*(1 — Py dt < 0, 


so that A(C) is decreasing. Let C — B; then from (2.6) we see that A — B, 
so that 





Since li 
solutior 

4. Fi 
values 
p'(1) < 
in —l 
argume 
ia 
so that 
holds f 
lexcept 
(-1)" 
easily | 
consta: 

If p 
except 
quentl 
t>l 
B=. 

Fro! 
functic 
A>. 


obtain 


has th 
hold] | 
(2.11) 


Hence 


(2.12) 


TI 
membr 
have b 
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+1 ‘ , 
x(C) > [ Tee aS ee 
= | 


Since limcs« A(C) = 0, the equation A(C) = (n — 1)x/n has precisely one 
solution.’ 

4. Further let p(x) and g(x) be two special cases of (2.4) corresponding to the 
values A’, B’, C’ and A”, B’’, C” of A, B, C, respectively. First suppose that 
p'(1) < q(1). Considering the polynomial 6(z) = p(x) — q(x) at the n points 
in -1 S$ x S +1 at which p(x) = +1 and assuming that 6(x) ¥ 0, a familiar 
argument furnishes the existence of n — 1 distinct points +1 > m > m > 
-++ > m1 > —1 such that 6’(m) > 0, 6’(m2) < 0,---. Furthermore 6’(1) < 0, 
so that 6’(a) has n — 1 roots (that is, all its roots) in -—1 <2 < +1. Thesame 
holds for 6’’(x), 6’’’(x), --- so that 6(%) < 0, 6’(x) < 0,6"(x) < 0,--- forx21 
except that 6(1) = OJ], and also (—1)"6(x) < 0, (—1)"8(xz) < 0, 
(-1)""6"(x) < 0,--- for z S —1 [except that 6(—1) = 0]. From this we 
easily conclude that the relations A’ < A’, B’ < B”,C’ < C” hold for the 
constants corresponding to p(x) and q(x). 

If p’(1) = q’(1) the previous argument still holds good [unless 6(x) = 0], 
except that 6’(1) = 0 so that the roots of 6’(x) arein —1 <x < +1. Conse- 
quently 6’(z) < Oforz > 1. Interchanging p(x) and g(x) we obtain 6’(x) > 0, 
z > 1, which is a contradiction; so that in this case p(x) = q(x), A’ = A”, 
BR = B", Cc’ = Cc". 

From the previous considerations we conclude that B and C are increasing 
functions of A. It remains to calculate the limits of B and C as A — 1 and 
A—-+o. In the former case, (2.6) shows that B — 1, and from (2.5) we 
obtain C — c, since the equation 


“(+ My = OF at = (w= Va/n 


has the unique solution y = c,. If A —~ + it is obvious that B — +, 
(—++«. This completes the proof of Lemma 1. 

5. In what follows we denote the polynomial (2.4) [for which (2.5) and (2.6) 
hold] by y = un(a; A). We note that, from (2.4) and (2.10), 


u(x; +1) = lim u,(2; A) 
Al 


= cos {n [ (1+ 1%, — ty? a = —T, (-=~). 


Hence u,(+1; +1) = 0. Also 
(2.12) Un(+1; +1) = —(1 + an) 7% [cos (x/n)] = —4n’ cot” [x/(2n)]. 


(2.11) 





‘These considerations require only slight modifications if we replace the right-hand 
members in (2.5) and (2.6) by vr/nand x — vx/n,1S»Sn—1. The resulting polynomials 
have been used for various purposes by Achyeser; see loc. cit. 
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Further, let A > + so that B— +o andC—-+o. From (2.5) By L 
| (A — 4)(B — 4) *(C — 4)* =n —- 1)/m 
rin] where ¢; is a suitably chosen number between 0 and 1. Hence A(BC)* slp 


2% 


= ae 
































| t 1 — 1/n, so that, from (2.4), and fro 
i (2.13) ule; +0) = lim ua(z; A) = Tra(a). 
+ Ao 
2 Hence 
3 (2.14) un(-+1; +e) = (n — 1); an 
ay (2.15) ul(+1; +0) = In(n — 1)°(n — 2). so that 
| Therefore, as A increases from 1 to +, un(+1; A) increases from 0 to (3.3) 
(n — 1)’, and w,.(+1; A) increases from the negative value (2.12) to the positive 
fet value (2.15), corresponding respectively to A = 1 and A = +o. There is The sal 
iW precisely one value of A, A = A,, for which un(+1; An) = 0. We denote the On tl 
an et corresponding values of B and C by B, and C,. In §§4 and 5 we shall prove sequent 
ij ge that the function u,(z; A,) furnishes the solution of I. Schur’s problem formu- n'(B, - 
iF ee lated above, provided n is sufficiently large. 
pe From the differential equation (2.3) we obtain (3.4) 
” 2 (A-1)/) 2 (A— 1) 
n( +1; A) = 4 bee 
arene Te" BS ae Now le 
(2.16) " ' ‘ \ 
-1-2(,25-,4,-,4)} vs 
so that the condition u,(+1; A) = 0 is equivalent to (3.5) 
» -1) 2 1 1 ) : 
2.17 “ a 4 
iden cs <3 then’ Ox ee ou 





The transcendental equations (2.5), (2.6) and (2.17) determine the constants 


A=A,,B=8B,,C = C, uniquely. These constants depend only on n. — 
The polynomial y = u,(x; An) is completely determined by the following 
conditions: The curve y, — 1 S x < +1, consists of n — 1 monotonic arcs (A, — 
varying between +1 and —1, y = 1 fora = 1, y = (—1)"" for x = —1 and 
y’ = Oforz = 1. 
3. The limiting process n — : 
% and si 
; 1. First we prove the following 
i ; Lemma 2. The constants A,, B,, Cn defined by the transcendental equations 
} (2.5), (2.6), (2.17) satisfy 
‘ | lim n'(4n — 1) = a°/2, lim n(B, — 1) = 0/2, unifor 
i (3.1) ; sftp choose 
| lim n(C, — 1) = ¢/2 sequel 
2. | 


whereO0Q <a<b<c. The numerical values of a, b, c are given in (3.17). 
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By Lemma 1 
lim inf n°(C, — 1) = 2°/2 


no 


and from (2.17) 








2An ioe 1 2 2 
n = “a 
C,-—1° An-l C, — 1’ 
(3.2) n'(A, — 1)? + 2n°(An — 1) = 2n(C, — 1), 
so that 
(3.3) lim inf n(A, — 1) = (1+ 7)'- 1. 


The same inequality holds if we replace A, by B, . 

On the other hand, let us assume that n’(C, — 1) — + for a proper sub- 
sequence n = n, as v—> ©; then, from (3.2), n(A, — 1) 3+, so that 
n(B, — 1) +2. Therefore, by (2.17), for the same subsequence n = n,, 


(A, — 1) 
~ B.— Ne.) 





Now let w be a fixed positive number; for large n, from (2.5), 


r=n f (a — #7 at{1 — (A, — (Bn — tC, — 4} 


w/n 
(3.5) > nf de{1 — (An — cos y)(Bn — cos g) (Cn — cos ¢)*} 


[ dy{1 — (Ax — cos (¥/n))(B, — cos (¥/n)) (Cn — cos (W/n))}. 


Since 


(4, — cos (¥/n))(B, — cos (y/n)) (Cn — cos (y/n))? 





< (A, — 1)(B, — 1)(C, - {1 ++ ee =) 


and since forn = n,, as v— ©, 


n'(1— cos(¥/n)) _, 9 
n?(A, — 1) 





uniformly in y, for 0 < y S w, we find r = w. This isa contradiction if we 
choose « > w. Thus we have proved that the points of accumulation of the 
sequences.n'(A, — 1), n?(B, — 1), n°(Cn — 1) are positive and finite. 

2. Now let n = n, be a subsequence for which the limits (3.1) exist, where ; PEE, 
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0<asZbSec< +. From (2.5), (2.6) and (2.7) we shall derive a < b <¢ 
and 


(3.6) [ 1-@ +0 + wet vy} du = », 
0 
° 9 9 9 9 
(3.7) | (a? — vw) — ve — wv) du = 0, 
0 
(3.8) | (w— av — Bye — uv’)? du = =. 
b 
Also from (2.17) by the same limiting process (n = n,, » > ©), 
a‘ a. ¢-9 
(3.9) b? 2 tl (2 ee be = ) — 0. 


Instead of (3.7) we can show more precisely 


in i? (An — t)(Ba — t*'(Cn — t*#? — 1) dt 


=p [ (a? — wb — we? — uw) du, 
(3.10) 4 : 
nf" (¢— ABa — OC, — OME — 1a 


An 





b 
= | (wv — a’) — w)"e — wy du, 
\ a 
the two limits being the same. 

First, (3.9) is obvious and this equation shows that a = b = c is impossible. 
In case a < b = c both formulas (3.10) follow easily [writing ¢ = 1 + u’/(2n’)]; 
but the first limit is finite and the second one turns out to be +, which is a 
contradiction. In case a = b < c the same formulas can be easily established 
again, but the first limit is positive whereas the second one is 0 [since 
max{(¢ — A,)(C, — t)*( — 1)*}, An S t S Bz, is bounded]. Therefore 
a<b<e. 

Now (3.7) and (3.8) follow directly, and (3.6) can also be easily obtained. 
However (3.6) follows also from (3.8) by applying Cauchy’s theorem to 


iQ =1-@- 20-2) *(e - 2) 


integrated along the half-circle | z| = R, Rz = 0 and along the segment Kz = 0, 
-R S32 S$ +R, R > +o. 

3. Substituting u’ = 0’ sin’ g in (3.7) and v2 = & — (c? — b*) sin’ ¢ in (3.8) 
we find 


w/2 
(3.11) [ (a? — B sin? y)(c — B sin? y) dy = 0, 





(3,12) 


Using th 
(3.13) 


where th 
Eliminat 


(3.14) 
Compar' 
(3.15) 
we obta 
(3.16) 


The r 
(see §1) 
from 0 
Indeed, 


where k 
increase 
it is nef 
hand 1 
zero an 

Usin; 


(3.17) 
We 2 

(3.18) 

uniforn 


4. A 
Lem 





8 See 
Fourth 
9 See 
10 T,, 
a table « 


vol. 33 
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u 
(3.12) I {? — a’ — (c’ — b*) sin’ 9} {ec — (c* — b*) sin’ g} 4 dy = =. 
0 


Using the standard notation these equations can be written in the form 


(3.13) (l—a/c)K =E, cE’ — (a’/c)K’ = 5 


Een a. AO ar ital 


where the complete elliptic integrals K and £ belong to the modulus k = b/c. 
Eliminating a’/c’ we find 

























(3.14) E/K + (E’ — x/c)/K’ = 1. i 
Comparing this with the classical equation® 

(3.15) EK’ + E’K — KK’ = 2/2 

we obtainc = 2K. Hence 

(3.16) a’ =4K(K—E), b=2kK, c= 2K. ae 


The relation (3.9) furnishes the transcendental equation (1.5) of Theorem 1 
(see §1) for the modulus k. This equation has precisely one root as k° goes 
from 0 to 1 [which shows that the limits (3.1) exist as n — © unrestrictedly]. 
Indeed, differentiating the left-hand member of (1.5) with respect to k’,’ we have 


jE{k’*(K — E)’ — 1}, ip eein 
where k’ is the complementary modulus. The expression in the curly bracket r 
increases with k”, as the well-known power series expansion of K and E shows; atl 
it is negative for small k’ and positive as k” approaches 1. Therefore the left- 
hand member of (1.5) first decreases and then increases; but for k° = 0 it is 


zero and for k° + 1 — Oit tends to +. This establishes Lemma 2. | re 


Using the tables of Milne-Thomson”™ we find 
asm k? = 0.84---, a = 11.4055---, b= 43245---, 
Ld 
c = 4.7185 ---, a/b’c’ = 0.3124---. 


We also note that (2.4) implies that 


no 


(3.18) lim wa(eos (z/n); An) = cos if (a? + wb + wv) We + wy? au 
f ) 


uniformly in z, for all complex z such that | z| < R. 
4. Another limiting formula important for the proof of Theorem 1, is 
Lemma 3. Let A = A. be a sequence of values such that A, -—1l= o(n”). 





*See for instance, E. T. Whittaker and G. N. Watson, A course of Modern Analysis, 
Fourth edition, 1935, p. 520. 

* See Whittaker-Watson, loc. cit. p. 521. 9 . 

" L. M. Milne-Thomson, Ten-figure table of the complete elliptic integrals K, K', E, E’ and iit | 
a table of 1/35(0! r), 1/83(0| r’), Proceedings of the London Mathematical Society, series 2, wah se 
Vol. 33 (1932), pp. 160-164. a 
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Denoting the corresponding values of B and C' determined from the equations (2.5) 
and (2.6) by Bi, and C%, , respectively, we have 


(3.19) lim un(eos (z/n); Ai.) = —cos {(x* + 2”)!}. 


no 


The last equation holds uniformly in z, for all complex z such that |z| < R. 
We note that (3.19) arises from (3.18) on writing a = b = 0,¢c = z. 
For the proof we use an argument similar to that of Part 1. Let w be fixed, 
w > 0; we find [see (3.5)] 


(3.20) «> [avn — (Aj, — cos (W/n))(By, — cos (y/n)) (Ch — cos (y/n))7}, 


Assuming for a certain subsequence n = n,, v — ©, that the limits 
lim n(Bi-—1) =,  limn(C, — 1) = 7 


exist, we have 8 = 0, y = 2/2. Thus we conclude from (3.20) 


rz / “dvi — (W/2)(8 + ¥'/2)y + 2/2}, 


so that 

(3.21) we [ avis — W206 + V2 +24. 
Now 

(3.22) r= [ ai—ver tv: 


consequently (3.21) and (3.22) involve a contradiction, unless 8 = 0, y = r/2. 
Further 


un(cos (z/n); A;,) 


(3.23) iv, AS ae 
= cos if (A, — cos (y/n))(B, — cos (y/n))*(C;, — cos (W/n)) iy} 


Now letO <¢e<a<Rand|z| =R. Then 
I (A; — cos (¥/n))(Bi, — cos (¥/n))(C%, — cos (Y/n)) dy 


< [ (Aj, — cos (y/n))(C1, — cos (y/n))* dy > [ve +yyid 
0 0 


as n — ©; the last integral is arbitrarily small with e. Integrating from « to 
z, we can assume that y ¥ 0, + 7 on the path of integration; and the assertion 
follows immediately from (3.23) forn > o. 
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4. Proof of Theorem 1 


In what follows, the symbols Q, , Qn(o) defined in §1 are used. 
1. Lemma 4. Suppose —1 S % S + 1, and let fo(x) be a polynomial of the 
class Qu(ao) for which max | f’(xo) |, f(x) € Qn(xo), is attained. Then | fo(x) | as- a 
sumes its maximum 1 at least n times in -1 S x S +1. | 
The proof follows the usual lines. Let fo(vo) > O and let us suppose that 
the assertion of Lemma 4 does not hold. Denote by 1, m,---,2#.;1 <n, 
the distinct values in —1 S$ x S +1 for which | fo(z,) | = 1 and write w(x) = 
‘a(t — 2). If —1 < a < +1 we have x» = 2, [otherwise fo(ao) would ) 


be 0]. However if = +1 we may have x = 2,, in which case w(x) = 0 


but w’(2%) ¥ 0. | 
We form the polynomial 





l 
z w(x) * 
(41) r(x) = -2 sgn fo(x,) gate tas * w(x) {a(x — xo) + b} ee rT 
and want to determine the constants a and b such that r’(a%) > 0, r’’(a) = 0; 
this can certainly be done provided the linear equations 


aw(Xo) + bw'(xo) = G, 
2aw" (2) + bw" (xo) = H 


have a determinant ~0. Now w(ao)w’(a) — 2{w'(ao)}? ¥ 0 is obvious if 
w(%) = 0 (ef. above); but if w(a) ¥ 0, 


w’"(Xo) 2 cia = > fie ag YO {ete <0. 


w (ao) w (2) yal w (ao) 


Obviously r(x) is of degree 1 +1 S n and we find for sufficiently small « > 0 
that | fo(xz) + er(x)| S lin —1 S x S +1; hence fo(x) + er(zx) belongs to 
Qn(%). On the other hand f(a) + er’(ao) > fo(ao) which is a contradiction. 
This proves Lemma. 4. 

2. Let the extremum (1.2) be attained for the value x and for f(x) = fo(x), 
fo(x) €Qn(x). Then fo (ao) = 0, and fo(x) possesses the property formulated in 
Lemma 4. Further we show that fo (a) ~ 0. By Lemma 4, | fo(zx) | attains 
its relative maximum 1 in —1 < 2 < +1 for at least n — 2 distinct points for 
which f(x) = 0. Since fo (x) vanishes an odd number of times between two 
consecutive roots of fo(x), we find that fo (x) has precisely one simple root between 
two consecutive roots of fo(x), and these roots of fo (x) are maximum points of 
|fo(x) |. The number of these maximum points is at least n — 3. If 2 is one 
of these points, we must have fo (20) ~ 0. If ao is different from these maximum 
points (whose number in this case is n — 3), then we must have again fo. (20) ~ 0, 
and thus there is a relative maximum of | fo(x) | at x = a. 

If we assume that fo(ao) > 0 then fo (x0) = 0, fo. (xo) < 0, so that fo(x) has a 
relative maximum at z = a1. 

Now we distinguish various cases. 
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(a) 2X +1. 
Let Xo = +1 and let us denote an extremum polynomial of our problem by 
Un(2), un(1) > 0, u,(1) = 0. As we showed before, un (2x) has at least n—-2 

and wu, (x) at least n — 3 distinct roots in —1 < x < ti. Since w'(1) = 0, 
we find that n — 2 is the precise number of roots of Un (x) in -1 <2 < 44, 
Consequently | un(—1)| = |un(+1)| = 1; and, since u,(1) > 0, we find 
un(1) = 1, ua(—1) = (-y. 

Thus the curve y = u,(x), —1 S x S +1, consists of n — 1 monotonic ares 
varying between +1 and —1, and u,(1) = 1, un(—1) = (—1)"", u,,(1) > 0, 
u,(1) = 0. 

Hence from the last remark of §2 we conclude that u,(x) is identical with the 
polynomial u,(x; A,) defined there. 

Consequently, under the assumption x = +1, the extremum polynomials of 
our problem are +1u,(x; A,) and +u,(—2z; A,), respectively. The asymptotic 
value of | u,(1; An) | is a‘b 7c? -n? [see (3.17)]. 

(b) —1 < a < +1, and there exists a polynomial g(x) of Q, for which 
| g’(xo) | > | fo(ao) |. Suppose fo(2o) > 0, g’(xo) > 0. 

Consider the polynomial h,() = fo(x) + ef{g(x) — fo(x)},0 << e <1. Ob 
viously h (x) € Q, ; furthermore hi(a) > fo(2t). For sufficiently small ¢ there 
is a root of hi (x) in the neighborhood of 2, 2% say, and h.(x) attains & positive 
relative maximum at z = 1. We evidently have 


hi(xo) = hilao) > fo(ao) 


which shows that fo(x) cannot be the extremum polynomial. 


5. Proof of Theorem 1 (continued) 


The remaining case requires a more elaborate discussion. This case is: 

(ce) —1 < a < +1 and f(x) is the polynomial in Q, with the maximum value 
of f’(a»). 

Then W. Markoff has shown” that fo(x) must be one of the polynomials 


+T,,(x), +T n(x), +T, G= ¥ “), +T, (;+2), 


(5.1) l+a 


+u,( +s; A) 


where 0 < a < a, = tan’[r/(2n)], and u,(z; A) are the Zolotareff polynomials 
defined and discussed above. As n — ©, the largest relative maximum of 
| 7, (x) |in -1 <2 < +1is moment M-n’ where —M is the minimum 
of sin 6/6 for real @, that is M = 0.2172.--.-. Comparing this result with the 
asymptotic value of u,(1; A,), that is with ab ~¢ *-n? [see (3.17)], we see that 
for large values of n the four first types in (5.1) can be excluded. 





11 Loe. cit. p. 249. 
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4s W. Markoff has further shown”, fo(x) = --u,(x; A) if and only if (a) a 
belongs to certain open intervals in —1 < x < +1, and (b): 


aie — 2° )u,(2; 4) ae i aie 





(52) dx z—A 

Since un(to ; A) ¥ 0, and u, (ao ; A) = 0, the latter-mentioned condition im- 
plies that 

(53) m=A-—(A?—1),  A-1= (1 — %)'/(20), 


so that O << a < +1. Now we distinguish again two cases: 
C)0<ms(l- 16n-*)'. According to S. Bernstein’s theorem 


(5.4) |un(a;A)| S$ n(1 — 2’)? S n’/4. 


(e") (1 — 16n*)? < a <1. Then A — 1 = A, — 1 = O(n“). Now 
we assume that this case occurs for an infinite number of values of n, and we 
write % = cos (z/n); then z is bounded. From Lemma 3 we conclude that 


: 2 2\3 
(5.5) lim nu, (cos (z/n); An) = — Sn : 





The maximum of the absolute value of the last expression for real z is 
M = 0.2172 --- so that this case can be also eliminated. 

The assumption fo(x) = +-u,n(—2x; A) can be dealt with similarly. 

Thus for large n only Case (a) remains. This completes the proof of 
Theorem 1. 


6. Proof of Theorem 2 


1. First we consider again the case (c) defined in §5 and let 2» belong to one 
of the open intervals in —1 S x S + 1 in which the maximum of f’(2»), f(z) € Qn , 
isattained for the Zolotareff polynomial f(x) = u,(z;A). [Theargumentis similar 
for —u,(z;A) or +Un(—2;A).] Then f(z) = un(x; A) = fo(x), where fo(x) has 
the same meaning as in §§4 and 5, so that fo(x) ¢ Q,(xo); that is, fo (a) = 0. 
We have fo(x) > 0, fo’ (x0) < 0. 

By an important theorem of W. Markoff’, to every positive « correspond 
values 2; such that“ 

(a) 0 < | ay _ Xo | < €; 

(8) if fi(z) = ua(a; A’) denotes the polynomial of Q, for which f’(2:) becomes 
& Maximum, then 


(6.1) filar) > fo(2o). 





" Loc. cit. pp. 233-246. 
* Loe. cit. p. 257. 
‘In fact, a whole half-neighborhood of 2» satisfies this condition. 
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Now if ¢ is sufficiently small, fi (x) will have a root, say 2; , in the neighbor- 
/ 
hood of 2 ; we can assume that —1 < 2, < +1. Also fi (a1) < 0, so that 
fi(z) has a relative maximum at « = 2 ; hence 


(6.2) filar) = falar) > fo(2o), 


which shows that fo(x) can not be the solution of our problem. 
This argument leaves as the only possibilities for fo(x) either the Zolotareff 
polynomials +u,(x; A,) with x = +1, or the Tchebycheff polynomials +T,,(z). 
2. Let D, be the largest root of un(x; An), Bn < Dia < C,. Using the con- 
vexity of un(x; A») for x > 1, we deduce 


(6.3) D, — B, > C, — Dy. 


Further we make use of a theorem of I. Schur on the largest roots of the deriva- 
tives of an algebraic equation with only real roots.” Applying this theorem 
to un(x; A») we obtain 


(6.4) D, — An S An — 1 
so that 

2(A, — 1) 2D, -—1> 3(Be-—1+C, — 1) > {(B, — 1)(C, — 1}. 
Hence, from (2.8), 


(6.5) Un(1; An) > n?/4. 
3. On the other hand we show that 
(6.6) [T.(z)|Sn/4 if Ti(z) =0 


provided n 2 5 (with equality only ifm = 5). Incidentally, I. Schur has proved 
(6.6) for all large n.”* 


Let ¢ be a root of the equation tan np = n tan g, 0 < g < 2/2. Then the 
assertion is 


2:2 - ‘ 15 \ 
= n(n’ sin’ » + cos’ v)? < n’/4, sin g = (;*.,). 








n— 1 


It is sufficient to show this for the largest root 2, = cos ¢, of T(x); that is, 


jor the smallest positive value 9, , r < ng, < 32/2, satisfying the equation 
above. 


The function 


tan ny 
6. np em sation. 
64) hy) nm tan y 





* I. Schur, Zwei Sdtze wiber algebraische Gleichungen mit lauter reellen Wurzeln, Journal 
fiir die reine und angewandte Mathematik, vol. 144 (1914), pp. 75-88. 
16 J. Schur, loc. cit.2 , p. 277. 
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increases from 0 to + © as w increases from 2/n to 3x/(2n). Let z be the small- 
est positive root of the equation tan z = 2,7 <z< 3n/2. Since 


z 





(6.9) h(z/n) => n tan (z/n) < 1, 
we have gn > 2/n, so that (6.7) follows from 
; 15 \ 
= 
(6.10) sin (z/n) = (5 — :) . 


Since n sin (z/n) increases and n*/(n’ — 1) decreases as n increases, the last 
inequality will be proved for n 2 6 if we prove it for n = 6. But 


(6.11) sin (2/6) = (3/7)' = 0.6546 --- , 
since” z = 4.4934 --- and sin (2/6) = 0.6808 ---. 
In the case n = 5 we have 
(6.12) T;(c) = 3202° — 1202, 25 = cos ys = (3/8)', sin gs = (5/8)'. 


Comparing (6.5) and (6.6) we obtain +wu,(-+2; A,) as the only eligible ex- 
tremum polynomials [and 2) = +1 as the points at which the extremum is 
obtained] provided n = 5. 


7. Proof of Theorem 2 (continued) 


The previous result holds also for n = 4, as a direct discussion shows; how- 
ever, it fails for n = 3. 
1. We have for n = 4: 


(7.1) T(x) = 8a — 827 +1, Ti(x) = 32° — 162, T(x) = 962° — 16, 
so that, with the same notation as before, 2, = 6° and 
(7.2) | T(as) | = (16/3)(2/3)? = 4.3546 ---. 


On the other hand, let us denote by y: and y2, the values of x for which{the 
relative extrema of us(z; As) in —1 S x S +1 are attained; thus —1 < my, < 
ye < +1, say. Then 


(7.3) us(x; As) = 1 — A(1 — 2)(Bs — 2)(ys — 2) 


must satisfy the following conditions: 








(a): w—1; 44) = —1, MBs + 1)(y: + 1) = 1, 

(8): ua(yo; As) = —1, (1 — yo)(Bs — yxy — yo) = 2, 
(7.4) ; 1 1 2 

(y):  ua(yo; As) = 0, igo + cae | + —_ 0, 

(6):  ug(1; As) = 0, 2B, + ym = 3. 





_——_ 


See, for instance, E. Jahnke-F. Emde, Funktionentafeln, 1933, p. 30. 
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Hence By < 2. Let 
7.5) l—-y=h(B-1), B-ypw=(ht+1I%—- 1), 

Y2 — yi = (2 — h)(B, - 1); 
then (vy) becomes: 


— i eZ. 
(7.6) ;* cai? s¥" 
Further, writing v(x) = a(x + 1)(x — 2)’, we obtain from (a) and (6) 
2 
(7.7) v (r. — :) = v(h). 


Since v(x) = v(h) has h as a double root, it can be reduced to a quadratic equa- 
tion giving 


0; ie, hk = (1 + (33)')/8 = 0.8430--., 








2 


= 3/2 —h+ 4(10h + 5)’ = 2.4893---. 
B= 1 


(7.8) 





Now 

a 
B,- 1 
oF ge ) 
B,-1 


Comparison of this value with (7.2) furnishes ws(x; A4) as the solution. 
2. Finally in the case n = 3, 
T;(t) = 42° —32, 13(x) = 1227-3, T13(x) = 242, 


t3 = 0, | T3(2s) | = 3. 


(7.9)  ua(1; As) = (Ba — 1001 — y:)? = 4 = 4,.7881---, 


(7.10) 


On the other hand, 
(7.11) u3(x; As) = 1 — X(1 — 2&)(Bs — 2) 


with a relative minimum at t = y1, —1 < y: < +1, satisfies the following 
conditions: 


(a): Us(Yi } As) = i, A(1 ipa yi) (Bs nee Y1) <i 2, 


(7.12) (8): us(ys ; As) = 0, 3yi — 2By, — 1 = 0, 
(y): us (1; A;) = 0, B, = 3, 
so that 
=1-2-37, yv»=3'/8, 
wan ™ / 


| ws(z; As) = 1 — 3'(1 — 2°)(3 — x)/8, u3(1; As) = 3°/2 < 3. 
This completes the proof of Theorem 2. 
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8. Two problems of Zolotareff 


1, The previous considerations permit a very simple approach to the follow- 
ing interesting theorem of Zolotareff:" 

TuEorREM 3. Let o be a given positive number and f(x) an arbitrary polynomial 
of degree n of the form 
(8.1) f(z) =z" — ox" +---, 


Then max | f(x) |, —1 S x S +1, ts minimized if and only if 

(a) f(z) = const. ua(z; A) provided « = nan, 

(b) f(x) = 2° "(1 + o/n)"T, (2--</*) provided 0 < ¢ S nay. 
Here un(x; A) denotes the polynomial (2.4); and in case (a) A = A(c) is a uniquely 
determined function which increases monotonically from 1 to + as o increases 
from na, to +; a» = tan’ [x/(2n)]. 

A corresponding result holds for negative o, obtained by replacing f(x) by 
(-1)"f(—x). For o = 0 the extremum is given by Tchebycheff’s polynomial. 

From (2.4) we obtain, for x > C, 


—un(2; A) = Rx® — Sx™* + ->- 
wn {n I “(t= Ae — BY — eye - 1) a 


cosh {n (log x — log C) 
+n [ (¢-— At — Bt — CY — 1)? - ede 


— % 'g [(¢— Ate — Be — CP -— 17 - at 
so that, as — +0, 


—U(z; A) = 3(x/C)”" exp {n '% (¢ — A\(t — B)*t — 0) — 1)¢ - eV 


—n / ‘ ((4(B + C) — A)t* + O(¢”)) a + O(x~"). 


Consequently 
R=iC"xX 


(8.2) exp {n / r (é¢— At — Be — cy? -— 1° - rat} > 0, 


S/R = n{}(B + C) — A} > 0, 


so that R and S are continuous functions of A. 
SSeS 


* Loc. cit. (a), (b), (e). 
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From the results of Lemma 1, 


(8.3) (2) u(x; A) = —n!R, 

dx 
is an increasing function of A. Let A; < Az, and let Ri, Si, Re, S2 be the cor- 
responding valuesof RandS,R; > Rz. Considering Rr'un(z; A1) — Ry'ua(x;A,) 
at the extremum points of u,(xz;A2) in — 1 S  S + 1 wesee that it cannot be of 
degree n — 2, so that S,/R, ~ S:/R:. Hence S/Ris monotonic. Its minimum 
value is attained for 





oo An 
Un(X} +1) a —T, (; abe =) 5) 
so that min (S/R) = na,. Its maximum value is attained for u,(x; +) = 
Tn-1(2), SO tuat max (S/R) = +o. 
Now let f(x) be a polynomial of the form (8.1), and let ¢ 2 na,. Then there 
exists a definite polynomial u,(x; A), A = A(o) 2 1, for which S/R = co so that 


(8.4) d(x) = f(x) + R'un(x; A) 


is of degree n — 2. Let max |f(x)| < R', —1 S$ x < +1. Then the poly- 
nomial (8.4) is alternately 2 0 and SO at the points at which u,(z; A) = +1. 
Unless d(x) = 0 this gives n — 1 distinct points at which d’(z) is alternately 
>0 and < 0, and hence n — 2 roots for d’(x) which is impossible. 

2. The argument is similar in the other case, 0 < o < na, ; since the poly- 
nomial 


I—n n x—oa/n n n—1 

(8.5) 2-"(1 + a/n) r(7>28) =z —oxr +::> 
assumes its maximum modulus 2""(1 + ¢/n)" precisely n times in —1 < 
zs +l. 

Replacing —R‘u,(x; A) in (8.4) by the left-hand side of (8.5), we obtain the 
desired result. 

3. Another theorem of Zolotareff is the following”: 

THEOREM 4. Let x, yo, be arbitrary real numbers, of which x > 1, and let 
f(x) be an arbitrary polynomial of degree n satisfying the conditions 


(8.6) f(z) =a" +--+, f(a) = w. 
Then max | f(x) |, -—1 S « S +1, is a minimum if and only if f(x) is one of the 


polynomials 


—R° u(x; A),  2°"(1+a)"T, (F): 


(8.7) 
rr + a)” ym (G+ *), (—1)"" RT un(—2; A). 


l+a 





19 Loc. cit.’ (b), p. 27, (ce), p. 371. 
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HreeA21,0S@ 3a = tan” [r/(2n)] are certain numbers uniquely deter- 
mined by Xo and Yp 
The values of the polynomials (8.7) at x = 2» increase 


—n n To — Qn 
from — © to 2" (1 + Qn) 1, (#2 2) = 8 





as A decreases from + to +1; 
from B to 2° "T',(a) as a decreases from a, to 0, 
from 2'" T'n(ao) to 2°-"(1 + an)" Tn (Hts) = p’ 
1+ an 
as a increases from 0 to a» ; 
from 6’ to +2 as A increases from 1 to +, 


respectively. These facts determine for a given y the extremum polynomial 
fiz) in question. Indeed, consider the difference f(x) — fo(x) at the points in 
-1 <a < +1 at which fo(xz) = +1, and in addition at x = x. Since this 
difference is alternately = 0 and S 0 at these n + 1 points, the usual argument 
gives n — 1 distinct roots for its derivative [unless f(x) = fo(x)], which is im- 


possible. 
4, The problem defined by the condition 
(8.8) f(x) = yo 


where 1 S$ k S$ n — 1, % > 1, and yw is arbitrary, can be treated in a similar 
manner. For k = n — 1 we obtain the first problem dealt with above. 


9. A further application 
The previous considerations furnish another property of the polynomials 
u(t; A) of Zolotareff which play a role in the interesting investigations of 
W. Markoff [see*]. 
1. We prove the following application of Lemma 1: 
THEOREM 5. Let 


91) lL>a>a> a> wm > +++ > Ane > Zane > ri > —l 

be the values of x characterized by the conditions 

(9.2) u,(a,;A) = 0, y=1,2,---,n—1, 
(9.3) un(z,;A) = 0, y=1,2,---,n — 2; 


then the functions x, = 2,(A) and z, = 2,(A) increase as A increases.” 
The roots x, of un(x; A) satisfy the equation 


(9.4) I (4 — o(B - yc — ya — Py dt = ( — 9)e/n, 
ym 1,2,---,n—l1. 


—_ 


** Concerning z,, see W. Markoff, loc. cit. p. 242. The largest root D = D(A) also in- 
creases, as can be concluded from the result of §2, No.*. 





+ 

a 
i 
Ss" 








































* te, 





470 P. ERDOS AND G. SZEGO 


We can assume that A = A(p), B = B(p), C = C(p) are increasing functions 
of a parameter p,p > 0, all these functions having continuous derivatives. Then 
x, = 2,(p) and 


(A — 2,)(B -— 2) (C — 2,71 — 23) (9) 


- / te {(A — -(B — ae — ya — Py} at 
A- 
Bi 


> {ao — wong tt — sows th [we — ore — ma — ee 


-[ @-0 Ye - ata —- ey aul (p) — 4B(p) —— i eg 





>0 


since the expression (2.9) increases with p. 

The assertion about z, can be proved in a similar manner. 

2. The assertion about z, follows also from the following general remark. 
Suppose the roots of an algebraic equation are real and distinct, and that they 
are increasing functions of a parameter; then the same holds for the roots of 
the derivative. Indeed, using the notation above: 

ee ee a ee 


ly DB Zy — Le Zy — Xn 








[Here x, = D denotes the only root of un(x; A) which is > 1.] Differentiating 
this relation, 


n , , 
2p — 2» 


u=1 (2, rial ty)? 
so that x, > 0 implies z, > 0. 
Repeated application of this argument shows that the roots of all derivatives 
us (x; A) increase as A increases. 
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ON ABEL’S CONVERSE THEOREM 


By Guipo Fusini 
(Received March 20, 1942) 


1. Introduction 


In studying Lie’s famous papers’ on the surfaces of translation, I began to 
think that it was perhaps useful to consider them as the statement of a theorem 
which, in Lie’s case, is the converse of Abel’s theorem, so fundamental in the 
theory of Abelian integrals. Lie generalized his results to other manifolds of 
translation. I think it will be possible to look for a generalization in another 
direction; in other words, it is perhaps possible to find new theorems which may 
be considered as the converse of Abel’s theorem. If we start from a curve of 
genus p, we obtain some particular manifolds of translation of p — 1 dimensions. 
This has no geometrical meaning if, for instance, p = 1; but the question of 
stating for p = 1 a theorem which is the converse of Abel’s theorem is always 
interesting, at least according to my opinion. Also Poincaré occupied himself 
with Lie’s results and looked for some generalizations of the surfaces of transla- 
tion. Though my point of view is different, there are some analogies between 
Poincaré’s problem’ and the problem to which this paper is devoted. But the 
methods of this paper are, I think, quite new; Lie starts from a system of two 
partial differential equations with one unknown, whereas I start from one ordinary 
differential equation with four unknowns (two of which are functions of a pa- 
rameter u, and two functions of an independent parameter v). And I succeed 
in transforming this equation into a reduced equation which contains only the 
first derivatives with respect to one of the parameters u, v. After this the 
problem is easily solved, but there are many particular cases to be considered 
(see the conclusion of this paper). On the other hand it is not possible to take 
advantage of Poincaré’s methods. We do not suppose from the beginning that 
the functions which determine our curves are analytic. Their analyticity will 
be a consequence of the differential equation referred to above. But even if 
we supposed that they are analytic, it would not be possible to make use of 
Poincaré’s method. Let us suppose that ¢; is a curve defined by analytic func- 
tions.. I choose on it a point A, ; afterward I define another analytic curve cy» 
by giving the coordinates of its points As as analytic functions of the slope m 
of the line AA» joining A» (variable on cz) with the point A; chosen on ¢ . 
These functions may exist in a certain region of the plane of m, which we now 
consider as a complex variable. If this region does not contain the slope of the 
line t which is tangent to c, at A;, this tangent will neither intersect c: , nor be 





‘See Lie: Berichte ii. die Verhandl. der Kén. Sachs. Ges. der Wissensch. zu Leipzig, 
1896, Bd. 48, p. 141. Comptes Rendus 1892 (Ist Sem.), pp. 277, 331. 
_* See Bull. de la Soe. Mathem. de France, 1901, tome 29, p. 61. (See also Journal de 
Liouville, 1895, tome 1, p. 219.) 
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ag tangent to it; and it is possible that all the straight lines of a certain neighbor. in whic 
( ae: hood of ¢ (for instance, the tangents t’ to c; at the points A; of a certain neigh- be func 
ie H borhood of A;) have the same property. In this case, and in other analogous 
ee 


cases, it is not possible to make use of Poincaré’s methods, and I have not 
succeeded in demonstrating directly that the preceding suppositions are absurd 
for the curves which we shall study in our problem. In order to state this wal 
problem clearly, I recall that the simplest form of Abel’s theorem for the curve 
of genus 1 is the following. For a non-rational cubic we can choose the Abelian 


Dens eel aes 7 


‘Qu ate Soap eet eS 















| | 4 integral of first kind in such a way that its values at three points of the cubic have a 
Mae sum equal to zero af and only if the three points are collinear. (I shall later speak 
Benin, of the generalizations to six points lying on the same conic etc.) I now state 
| the following converse problem. Let us suppose we have three real ares of We ha 
Maas tee curves c, y, C defined by parametric equations in which zx, y are Cartesian, or, By sol 
| | rf more generally, non-homogeneous projective coordinates, and wu, v, w are the (2.2) 
. i} parameters: 
eae Ee Goa 
ea GP oy FS Rin get Te if 
ore a ly = fru), ly = ov), ly = F,(w), in wh 
i " and that three points, one on every curve, are collinear if and only if (4.2) 
ie (1.1) utv+w = 0. ; 
Mi! aa 
ise Can we deduce that the three curves belong to the same curve T of third degree and (* 


that the corresponding parameters are identical with the Abelian integral of first 
kind corresponding to this curve? The answer will be given in this paper; it is 
positive, but we must take into account the cases where the cubic degenerates 
(into a conic and a straight line or into three straight lines) or is rational (pos- By re 
sesses a double point or a cusp). 
We could also state a more general problem by substituting 





®,(u) + ,(v) + &;(w) = 0 By I 


for (1.1) and by supposing that @ are continuous differentiable functions of the 
corresponding parameter; but, by a suitable change of parameters, we realize 
that the new problem is equivalent to the preceding. we ¢ 


2. The fundamental equation 


I choose at random two of the three curves c, y, C, for instance c, y, and I 
suppose that neither the former nor the latter is the line at infinity (x = %, 
y = ©). (By means of a collineation we can always satisfy this condition.) - 
On the straight line joining a point (f; , fe) of ¢ with a point (¢ , ¢2) of y I must 
find a point (F;, F2) of C. Its coordinates will be given by 


(1.2) Fi, =kfit+(1— ke, F, = kfo + (1 — k)gn, 
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in which k is unknown. This point belongs to C; therefore its coordinates must 
be functions of w = —(u + v), (see (1.1)). Therefore 


OF,_ 9F, = Fs _ AF 


du ov’ Ou Ov’ 





or 


FE: | flu) — oslo] + RLfiCu) + oile)] = ilr), 
Ou dv 


' dk dy 
= y= , = . 
(a maid 1, 2) Ei du’ Qg de. 


We have obtained two linear equations in two unknowns: k and dk/du — dk/dv. 
By solving these equations, we obtain 


(2.2) Ak = elf: — gil — eilfe — gol, 
ok ok ty pl , Vow? » — Adee PG 
(3.2) s(# ~ *) = o1(fe + v2) — o2(fi + ¢1) = gife — oof 
Ou ov 
in which 
(4.2) A = (fi — o)(f2 +o) — (fe — efi + ¢1)- 


By differentiating (2.2) with respect to u or to v, and by subtracting, we obtain: 


(= = 2) 5 +A (# = =) = oft — oif2 + o1(fe — a) — (fi — ¢1), 
dus ov Ou Ov 


io er. tae) 
(5 ~ a? > ae)” 


By recalling (3.2) we deduce: 


(= _ 0) = erhi - vif) + gi(fe — 92) — go(fi — ¢i). 
du = ov 


By multiplying by A, by comparing with (2.2), and by remarking that 
ms : 
Ou 
we conclude that 
((f’ — o)(fi — o) — (fo — wf — 61) elf — a) — e1(fe — 92) 
(5.2) = {(fi — o)(fo + o2) — (fk — of + 1} 
{2(e2fi — ifs) + ei (fe — m2) — o2(fi — ed}, 


— 8 — ih — o) - (h- ef - of) 


or 

elt: — ¢1) — (fe — v)} if (hi — o1) — Site — @2) — 2le2hi — eifa)} 
) = (hifi — 0) — filf — -)} aa 
{01 (fe — ga) — ge (fi - gi) + 2(v2fi ia ¢ifz)}. 


(6.2 
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The second member can be deduced from the first by interchanging the f, g 
and changing the sign. This is the fundamental equation of our problem. If 
this equation is satisfied, and if A ¥ 0, the (2.2) gives us a value of k such that 
the functions F; , F, determined by (1.2) are functions of w = —(u + ») and 
the three curves c, y, C satisfy the conditions of our problem. If A = 0, the 
same method which led us to (5.2) or (6.2) proves that these equations are 
satisfied, which can be checked directly. 
If A = 0, we have 


(fi — oer — (fe — wer = — (fi — edhe — (fe — @)fih, 
so that (5.2) or (6.2) are equivalent to the equation 


{e2(fi — on) — vilfo — m)}M(fe — e2 (fi — on) — (f2 — (fr — o1)} = 0 


or 


{yal fi — 7) - vil fo — ¢2)} (2 “4 *) = 0, 
which is a consequence of the equation A = 0. Consequently the fundamental 
equations are satisfied if A = 0; but, in this case, the (2.2) does not determine 
the value of k. But, if we neglect the case withont any geometrical meaning 
(at least for our problem) that c and y are pieces of the same straight line, the 
slope ss 
Pe hod 
f ae, | 
of the line joining the points (fi , fe) of c and (¢1 , gz) of y cannot be a constant. 
And the equation A = 0 is equivalent to the equation 


dm _ dm 
dus av’ 
which proves that m is a function of w = —(u +). In the exceptional case 


A = 0, the condjtions of our problem are satisfied too; but the third line C is 
the line at infinity of the plane (z, y). Therefore (if neither c, nor y is the line 
at infinity) the fundamental equation gives us all the necessary and sufficient 
conditions for these lines c, y. 


3. Remarks on the fundamental equation 


We can arrive at this equation also by another way. If three points (fi, f2) 
of c, (gi , g2) of y and (F;, F2) are collinear, we can suppose that y = mx + ” 
is the equation of the line joining them. Therefore 


(1.8) fo = mfi + n, (2.3) go. = mg, + n, (3.3) Fo = mF; + n, 


from which we deduce 


(4.3) m= fa = oe 
fi-@ 
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By differentiating (1.3) with respect to v, and (2.3) by respect to u, we deduce 
that 


é pos SE Hana dn _—- am 

(53) av Ov’ ou “55° 

Since F; are functions of w = —(u + »v), we have (if ¢ = 1, or 2): 
OF; _ OF; 
ou dv" 


From (3.3) and (5.3) we deduce consequently 





om f om 
ern AS 
om om Ou Ov 
5 ben — SB aw _ F. = 
(6.3) (Fi — oi) - (Fi-—fi), or FP, in Su 
Ou Ov 


By comparing with (1.2) we deduce that 


om 

Ov 
ams am’ 
aus au 


k= — 


and this equation is identical with (2.2). The fundamental equation (6.2) 
states only that F; defined by (6.3) is a function of w = —(u + 2). 

The same method which led us to the fundamental equation proves that this 
equation is invariant under the group of collineations in the plane (x, y). In 
order to check this statement, we shall make use of homogeneous projective 
coordinates, by writing 


I shall indicate by 
(xé’€) or (x’’Ex), ete., 
the determinants of third order, the r™ row of which (r = 1, 2, 3) is 
a,, & , € ora, , &, ar, ete. 
The fundamental equation can be written in the form 
h-a alltoa fl Jh-a Alloa oi] 
| | | | 


fo — PE fe 





| 
\fo— 2 ge 











| | j 
fe — ¢2 fa de — 7a 92 | 


| 1) / 4) 
of ¢1| ti —. Pi fi + sl 
= , , ,i? 
fe | \f2— go fo + 2 
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or, by supposing at first x3 = & = 1 and consequently 2; = f; , &; = ¢; (i = 1, 2) 








fio A| fi $1 
(ae!) (aae!’t) + (ax’t) (wet) = 2(a'xt)|fo gr B) + 2Ua#')\fe os D, 
| 0 0 1 10 0 1. 


in which A, B, C, D are arbitrary. By supposing A = 9, B= %,C =f, 
D = fe, we find 


(7.3) (xk’E)(xa"’E) + 2(x't’t)(Ea’x) = (&'"xk)(aa’é) + 2(xk't)(a’E'x), 


But it is very easy to see that if we substitute px; and oé; for x; , &;, and by 
supposing that p is a function of the only u, and o a function of the only », this 
equation does not change, because both of its members are multiplied by the 
same factor po’. It is consequently useless to suppose x; = § = 1. They 
can be arbitrary functions of wu, v, respectively. 

Moreover, if I transform the z, § by means of the same linear homogeneous 
transformation,’ both the members of (7.3) are multiplied by the same factor 
(the square of the determinant of the transformation). Therefore the form (7.3) 
of the fundamental equation proves that it is invariant under the group of the 
collineation. The two members divided, for instance, by 


(xar’a’’) (&€'E"") 
are absolute projective invariants of the pair of curves c, y; they have a geo- 
metrical meaning if the parameters u, v have a geometrical meaning (for in- 
stance, if they are the projective length of an arc of the curves). I think that 
nobody has noticed these invariants heretofore. 
4. Reduction to the first order 


It does not seem to be an easy matter to study directly the fundamental 
equation; but we can succeed in transforming it into an equation in which there 
are only derivatives of first order, for instance with respect to u. In the follow- 
ing lines, if ® is a function of u, v, I shall indicate by ®’ the derivative d6/du. 
For short, I shall write 


UA 


t=fi-—¢, ti = fi, ti = fi (i = 1, 2). 
The fundamental equation can be written in the form 
(vat — ¢ite)(thh — tre) — 2gati — gitr)(teh — tti) 
= Avot — git) (gat — git) + (tt: — tit)(¢il — got). 


Dividing both members by (g2t; — gitz)*® I obtain 





d bh—-—th 9 eh— vt tat — teti gite — ort 
/ os tin 7 — eS * 
dt (got, — gt)” (yet — gi ts)” (got, — yi te)* oo .~ gits 











’ It is now sufficient to suppose that the coefficients of the transformation are constant. 
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Let A, B be any two functions of v only. It is obvious that 


/ , 

-_ 9 . t t — t t 
@ Ab Fh = (Agi — Bes) AS, 
du get: — ¢ile (get: — ite) 








4? a” 47 / , M7 id ” 
fYilea—get ¢i¢g2—¢ige At — Bh Boo — Ag, 
ie -— vw ? 


/ / / / , - . 
g2ti — giles Agi ag Boo gel) — 1 ts Agi — Boe 





so that our equation becomes 


> At, — Bts d 1 
ca = oe eS Se 
du° got — gile du got; — ¢ite 
(a —gign Ah- Bh , Be — a) d At — Bb 
du gat: — 91 te’ 





Agi — Byr gati— gite Agi — Ber 
By integrating with respect to u, we deduce 
d At, — Bt ; 1 
[d hs i | aus #5 2(Agi = Begs) 7 7 
du get; — gite goti — gile 


Bos — Agi At; — Bt, 1 01 2 — vigr (44 — Bte ) +D, 


+ / / / / / 
Agi — Bez gati— git: 2 Agi— Ber \grt— gite 








(14) 
| 
t 


in which D is a new (unknown) function of v, whereas A, B are functions of », 
arbitrarily chosen, such that 


(2.4) Ag; — Bez ¥ 0. 


(If we change A and B, the function D also will change.) 

We will give to (1.4) the name of reduced fundamental equation. This reduc- 
tion allows us to solve our problem. If v is a point of y at which ¢: = 0, I may 
suppose B = 1, because we can always suppose that we consider points at which 
the direction cosines of the tangent to y are determined, by stating that they are 
proportional to g; , os - so that, if ¢; = 0, we conclude that vg: ¥ 0; and (2.4) 
is satisfied if B = 1. 

We may also suppose A = 0; it is easy to check that a change of A corresponds 
only to a change of D, and therefore we conclude: 


d (a= #) a 4 (#) - i oll Fw. 
(3.4) du fi — ¢1 du \ fi-a ye fi-e 


” f ry 2 
4 2. (A=) » De. 
2¢2 \fi — 1 
In this equation v is no longer a variable, because we have considered a par- 
ticular point of y at which y; = 0; therefore g2 , ¢2 , ¢1 , D1 are constants in (3.4). 
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We could consider v variable in (3.4) only if ¢: = Ois an identity, or if x = 
¢1 = const. is the equation of y. In the same manner, we find that 


; d ffi- v1 o.. ah-a, o (i-«\ 
ote 2(h28) oof 1 dhrey a (izel,, 
du \fo — ¢2 fro—ge gife—g 291 2— $2 ; 
(if ¢; = 0). In the general case vig, ¥ 0, the equation (1.4) may be written 
in the form: 








tt — tet = — 2yot — gitr) 
1 
(Agi — Bes)° 
(¢1 v2 — vige)(At — Bi D , i 
+ + 7 t — to “ 
2 rm ra Be. (2 1~¢1 ) 


The second member must obviously be independent of A, B (but D may change 
if we change the functions A, B). In order to check this statement it is suffi- 


cient to remark that the equation 
2(Bez — Agi)(At — Bh)(gati — git) + (vi 2 — gig2)(Ah — Bh)? 
= —(1A® + 2mAB + nB’) (got: — gi te)” + (nti + 2mb; te + Utz) (y2 B — ¢ AY 


is an identity if l, m, n are functions of v satisfying the two following linear 
equations: 





+ {(Bet — Ay!)(At — Bu) (ehh — oft) 





12 12 mw? wot , " , 

2 — M1 = gig2z + OG 5 mo, = 1 — ler 
(4.4) , ” , 
(or mg, = —¢g2 — Ng). 


Our equation becomes consequently 





(t1t2 — tot) = — 2(got, — gite) + 3(nti + Qty te + Lt3) 
D LA? + 2mAB + nB’*], 15 — 
Somcteggeroenattaioy Ot 7 %; (get: — gite)”. 
Agi cai Boo 2(Agi = Bo) 


But I may suppose that 1, m, n satisfy not only (4.4) but also 
(5.4) 2D(Agi — Bez) = 1A® + 2mAB + nB’. 


The equations (4.4) and (5.4) are a system of three linear equations in /, m, 1; 
and it is easy to see that one can solve these equations with respect to /, m, n 
° 47 / . 

if gigo ¥ O and Ag, — Bes ~ 0. We obtain 


tits — tot; = —2(gat, — vite) + 3(nt? + 2mbt, + If) 


in which /, m, n are functions of v satisfying (4.4). (We can deduce nothing 
from (5.4), because D is unknown.) By writing 


lps’ + ng, = 4Heigs 
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we deduce: 
Lgs? = Hyien + g2¢:) + Her, Aner = —2yies + gir) + Agies, 
mye: = 49192 — Fler” = T(¢i¢s — gig?) — Hewes, 
so that our equation becomes 


! t to \? 
tle — tat} an lias 2( 2 ty —, ¢1 ts) + a(4 —- +) Ci¢s 





¢1 ¢2 
nor "or te , t, \? P tt 
1 yo? ow 1 
+ 3(g1 ge + ¢2 $1) |(5) - (4) | + 23(¢1 g — gigz) —-,. 

$2 71 $1 $2 
If we divide this equation by gig. and put 
6.4) SAH eg, Ba Ben 

1 $2 

we obtain 


4” Mt 
2122 — 222, = 2(ze— a) + Hla — 2)* + (2 + #) (23 — 2} 


/ 
" ¥1 g2 
(7.4) "” ” 
2 
+ 3 (2 al ) 2 22 
¥1 $2 


This equation is equivalent to the reduced fundamental equation (if we inter- 
change the indices 1, 2, we have to change only the sign of H). If we put 


1 47 ut 
y 2 
H= Dei ¢2 4 i(& + ) 

91 $2 
this equation becomes 


(fi = gifs = (fo — yo) fi ras —2[o2(fi = ¢1) pe vi(fo - ¢2)] 





1 t / + nd 
(8.4) _ i¥1 $2 ¢2 $1 at 2 
9 (y.)* (fi ¢1) 
+ <3 (fi — gi) (fe — g2) + Di oath — og) — oilfe — o)}’, 
Y1 
or 








dfi-g 2 , gigs — vig: ( — =| gifi-— 41 ’ 

= = —-9 + ; — —="—— + De 
a" 20% Q i 

[Q = a(S boat ¢1) 4 vi(fe or ¢2)]. 

5. Remarks on the reduced fundamental equation 


We could repeat our considerations by substituting the curve C for the 
curve c. In this manner we arrive at another equation which may be deduced 
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by (7.4) or (6.4) by substituting F,, F2, w for fi, fo, u, and by changing, if 
necessary, the function H of the function D. We can demonstrate that it js 
sufficient to substitute Ff, , F2, w for fi, fe, u, without any change of the fune- 


tions H or D. Since w = —(u + v), we deduce that 
ae 
dw du 


(if v is considered as a constant). If we write the equations 


F, - 
si Ss 1 . e. In —_ 
¥1 


F, — ge 





¢2 
[which are analogous to (6.4)], we deduce from (1.2) that 


Zi => kz, Zo => kz, Z’ = a2 => sx Ge, 
Ow ou 


and therefore 


OZ, OZ, 2 O22 021 2 , , 
oe = Se ee a > at ee ae — 22). 
‘Ow * Ow ub au Oe Kats — a2) 


The equation, deduced from (7.4) by substituting Z, w for z, u, will be 


D , 2 a 
— (2122 — 22) = 7, (% — a)+ H(a cae za)” 


1 Mt a” 1 ” ” 
Y1 $2 2 2 1 $2 

+ (2 + e) (23 — 241) + 3(& ad £1) a 
1 $2 1 $2 


in which H plays, for the curve C,.the same role played by H for the curve c. 
In order to prove that H = H, it is consequently necessary to prove that 


, ! 2 
—(Z1Z2 — 2221) — i (22 — 21) = 2122 — 22%, — 2(z2 — 2%), 
or | 


, 
2021 — 2122 + (22 — 2) = — (ze — 21), 


1 
; 
and this is an obvious consequence of (2.2). 
The reduced equation for f; , f, depends on a parameter v. In the most general 
case we can suppose it is possible to give to v three different values such that the 
three equations deduced in this way from the reduced equation are independent 
of each other (none of them is a consequence of the other two. (Obviously this 
supposition has to be demonsirated.) If it is so, by eliminating the two deriva- 
tives f: 4 , fe , we obviously obtain an algebraic equation between f; , fz ; and there- 
fore the curve c would be algebraic. But the curves c and C satisfy the same 
reduced equation, as we have just proved. Therefore C and c would belong to 
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if the same algebraic curve. And since ¢ and C are any two curves chosen from 
is among the three curves c, C, y we can conclude that, some particular cases 
(- excepted, the three curves c, C, y, are arcs of the same algebraic curves.’ 


But it is necessary to study the question more deeply in order to find the 
exceptional cases and to prove that the quoted algebraic curve is a cubic. 


Other remarks on the reduced fundamental equation. 


If we apply a collineation, the reduced fundamental equation has to be 
transformed into another equation which may be deduced from the initial one 
by changing, if necessary, the function D or H. We shall check this statement 
in a case of great importance for us. Instead of writing that the coordinates 
z, y (of a point of c) and the coordinates £, » (of a point of y) are equal to f, , 
f:, v1, ¢2 respectively, we suppose that 











ot tue ~ ee oe _& Pe 
zr a hr’ hi y’ fa y’ gE es n a’ Yi ”’ 2 7 
We shall write also 
w = n(x = &) — f(y — 0), 
and we find, without difficulty, that 
hoe. _,( wet 5) 
Q n ¢’ ra) + £’ b 
d fi- a ee Ripe nz(y — 9) — y’(z — &) 
( a ) = ne &n’) > , 
gigs — gign _ len” — at” gt _ 8 — En” 9” 
261 2n fn — blog, Rn — St’ 7” 
—-3@! « Qy on — §0 — (9 — en)| -_ . +22 aan} 
Q w w E g ow 


Our equation (9.4) becomes: 


n'y — oy) HD — Ve BL 2(é’n — &n’) (2 + ve - ‘) 

















w? w & 
n &'n”! — /&" J (en — Ey F — ‘y 9 (en — En’) & — e\ 
| = 2 &'n — én’ {( t’ w a ¢” w 
- (a - 2%) 9 He tHE + Alte — bv’) 
f'n — & n E w 





‘We can arrive at the same results by starting from the initial (non-reduced) funda- 
mental equation (6.2). We ought to suppose that we can choose five values of v such that 
the corresponding five equations are independent. Therefore we could eliminate the 
four derivatives fi , fy , Si’, f;’ and obtain an algebraic equation between f,, fz. This equa- 
tion would also be satisfied by F,, F:. But, when one follows this course, the research is 
much more difficult and long. 


ee ae 


Se 




















































482 GUIDO FUBINI 


(in which A depends on v only), or 
a'(y a n) ac y' (x 7 é) _ 2 4 en ” — rt” - 2 me e ad bok af 
2§” 


w” “* w ¢”2 











+ A(v), 


or 











d(x—¢ — : ty’ — Bn” (a2 — 8 ek ; 
a(*)- 7 ( z 2 aed 


which can be deduced from (9.4) by changing the value of D and by substituting 
x, y, &, n, w for fi , fo, v1, ¢2, Q respectively. Moreover w can be deduced from 
Q by substituting 2, y, &, » for fi , fo, ¢1 , g2 respectively. We have consequently 
checked that (9.4) is invariant with respect to the collineation which we have 
considered. 


6. Two of the three curves c, 7, C are straight lines 
In this case I may suppose that c, y are straight lines and suppose moreover 


(by using a collineation) that they are the lines y = 0 and x = 0, so that f. = 
¢: = 0. The fundamental equation becomes 


fi _ ah bs. -(& : - 2), 
fi 1 hi yo $2 
Since the first member is independent of v, and the second of u, both of them 
are equal to the same constant h, so that 
, 


d iogh =h= —* log 2 


- du fi i ee 


If 
A = fiw. + hi 


should be equal to zero, we already know that the third line C would be the 
line at infinity. We have therefore only to study our problem if A # 0. (More- 
over, by means of a collineation, we could always exclude the case that C is the 
line at infinity.) From (1.2) and (2.2) we deduce that 

1 1 


1, eh =e amas oof 


fh go fi oo ahh 


(2.6) X=h=kh=; 


are the parametric equations of the third curve C. If h = 0 we deduce from 
(1.6) that 


~= Au+B, loc Bu+ M, (A, L, B, M = const.) 
i $2 


(3.6) 1 1 


X= ? ie ee 
Alu + ») + MATE 
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which are functions of w = —(u + v). The third line has the equation 
py — AX = 0 and is therefore a third straight line belonging to the pencil 
determined by the lines c,y. In this case the coordinates of the pencil of every 
one of our curves are rational functions of the corresponding parameters. The 
three curves c, y, C form together a cubic with a triple point (which degenerates 
consequently into three straight lines). 

If h ¥ 0, we obtain analogously from (1.6) and (2.6), 








1 _ Ad“ + M, ce ie + 
fi | ¢2 
(4.6) Pare 1 es 1 
— 3 NA h(u+v) F L ae MB —h(u+v) 
oo a 
(4, B, M, N = const.) The third curve satisfies the linear equation 


MX + NY = 1, and is again a straight line which does not belong to the pencil 
determined by c, 7; the coordinates of the points of every one of our lines are 
not rational functions of the corresponding parameters: it is necessary to make 
use of the exponential function. (The same thing is true if A = 0.) The three 
lines c, y, C form a cubic with three double points. In any case, if two of our 
curves are straight lines, the third line is also a straight line. 


7. Only one of the three curves c, y, C is a straight line 


We suppose that + is a straight line so that, by means of a collineation I may 
suppose g. = Q (identically). The corresponding reduced fundamental equation 
(3.4) becomes (if we write ¢ for ¢)): 


£454) -- yl _eh--¢ 
( he 2¢'5, gy fe + #0) 








_ (6a function of v only] or 








(1.7 fy - (+) _ ge" — 21 oh 
) (2 ¢ ; 3 fe he + &(v). 


By giving to v two values v, , v2 such that ¢(v1) * ¢(v2), we obtain two linear 
equations in (fi/f2)’ and (1/f2)’. By solving them, we deduce that 


(27) (4) - at pt , &)- 4 mi +n, 
Seg hr we 2 Ap fa 
(a,b, g, 1, m,n = a and, by substituting in (1.7) we deduce that 


1 “_gQ ‘| e” fi 
a-g)i+ Se eee — on oe ge + &(v). 
fr ( gm) he + (g — gn) my fo ¢ he 
Since only the curve y is a straight line, this equation must be an identity in 
fi/fe and 1/f, and le sprites 


— 2” = (b— gm)’; —¢"” = (a— be’ 
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from which we deduce successively 
b — ym = —2¢' + (ly — a), 
2p’ = ly’ + (m — aly — b, 
2p” = (2lp + [m — al)g’ = (lp — a)’. 
Since ¢ is not a constant, m — a = —2a, or 
(3.7) at+m = 0. 


Our equations become: 


nla 


2 
gy’ = ily + me — 


] 


OY o...miiee’ (7) = fi 1 
(2) ws ‘i ro +9, y " ™ ee 4 et 


Let us now consider the collineation 


_Art+ By +E < y (Aggies ot 
Lia+ My+N’ Lz+ My+N AN — LE#¥0 9 


It transforms the line y (y = 0) into itself. The point (fi, fe) of c is trans- 
formed into the point (f,, fo) determined by 


(4.7) 





& 
i) 








1 1 fi 1 
(5.7) hoghspeet, lethal. 

fo 2 fe Je fe fe 
The new function ¢ will be given by 

Agt+E 
6.7 a= 
and therefore 
(77) o = 4 (le + me — ©) 
if 
oe ae 2 

l AN — LE (IN 2mLN — bL*), 

a 1 

a 1 — ” 


from which follows 


lb+m = lb+m’. 
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We could prove the same equations by studying (5.7) instead of (6.7). If 
lh + m’ # 0, we can choose the values of N:L and A:E such that 1 = 6 = 0 
even if it is necessary (as in our case) that AN — EL # 0, or N:L # E:A. 
If lb + m’ = 0, I can choose N: L such that 1 = 0; since lb + m’ = lb + m’® = 0, 
7 also will be equal to zero. Therefore, by changing notation and disregarding 
the dashes, I can always suppose that 


(8.7) l=b=0, m0 or l=m= 0, b ~ 0. 


In the latter case I have added the condition b ~ 0. If it were not satisfied 
and J, m, b were equal to zero, from (4.7) we could deduce 


The line c would be a straight line fi/fe = const., if g = 0, a straight line fo = 
const., if n = 0, or a straight line g 1/f2 — nfi/fe = const., if ng ¥ 0; which is 
contrary to our hypothesis that among our three curves only y is a straight line. 
I have now to study the two cases (8.7). In the former I can multiply u (and 
consequently also v) by the same constant factor (which is of no importance for 
our problem), such that m = 1; in the latter I can analogously suppose b = 1. 
Therefore in the first case: 


fy’. =4 (3) =3 iad 
(f } + 9; Ie 4 + n, g Y) 


in the second case: 


fy 1 oo Pad! dae 
(?) fe TH (7) ~ Bes 


In the first case 


fi —g = Ac, i + n= Be", g =e”, (A, B, D const.) 
2 


fo 
(1 + nfo)(fi — gfe) = ABf2. 

The line ¢ is the conic 
(1 + ny)(x — gy) = ABy’. 


By means of (4.2), (2.2), (1.2) we calculate the coordinates X = Fi, Y = Fz 
ofa point of C. We find 








lie ut+v was 
X= A= ets y= Fas. 1 
—(u+v) E.: —(u+v) 
p* + n D Ae + n 
[both functions of w = —(u + v)], and we remark that the point (X, Y) gen- 


erates the same conic c, so that the curves c, C are identical. There are two 
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distinct points of intersection of the conic c = C and of the line y (y = 0): the 
point « = y = 0 and the point at infinity of y. The representation of the 
coordinates of the points of our lines by means of the corresponding parameter 
requires the exponential function. The conic c and the line y form together a 
cubic with two double points. In the second case I will apply, for short, such a 
collineation that g = 0. (I have to substitute 


i= fi j, = fr a=>Q = 71 = 
I Jo gfe +1’ 4 Y1 go +1 


gfe #1? 
&=n=0, for fi, fo, gign 











Yi =, 


respectively, and to neglect the dashes afterward.) We find 


S on it, fi _ any? + B, g = — 3V, 


1 

fo fo 

where U = u + const., V = v + const., B = const. Therefore the line c 
generated by the point = fi, y = fe is again a conic 


Qn(ay — By’) = 1. 
If W = —(U + V), we find that the point (X, Y) of the third line C is the point 


W , Bil 11 
*=otaw Yaw 

so that it generates the same conic c = C. In this case rational functions were 
sufficient, but the conic c and the line y (y = 0) are now tangent to each other 
(at infinity). In conclusion: If one of the curves c, y, C is a straight line, then 
either the other lines are straight lines too, or they belong to the same conic. The 
coordinates of their points are rational functions of their parameters if the curves 
are lines of the same pencil, or are a straight line and a conic tangent to each other; 
otherwise it is necessary to make use of the exponential function. 


Y 


8. General deductions 


From now on we can suppose that none of the three lines is a straight line. 

I shall now choose as origin a point O of the curve y. This point has to 
satisfy the following condition. If y and c belong to algebraic curves 7 and @, 
and these algebraic curves are not identical (or, if c, y do not belong to the same 
algebraic curve), the point O must not belong to Z (is not an intersection of é, 7). 
If the curves c, y are identical, one obviously cannot satisfy this condition, and 
O is an arbitrary point of y. Afterwards I choose as y-axis (x = 0) the tangent 
toyatO. Therefore g, = g = o1 = 0 at O and consequently $2 #0. Sincey 
is not a straight line I can also suppose that O is not a point of inflection of 7, 
so that ¢; ~ Oat O. The reduced equation (2.4) reads 


(1.8) (2) wih (4) iF 4 me +n, 
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‘n which the constants A, J, m, n are the values at O of g/g: , —¢2/¢1 , —2¢2 , 
D,. Therefore in our case 


(2.8) Am # 0. 

I write now the reduced equation (8.4) for any other point 2 = (¢ , ge) of y. 
And I remark that one can deduce from (1.8) that the left-hand member of 
(8.4) is 


ir-oh-h- w= - od | 4 (8) +44]- G- oosh 


= (fo — gi) (fe + m + fi) + (fe — oo) Afe + (vehi — ef fe +f). 


The right-hand member of (8.4) is a polynomial of second degree in fi, fo. 
ate a we deduce from (8.4) that 


-pinsnaaf ef) =~ (0 aflai$- GT 
f wih efo)(4 h 1% $2 $1 fh hh , 
is a polynomial P of second degree in f2/f; , 1/f: , the coefficients of which are 


functions of the (arbitrary) value of v corresponding to the (arbitrary) point 
Qofy. Therefore 


Gna. 


If P were divisible by g: — ¢1f2/f: the quotient would be a polynomial of first 
degree: 


to ] 
(4.8) texts. 
Its coefficients a, b, g ought to be independent of v (and therefore constant) 
because, if it were not so, by equating the values of (4.8) corresponding to two 
different values of v, we should find an equation of first degree in f2/fi, 1/fi, 
and the curve c would be a straight line; which is contrary to our hypotheses. 
Therefore in this case 


(4) =4 (2) +12 4mi+n, 
(5.8) 


1 fi h 
(7) = 4 art a+ bi +9, (A,l,m,n,a,6,g = const.) 
or 
(6.8) —fi = filafz + gf) + bf + Afe, 


—fe = folafe + gf) — nfi + (b — Df, — m. 
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Lb i : If P is not divisible by g2 — ¢: f2/fi , we remark that, by giving to v two different This 
| rh ie values v; , v2, we can deduce from (3.8) that way 
ee a that 
ie uD aia) 

i} Rie.2 Pp, (2.2 
| + (7.8) : (2 fi ” Mh’ hi : fe: 
ij ga(v1) — grils) E ga(v2) — gr(v2) fa point 
Lak tn fi fi the p 

1 : 4 [P, and P; are the polynomials deduced from P by supposing v = » or v = », |] belon 

4 Wary We can deduce from our supposition that (7.8) cannot be an identity in it is! 

ae . f/f: , 1/f: , because the denominators are not proportional to each other. (If least 

: / ae they were proportional, the straight lines L; defined by cy hb 

{| ae | f mem 

| My ie | go(vi) — erlvs) = = 0, (¢ = 1, 2) is sat 

7] ii is : ident 

alot 4 uy would be the same line; but these lines are the straight lines joining the origin belor 

1 iy Ae with the points v = v, and v = w of y; these three points are not collinear, of y 

aa hs R because vy is not a straight line; and therefore Z,, ZL. cannot be identical.) supp 

[: a iv ‘ Therefore (7.8) is an equation satisfied by all the points of c. By means of a equal 

Ea collineation I can suppose by ec 

i ; ‘ 
if (8.8) r=, =<, 

| eer 
The equation (7.8) becomes 29) 
(9.8) yS = T 
if 
S = gilv:)Po(y, x) — gilve)Pily, 7); TT = grlri)P2 — ox(ni)Pr. ‘ 
and, 
The S, T are polynomials in z, y of a degree not greater than two. The curve c 
will satisfy the equation (8.8) and the equations [deduced from (1.8) and (3.8)| (3.9) 
y = Ay +ly+metn, 
(10.8) By ec 
xv’ = Ary + Hy, 2) *) ; we Ol 
am. . 
; = : 4.9 
[Q is a polynomial in 2, y of a degree not greater than 2. Its coefficients are 
functions of v and 7 = ¢2/g,.] We have consequently to study two systems of (5.9) 
equations: the system (5.8) and the system (9.8) and (10.8). Ifa; 


9. The equations (6.8) or (6.8) 


These equations demonstrate that the first member of (8.4) is equal to 


(1.9) [ei(fe — ¢2) — ga(fi — 1) )(afe + gfi) + (fe — ¢o)(bfi + Afe) a 


+ (fi — ai) {nfi + (U — df + m)- 
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This quantity must be equal to the second member of (8.4). We obtain in this 
way an equation in f,, fo (of a degree not greater than two). I demonstrate 
that I can suppose that this is an zdentity in f, , fo. If one at least of the curves 
¢, y, € does not belong to a conic, I can choose this curve as curve c. Since ¢ 
is neither a conic nor a straight line (according to our actual hypothesis), its 
points cannot satisfy an equation of a degree not greater than two; and therefore 
the preceding equation is an identity in fi, fo. If every one of the ares c, y, C 
belongs to a conic, these three conics cannot be identical to each other, because 
it is not possible that three points of the same conic are collinear. Therefore at 
least two of these conics are different from each other; and I can suppose that . 
c,y belong to different conics. But, by writing that (1.9) is equal to the second ; 
member of (8.4) I obtain an equation of second degree in x = f, , y = fe, which 
is satisfied when we suppose that x = g1 y=.’ If this equation were not an ) 
identity, it would be the equation of a conic, to which the point z = g, y = g& | eh 
belongs; but this point is any point whatsoever of 7; and therefore every point i 
of y would lie on the same conic to which c belongs; which is contrary to our 
supposition. Therefore (1.9) and the second member of (8.4) are identically 
equal to each other. I order both according to powers of fi — gi, fo — ¢2; 
by comparing the coefficients of similar terms, I conclude that 
” i 
Der’ = agi + A, ot 7 BDeivr = 1+ ger — age, Be ae 
1 ; 


yf ad 


(2.9) ant P+ Dor = —ga tn, 
2(¢1) 


— 22 = — yo(ay2 + ge:) + m+ nyo + (1 — der, 
21 = gilage + ger) + ber + Age, 
and, by eliminating D from the first three equations: 
gi = 29:(A + agi) + (1 + ge — agnor, 
v2 = gr(age — ger — 1) + Agee — ner. 


By comparing (3.9) with the values of y’’ deduced from (2.9) by differentiating, 
we obtain 





(3.9) 








(4.9) (b — 21 + 3ag2)¢; — 3(A + agiys = 0, 
(5.9) (b +1 + 3g¢i)e2 + 3(n — gore: = 0. 
Ifa # 0, the equation (4.9) gives 
b — 21 
e+ 3a 
= const., 
,4 
1 a 


_—— 


* This would be contrary to what we supposed at the beginning of §8. 
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and the line y would be a straight line, which is now absurd. Therefore a = 0, 
and the equation (4.9) proves that 


(b — 2l)g, — 3Ag2 = const. 
Since y is not a straight line, we deduce 
b — 21 = 3A = 0. 


(We do not now take into account that A # 0 [according to (2.8)].) Ifg +0, 
we deduce from (5.9) 


b l 
gi + a 
ne. so const., 
_.. 
$2 9 


and we deduce, as above, that g = 0; and, as above, (5.9) proves that b + ] = 
n= 0. Therefore A = a = g = b = 1 =n = O; and therefore, from (2.9) 
we deduce ¢; = const., which is absurd because y is not a straight line. Conse- 
quently we can disregard the equations (5.8) and (6.8). 


10. The equations (9.8) and (10.8) 


I have already supposed that none of the three lines c, y, C is a straight line- 
If every one of the lines c, y, C belongs to a conic, I have already remarked that 
these three conics cannot be identical, and that I am therefore allowed to sup- 
pose that the conics to which c and y belong are not identical. In this case I 
am therefore allowed to choose as origin O(g; = g: = 0) a point of y which 
does not lie on the conic to which c belongs. If 


Anfi + 2Arwfife + Arf + 2Aisfi + 2Aosfe + Ass = 0 (Ai; = const.) 


is the equation of the conic to which c belongs, we can therefore admit that 
A3; ~ 0. By means of the collineation (8.8) the equation of this conic is trans- 
formed into the equation 


T = aye” + 2aypry + Ary” + 2aisx + 2aosy + 33 = 0 


(1.10) 
(an = A33 , ayn = Ao, etc.), 
in which 
(2.10) ay = Azz ~ 0. 
The equations (10.8) can be written in the form 
(3.10) y = Ay t+tlyt+met+n, x’ = Ary + eh 


in which 7 = g/g, and Q is a polynomial in y, x (of a degree not greater than 
two), the coefficients of which are functions of v only. 
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By differentiating (1.10) and taking into account (3.10) we find 


(auz + ay + ais) (azy 4+ Gi. 2) 


+ (a2 + dey + ao3)(Ay” + ly + mz + n) = 0, 


or 


a” dnt + Any + deg P 
(4.10) y v | A0y * Qyn2 + awYy + ars (Ay + ly + mx + n)| 





= —Q(z, y). 


By giving to v two different values, we obtain two equations; if ;, Q; (¢ = 1, 2) 
are the corresponding values of 7 and of Q, we find by subtracting that 








Ay X + Any + Ax, 2 Q: — Q 
Azy + Ay +ly+mz+n) = = R, 
4 ant + apy + a 7 ) ™m — Ne 
where R is a polynomial in z, y, of a degree not greater than two, with constant 
coefficients. From (4.10) we can deduce that yR also is, on the curve c belong- 
ing to the conic 7’ = 0, equal to such a polynomial, and therefore we can find 
an identity (in x, y) 


yR = (px + gy + r)T + (a polynomial of a degree not greater than two) 


(p,q, = const.). By comparing the terms in xz’, and by recalling that ay ¥ 0, 
we find p = 0; and, since the preceding equation is an identity, we deduce that 


R = qT + (a polynomial of first degree in x, y). 


Therefore, on the curve c (which satisfies the equation 7 = 0) F is equal to a 
polynomial of first degree in x, y; its coefficients must be constant, because 
y is not a straight line. And therefore we deduce that, on c, 


re 
2 





can be considered equal to a polynomial of first degree in x, y with constant 
coefficients. The equations (3.10) are therefore identical with equations which 
we have already studied; and therefore we can suppose, from now on, that 
none of the three curves c, y, C belongs to a straight line, and that at least one 
of them does not belong to a conic. 


11. The equations (9.8) and (10.8) in the general case 


We can also suppose that c does not belong to a conic, and consequently the 
equation (9.8) is precisely of third degree. If 


yS, = T; (S;, 7; polynomials in z, y) 
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is another equation of third degree, satisfied by the points of c, this equation 
must be identical to (9.8) up to a constant factor k so that 


y(S, — kS) = T, — kT . (identically), 


Therefore T; — kT must be divisible by y; if Lx + My + N is the quotient 
(L, M, N = const.), we conclude that 


Si = kS + La + My +N, T, = kT + y(La + My + N). 


Since x’ is independent of v, we deduce from (10.8) that Q/(y — 7) is independent 
of v. We give to v two new values v3, v4, and suppose that Q;, Q, are the poly- 
nomials deduced from Q in this manner. We deduce that 


Qsly — n(vs)] = Quly — n(vs)] 


is another non-identical equation satisfied by the points of c. We deduce 
therefore that 


Q, —Q = kS + La + My+N, 
Qsn(vs) — Qan(vs) = kT + y(La + My + N), 


in which k, L, M, N depend on v;, 4%. Therefore, by recalling that yS = T 
on the curve c, we find that, on the curve c: 


on 1 
O* 23a 


oe 1 
y — n(vs) (vs) — (vs) 


which must be independent of both vs , vs [see (10.8)]. Therefore, since c does 
not belong to a conic, 


eee ee ee ee 
n(vs) — n(vs)’ (va) — (vs)? mvs) — (vs)? = n(v4) — (0) 
must be constant, and therefore 


| 
y-—n y— nr) 
I shall write 
S=hSt+pet+qytr, T=hT+y(pr+qy +r). 
The equations (9.8), (10.8) become: 
yS=T; y=Ayt+lt+metn, 2 =Aryt+ 8 
or, by changing notation and disregarding the dashes: 
(1.11) yS = T, 
(2.11) y = Ay +lyt+maet+n, x’ = Azy + S. 


{k[T — Sn(vs)] + ly — n(vs)|(La + My + N)}, 





{kS + La + My + N}, 





=hS+ pxrt+qytr (h, p,q, 7 = const.). 
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According to our hypotheses (§8) the origin (g: = g: = 0) does not belong 
to the cubic yS = T, if the curve y does not belong to this cubic. We have 
applied a projective transformation (8.8); if we make use of homogeneous 
projective coordinates x; such that 2:22:23 = xiy:1, this transformation is 
defined by 

%y2%2iX3 = Life:fi (for the points of c), 
and the analogous equations 

Efi = Ligeigs (for the points of y). 


The equation (1.11) is turned into an equation 
(3.11) Xe p AipliXe = Xz >» Lindile 


(a;, and t,, are the coefficients of S, 7) which is satisfied by the point x. = x; = 
(which is the transform of the former origin). Therefore the initial origin lies 
on our cubic; and consequently all the curve y belongs, like c, to this cubic. 

It may perhaps be interesting to prove directly that the curves c, y, have 
the same tangent at the origin O(z2 = x; = 0). The tangent to y at this point 
was the line g; = 0, which is now defined by x3 = 0. By writing z; = 0 in 
the equation (3.11) of c, I find 


a(ayx” + Lary + any’) = 0. 


We shall have proved that the line xz; = 0 is tangent also to c, if we prove 
that an = 0. By differentiating the first of the equations (1.11) we find [by 
taking into account the values of 2’, y’ given by (2.11)] that, on the curve c, 


0 = [2anzy + 2ayy” + 2asy — (tux + toy + tis)|(Acy + S) 
+ fanz” + 4ayxy + Sany” + aisz + 4aogy + G33 — 2(lrx + toy + t3)] 
[Ay + ly + mx +n]. 


Therefore the polynomial of fourth degree, (on the right member), must be 
equal to the product of yS — T' by a polynomial p of first degree in z, y. By 
comparing the terms of fourth degree in the preceding polynomials and the 
terms of third degree in yS — 7, we conclude easily that 


p = 2aynx + (8A + 2ay)y + 8 (s = const.). 
By comparing the coefficients of x*, we deduce 
—2tuan + dum = —2aytn, 
and consequently ayy = 0, because m ¥ 0 [see (2.8)]. The right-hand members 


of (2.11) are polynomials in zx, y of a degree not greater than two. 
F What happens if we make a change of projective not-homogeneous coor- 
inates? If 
an p_ Bet Dyt PF 5 _ let MytN 
Px + Qy + R’ Pr+Qy+R 
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(B, D, ---, Q, R constants, the determinant of which is different from zeT0) 
are the new coordinates, we find, for instance: 


we (Px + Qy + RP Pie 


From (2.11) we deduce that x’, y’ and 
a'y + yx = yS — x(la + my+n) = T — x(la + my + n), 


and therefore also the numerators of the right members of (5.11) are, on our 
curve c, equal to polynomials in x, y, the degree of which is not greater than 2. 
But the equations (4.11) can be written in the form 
































1 

i= B i D F 

. Pe+Qy+R* Pet Qy +R Px + Qy + R’ 

‘ x y 1 

= M N 

ope tQ@ytR Pet QytR Pct QytR’ 
1 

1=P - d R 

Pot Q +R’ °PrtQytR “Pat QytR’ 
and we can deduce from these equations that 
x y 1 











Pe+Qy+R’ Pxr+Qy+R’ Pxrt+Qy+R 


are linear integral functions of Z, g. Therefore the right-hand member of 
(5.11) is a polynomial in z, 7 of a degree not higher than two; and we can obtain 
an analogous result for 9’. Therefore: For any system of not-homogeneous pro- 
jective coordinates x, y, their derivatives x’, y’ are (on c) equal to polynomials in 
x, y of a degree not higher than two. 


12. The canonical equation of the cubic 


I can now choose such not-homogeneous projective coordinates that the 
equation of the cubic is 


(1.12) y = 42° +%r4+r (g, r = const.) 
(according to Weierstrass, 2g = —g.,r = —gs). If 
(2.12) 89° + 277° ¥ 0, 


the cubic is not rational and has no double point. According to what we have 
already proved, we can write 


(3.12) v =P,;+Pi+ Po, y =2+Qa4+ Q, 


(P, and Q, are homogeneous polynomials of degree s in x, y) (s = 0, 1, 2). By 
differentiating (1.12) we deduce that 


(4.12) (62° + g)(P2 + P: + Po) — y(Qe + Qi + Q) 
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must be equal to zero at the points of the cubic, and that therefore the poly- 
nomial (4.12) must be identically equal to the product 
(5.12) (ax + by + k)(4a*° + 2gz + r — y’) 


f we choose the constants a, b, k in a suitable manner. If I compare in (4.12) 
and (5.12) the terms of fourth and third degree, I obtain: 


(6.12) P2= 3e(aw+ by),  62°P, — yQr = 4ka* — "(ax + by). 
From the latter equation one deduces: 
(7.12) Pr, = %ke + py; Qe = 6px” + y(ax + by) (p = anunknown constant). 
By comparing the terms of second degree in (4.12) and (5.12), one finds: 
62°Po — yQ: + gP2 = 2ga(ax + by) — cy’. 
The value of P: is given by (6.12); we deduce 
(8.12) Po = }ga, Q, = ky — $gbz. 
By comparing the other terms of (4.12) and (5.12), we obtain 
gP1 — yQo = r(ax + by) + 2kgx, gPo = kr, 
and from (7.12), (8.12) we deduce: 
(9.12) Qo = gp — rb, 
(10.12) ra + $kg = 0, 2g'a = 9kr. 


These last equations are linear in a, k; if (2.12) is satisfied and the cubic is not 
rational, we deduce a = k = O, and therefore 


(1112) a’ = Po + Py + Po = y(Sba + p), 
y = Qo + Qt Q = 6px” + by’ — sgbx + gp — rb 


(12.12) 
= (62° + g)(3bx + p). 


Therefore, if 


(13.12) vu=-(2 
i] 
is the Abelian integral of first kind connected with our cubic, we deduce that 
(14.12 sc ad OO 
le cdg 


But the equation (8.4) is invariant under the group of collineations; I can con- 
sequently write it by substituting x, y, £, n for fi, fo, ¢1, ¢2 respectively. It 
proves that, on ¢ 


(a — &)y’ — (y — ny’ 
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is equal to a polynomial of second degree in x, y. Since y’ and z’, and conse- 
quently also gy’, nx’ are equal to such polynomials, zy’ — yz’ also is a poly- 
nomial of second degree in x, y. From (11.12) and (12.12) we deduce that on 
our cubic 


(2ba + p)(62° + gx — y’) = (bx + p)(4y’ — gx — r) 


is such a polynomial; and this can be true only if b = 0. The equation (14.12) 
proves that wu can also be considered as the Abelian integral of first kind (for 
our cubic), because this integral is defined up to a multiplicative and an ad- 
ditive constant. 

We can now develop the same consideration for the curve y, which is identical 
with c; and we should find that the corresponding parameter v is given by 


= =q (q = const.). 
[See the analogous equations (13.12) and (14.12).] If p = q our theorem is 
completely demonstrated, because it is a consequence of Abel’s theorem; the 
third curve is identical with c, y; the corresponding parameters are the same 
integral of first kind. Consequently we have to prove only that p = q. If 
p = q, our theorem is true and therefore the reduced equation (9.4) is satisfied, 
even, if we substitute, as before, x, y, &, 7 for fi, fe, ¢1, ¢2. If our problem 
could be solved also for another value of p # q, the equation (9.4) would be 
satisfied also if we write (q/p) du for du, and if we change, if necessary, the 
function D. By subtracting the two equations which we deduce in this way 
from (9.4) we obtain that 


$4-h 8 t—é 
du Q du n/(x — &) — &(y — n) 


is only a function of v. Since (x — £)/Q cannot be independent of wu, because c 
is not a straight line, we would find, by integrating, that u is a linear (non- 
integer) function of x, y; which is absurd. Our theorem is therefore completely 
proved. 





13. The cubic is rational and possesses a double point 


Let us now suppose that (2.12) is not satisfied and that the cubic possesses 
a double point + = p, y = 0. The equation of the cubic is now 


(1.13) yy = Ac — p(x +2) (g = —2e; 7 = 8). 


At first we suppose p ~ 0. The equations (10.12) state only that k = ap 80 
that we obtain 


x’ = 3(ax + by) + Zapx + py — fap’, 
y’ = 6px” + y(ax + by) + apy + 8p"ba — 6p" p — 8p°d. 
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By writing that zy’ — yz’ is, on the cubic, equal to a polynomial of second 
degree in x, y, we find that 
6px* + $axy(ax + by) 
must be equal to such a polynomial if we take into account the equation of c. 
Therefore a = b = 0, 
1 dx 
(2.13) z= PY; y’ ad 6p(x" cree p), du = Dy’ 


which is completely analogous to the definitions (13.12) of the integral of first 
kind for not rational cubics. In the same manner we shall find, for the param- 
eter » corresponding to the curve y 


(3.13) dv = (q = const.). 


QQ) 
3 | 


As above, it will be sufficient to demonstrate that our problem is solved by sup- 
posing p = qg; which is no longer a consequence of Abel’s theorem. By in- 
troducing a new parameter 


y 
Soe 
2(x — p) 
we find that 
(4.13) z=m'—2, y= 2m(m’ — p), 


are new parametric equations of our cubic. We also prove easily that three 
points of the cubic, corresponding to the values m, u, M of the new parameter, 
are collinear if and only if 





(5.13) Mm + Mu + mp = —3p. 
From (2.13), (4.13) it follows that 
1 dm ae +1 
ua} ———, or m= -V3 
(6.13) pJ m® — 3p ss 


[U = 2pv/3pu + hil. 


[The constant h is arbitrary.] In the same manner we find that the value yu 
of the new parameter can be obtained from the corresponding value of v by 
means of the equation 


Vv — 

roe 5 [V = 2pv/3pv +, (l= const.). 
é —_— 

The equations (5.13), (6.13), (7.13) give 
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if W = —(U + V). We have found the condition for the parameters, which 
was our starting point. Our theorem is proved also in this case; the three 
curves ¢, y, C are identical. The introduction of the parameters U, V, Wor 
u, Vv, w, requires, in this case, only the exponential function. 


14. The cubic is rational and possesses a cusp 


In this case p = 0; the equation of the cubic is 
(1.14) y = 42° g, r = 0). 


The equations (10.12) in a, k are identities. From the results of §12 and from 
the remark that xy’ — yx’ must be, on the cubic c, equal to a polynomial of 


(2.14) x’ = fkx + py, y’ = 6px’ + ky. 


We can write the reduced equation (7.4) by substituting 2, y, & 7 for fi, fr, 

¢1, 92, respectively. From (2.14) we conclude (by taking into account that 

the equation of y is n° = 4° because y is identical with c that the first member 

of (7.4) is 

t— fy ya 
, / 


/ / 
2122 — 24 = —{— >= - 
t’ v ¢ 


3 


x ry {(x — &)(6pa* + ky) — (y — n)(3kx + py)} 
. fy (2 (n' 22)” + Qnn’ze — GEE" zi — 126g! 21} 


1 
+ k 5 (4€' n' a2 + né’ a — Fén’ 2} 


f'n 
(n= 2580-453), 


By comparing the coefficients of 2z; , 22. in the two members of (7.4), I obtain 





n 
e 
uy 
But 7/é = 6€°/n’ is a consequence of the equation of y; therefore, by summing 
we obtain k = 0, and consequently 


—1=—6p*,+3k%. 
n 


x’ = py, y’ = 6px’. 
We find again 
1 de 
py’ 


which is completely analogous to the definition of u in the other cases. 


du = 
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ch | introduce a new parameter m = y/2x and find that 
” z= Mm, y = 2m’ 
or 


are the new parametric equations of c, and that 







u=— ns +h (h = const.). 
pm 





The introduction of u requires in this case only rational functions. As above, 
we have only to demonstrate that, by supposing 





v= — J +1 (l = const.), ’ 

PH fs 

our conditions are satisfied. Now the three points of c, corresponding to the 
values m, », M of the new parameter, are collinear if and only if 
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utvt+w=d0, 


in which we have written 












1 : 44? 
oe > oS Ms : 


Consequently our theorem is demonstrated in every case. 






CONCLUSIONS 


It is possible to state a theorem which may be considered as Abel’s converse 
theorem for a cubic, but, besides the general case which leads to elliptic functions, 
we have to consider many particular cases: 


1. The cubic degenerates into three straight lines forming a triangle, 

2. The cubic degenerates into three straight lines belonging to the same pencil, 

3. The cubic degenerates into a conic and a straight line, which intersect at 
two distinct points, 

4. The cubic degenerates into a conic and a straight line, which are tangent to 
each other, 

5. The cubic is rational and possesses a double point, 

6. The cubic is rational and possesses a cusp. 


In cases 1, 3, 5, the introduction of the corresponding parameters requires the 
exponential function, whereas rational functions are sufficient in cases 2, 4, 6. 


















GENERALIZATIONS 


It is obvious that the preceding results can be easily generalized to curves or 
a degree higher than 1. For instance we can suppose we have six curves (or 
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small ares of curves) ¢: , C2, +++ , ¢s ; the coordinates of a point of c; are functions 
of a parameter u;. I choose on every curve c; a point A; , and I suppose that 
these points lie on a conic, if and only if the sum of the corresponding param- 
eters u; is equal to zero. To study this problem I have to consider the conics 
which degenerate into two straight lines, and to choose three curves arbitrarily 
among the six curves c;,—for instance ¢;, ¢:, ¢s;. I choose three collinear 
points A; on ¢, , Az on cz, A3 on ¢; , and consider the points of ¢, , cs , cs and the 
corresponding parameters U4, Us , Us aS Variable. Our problem becomes: When 
does it happen that three points A, of c,, As of cs, Ag of cs are collinear, if 


Us + Us + Up = — (uw + U+ Us) = const.? 


From our preceding results we deduce that cy, cs, cs form together a cubic: 
Therefore three curves, chosen arbitrarily among the six given curves, form a cubic. 
and it is very easy to discuss completely this new problem. We remark also 
that the problem is no more general if we suppose p @,(u;) = 0 (4; a function 
of u; only). It may be reduced to the preceding problem by means of a change 
of parameters. 


ANOTHER GENERALIZATION 


Let us suppose we have four ares of curves ¢1 , C2, ¢3, ¢¢. We shall consider 
four functions 1% , U2, Us , Us Of the points A; , Az, As, A, of the curves ¢ «++ % 
respectively. It is possible to choose these parameters wu; in such a way that, 
when the points A; are collinear, then 


Ur + U2 + Us + Uy = 0? 


Let us suppose that the choice of these parameters is possible. We can state 
the question: Is this choice completely determined (up to non-essential con- 
stants)? If not, in how many ways can we choose linearly independent systems 
of such parameters u? When we have three (linearly independent) systems of 
parameters u, our question is identical with Lie’s problem on the surfaces of 
translation. But if one disregards for a moment these surfaces, it seems to 
me that the above-stated general problems and these generalizations also are 
very interesting from the point of view of one who studies Abel’s theorem. 
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HAUSDORFF INTEGRAL TRANSFORMATIONS 
By H. L. GaraBEeDIAN 


(Received February 6, 1942) 


1. Introduction 


It is the object of this paper to study the integral transformation 


a.) o(2) = [ “ uly) dé(y/2), 


where u(x) is bounded and continuous, x = 0, where ¢(x) (called the mass 
function of the transformation) is a Hausdorff mass function (vide infra), and 
where the integration is in the sense of Riemann-Stieltjes. The transformation 
is said to be regular if the existence of. lim,...u(z) implies the existence of 
lim,..2.0(2) and the equality of the limits. 

A mass function ¢(z) is said to be a Hausdorff mass function when 


(i) (x) is of bounded variation on the interval 0 < z < 1, 
(ii) $(x) is continuous at x = 0, and ¢(0) = 0, 

(iii) ¢(1) = 1, 

(iv) (x) = $[o(a@ — 0) + o(@ + O)fO Sa Sl. 


In what follows we shall use the symbols (H, ¢(x)) and [H, ¢(x)] to designate 
integral and matrix transformations respectively involving the mass function 
(2). 

The transformation (1.1) may be written in the form 


(13) o(2) = 11 — GA —O] ula) + | “ uly) doly/2), 


where a possible discontinuity of ¢(x) at = 1 has been removed from the 
integral in (1.1). In 1924 Silverman [1] studied the ..nsformation (1.3) with 
the following restrictions on $(z): 


(i) (zx) is continuous, 0 < x J 1, 
(ii) @’(x) is continuous, 0 < x 31, 


(1.4) (iii) ¢(0) = 0, 


1 
(iv) I | ¢'(x) |dx < M. 


; ‘A discussion of the relationship of mass functions to matrix transformations may be 
ound in [5] 
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In connection with these conditions it is understood that ¢(1 — 0) = ¢(1), 
Silverman termed a function ¢(x) satisfying the conditions (1.4) absolutely 
regular. Silverman proved that the transformation (1.3) is regular when 9( 2) 
is absolutely regular,” and also established a condition in the form of an integral 
equation in order that (H, ¢.(x)) > (A, ¢o(x)), where ¢.(x) and ¢;(zx) are ab- 
solutely regular mass functions. 

In a recent paper [2] this writer clarified and interpreted the results of Silver- 
man in the light of certain recent developments ((3] and [4]) in the field of 
Hausdorff matrix transformations, and thus made significant extensions of 
Silverman’s results on inclusion and equivalence relations among Hausdorff 
integral transformations. 

In this paper we extend Silverman’s results to include a much wider class of 
mass functions than the absolutely regular mass functions just defined. 


2. Regularity of (H, ¢(x)) when ¢(x) is a Hausdorff mass function 


This section is devoted primarily to a proof of the theorem which follows. 

THEOREM 1. A necessary and sufficient condition that the integral transforma- 
tion (H, o(x)) be a regular transformation is that $(x) satisfy the conditions (1.2). 

Let us first prove that if ¢(x) satisfies the conditions (1.2) then the transforma- 
tion (1.1) is a regular transformation. Assuming that lim,.,.u(%) = 1, we 
wish to prove that lim,..,,.v(x) = l. 

We observe that 


[ dou/2) = [ dels) = 00) - 6) = 1. 
0 0 
Then we may write 

ue) — = [ [wy - 0 daty/2). 


Now, choose p so large that | u(r) — 1| < ¢,x = p. Hold p fixed and denote 
by M a number greater than | u(x) — 1|in0 < a S p. Then, for x > p: 


| v(x) — 1| 


IA 


[ hu) = 1) | daty/2) | +f |uta) = 0) | aoey/2) 


IIA 


M l ” | doly/x) | + | "| dé(y/2) |. 


We observe that 


[ | do(y/x) | < [ | do(y/x) | = I | do(s) | = V, 





2 We note also that Silverman required only that u(x) be bounded and integrable, 
0 <2x<Z-2,. In this paper we have to require the boundedness and continuity of u(z), 
x 2 0, owing to difficulties arising from the non-existence of the Stieltjes integral 


1 
I f(x) dg(x), in the case of common discontinuities of f(z) and g(z). 
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where V is the total variation of ¢(x) in the interval (0, 1). Moreover, since 
g(z) is continuous at x = 0 we can find a number X so large that 


P pix 
[\dw/i=[ \dse)i<g 2>X. 
0 0 


Now, let X’ be the greater of the numbers pand X. Then, we have 
| x(x) —1| < 9, z> X’, 
where 7 = (M + V)e, whence 


limv(x) = lL. 

Finally, we show that the conditions (1.2) are necessary for the regularity 
of the transformation (1.1). Here we assume that lim,.,..v(7) = 1 and obtain 
the conditions (1.2). 

We observe first of all that the existence of the integral in (1.1) implies that 
¢(z) be a function of bounded variation on the interval 0 S x S 1. 

If in (1.1) we set u(y) = 1, we get 


o(z) = [ * doly/2) = 4(1) — (0). 


For regularity we must have ¢(1) — ¢(0) = 1. If we take ¢(0) = 0, then 
gl) = 1. 

Suppose now that ¢(x) has a discontinuity at + = 0, that is, ¢(+0) = A, 
o(0) = 0. Then, let us define the function 


0, z = 0, 


oot vd z> 0. 


If we put * = @ — y, then ¢*(0) = 0 and ¢(z) is continuous at x = 0. Note 
that g*(1) = 1 — A. Now we write 


(2.1) v(x) = (1 — A) [ u(y) d0(y/x) + [ww dy(y/z), 


where we set 6(x) = $*(x)/(1 — A), so that 6(1) = 1. We suppose now that 
u(t) is any continuous function, x = 0, so that lim,,..u(z) = J. Since 6(z) 
satisfies the conditions (1.2), the first integral in (2.1) defines a regular trans- 
formation and we have 

lim v(x) = U1 — A) + A-u(0). 
Now, we choose u(0) = 0. Hence, a necessary condition for regularity is the 
requirement A = Q; in other words, ¢(x) is continuous at x = 0. 
| We note that the regularity condition (1.2, iv) is in a sense superfluous since 
it serves merely to determine ¢(x) uniquely at every point of the interval (0, 1). 
With this remark the proof of our theorem is complete. 
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The analogy between Hausdorff integral and matrix transformations js fay 
from being perfect. In fact, one of the most significant of the Hausdorff matrix 
transformations, the Euler transformation, is trivial with respect to the Hausdorff 
integral transformation theory. We recall that the mass function (x) for 
the Euler method of summation has a single discontinuity at the point x = é, 
0 < 6 < 1, and otherwise remains constant ([5] or [6]). Thus, for this method 
of summation, we have 


v(x) = l "wy do(y/x) = I u(xy) do(y) = u(da). 


Since lim,.,..u(6x) exists or fails to exist with lim,..u(x) it follows that the 
Euler method of summation associated with integral transformations is identical 
with convergence. This observation is of importance with respect to the main 
theorem of the next section. 


3. The Silverman-Schmidt integral equations’ 


The principal results of this section involve the restricted class of Hausdorff 
mass functions satisfying the following conditions: 


(i) (x) is of bounded variation on the interval 0 S x < 1, 

(ii) (2x) is continuous on the interval (0, 1) except possibly at x = 1, 
(iii) @(0) = 0, 

(iv) ¢(1) = 1. 


First of all we shall establish the following theorem. 

THEOREM 2. If the functions a(x), do(x), o-(x) correspond to the transforma- 
tions A, B, C respectively, and if C = AB, then $.(x) is given in terms of $4(2) 
and q(x) by the Silverman-Schmidt equations: 


(i) bela) = [dala /d) ded), 
(3.2) 
(i) ela) = | aolz/t) apald. 


If Ga(x) and ¢x(x) satisfy the conditions (3.1), then so also does $-(x). All trans- 
formations involving mass functions of the type (3.1) are permutable and hence 
consistent. 





3 Evidently the equations (3.2) were first derived by Silverman [1], but not as Stieltjes 
integral equations. Later, the equations (3.2) were used by R. Schmidt [7] in an investiga- 
tion completely unrelated to the inclusion problems of the theory of summability. Hille 
and Tamarkin [3] established the relationship of these equations to inclusion problems in 
the domain of Hausdorff matrix transformations, and in this connection they have been 
studied recently by Garabedian, Hille, and Wall [4]. 
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The transformation A, with the mass function ¢,(x) satisfying the conditions 
(3.1), is written in the form 


v(x) = [ * uly) doa(y/x) = I u(as) dpa(s). 


In the last integral let us remove a possible discontinuity of ¢,(x) at x = 1. 
We get 


1 
v(2) = w(z)de(1) — gall — 0) + [ ues) aoats), 
where 6,(z) is identical with ¢,(x) in the interval 0 S x < 1. Notice that 
#,(t) is continuous on the interval 0 S xz S 1 and @,(1) = ¢a(1 — 0). The 


transformation B is obtained by replacing a by b in the preceding discussion. 
We wish to investigate the form of the transformation C: 


w(z) = [ * u(s) dée(s/z) = [ wees) agate) 
(33) 
= u(2)[ge(1) — ge(1 — 0) + l u(as) d0.(8), 


where C = BA, A taking u into v and B taking v into w. 
We have 


w(e) = ofa) — g(t — O1 + [ vf@d ance, 
and hence 
ote) = aulz) +f’ uize) ano) | + [ [auton + f “u¢est) ds) | dls, 
where a = 1 — ¢(1-0), 8B = 1 — ¢(1-0). Then 


sols) «dapuineuite [ * (xs) d0s(s) + B [ u(as) dBa(8) 


1 pl 
+ [| w(est) (s) dbs(d. 
If we set st = y in the last integral we obtain 


w(x) = aBu(x) + a [ j u(axs) d(s) + B I u(as) d6a(s) 
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Now, we find it convenient to define 6.(x) = ¢a(1 —0), 0(x) = g(1-0), # > 1, 
Then, we may write 


w(x) = aBu(x) +a I u(as) d&,(s) + 6 | u(as) d@(s) 


+ | I u(xy) dOa(y/t) d0,(t). 


The last integral is of a type studied by Bray [8, Th. 5, p. 183] relative to a 
change in the order of integration. In the present situation the hypotheses of 
Bray’s theorem are fulfilled with a comfortable margin of safety. Accordingly, 
we have 


w(x) = aBu(x) + a | u(axs) d0,(s) + 6 | u(as) d0,(s) 
(3.4) . 1 
+ I u(y) dy [ Ba(y/t) d6,(t). 


Comparing (3.4) with (3.3) we have 
(3.5) als) = adu(s) + B08) + | 0n(0/0) dtuld, 
“ 
a.(s) = ath(s) + 804(8) + 04(1)04(8) + f° 64(5/0) d6,(), 
i 
3.6) 0s) = Oils) + Bta(s) + f 6/1) 40 (0. 
Observe also that from (3.5) we can write 
(3.7) (8) = I ga(s/t) ddo(t) = ds(s) + / “al /) doy(t). 


We now proceed to show that ¢.(x) satisfies the conditions (3.1). From (3.7) 
we have ¢.(1) = 1. Now, in (3.6) we set s = ty to obtain 


6.(3) = 64(3) + 8t(8) — | daly) d(s/y). 


It follows now, from a theorem of Bray [8, Th. 3, p. 180], that @-(x) is continuous 
on the interval 0 < x S 1 and hence that 0,(0) = 0. It results a fortiori that 
the conditions (ii) and (iii) of (3.1) are fulfilled. Finally, if we consider (3.6) 
and use another result of Bray [8, Th. 4, p. 181], it follows that 6.(s) and hence 
¢-(s) is of bounded variation on the interval (0, 1). 
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Using (3.7) and integrating by parts we obtain 


21 
1 
2(8) = dels) — | a(t) deals/0. 
If we set s = ty we get 
1 

38) 2(8) = dels) + | o0(s/y) doaly). 

This equation is of the same form as (3.7) except that ¢, and ¢ have been | ‘ 
to a interchanged. Hence, AB = BA, whence the transformations A and B are ‘ 
s of permutable. This completes the proof of Theorem 2. 
gly, We are now in a position to state and prove the main theorem of this paper. ) 

TueorEM 3. Let ¢4(x) and q(x) satisfy the conditions (3.1). If there exists ; 
a solution (2) of the type (3.1) which satisfies either of the Silverman-Schmidt | ( 
equations : a! 
1 t Bs 
a(x) = [ dela /t) apn(0, | 
(3.9) : ih q i 
bata) = | gola/t) a6.(0, Hee: 
then (H, be(2)) > (H, #6(2)). Teele 
We wish to find sufficient conditions on the mass functions ¢4(x) and ¢ (zx) fone s 
in order that (H, ¢.(z)) > (H, ¢:(x)). Suppose that ¢,(x) and ¢,(x) satisfy hip (es tan, 

the conditions (3.1). Let u(x) be any function transformed by (H, ¢a(x)) ee Ms 4 

and (H, ¢(x)) into v(x) and w(x) respectively. We seek conditions under Mae : iy 

which lim,..w(z) = & implies lim,..0(z) = & Symbolically we have GH eae 
ae ie 
w(x) = Bu(2)} > &, Mun. 
(a) = A{u(z)}. ial 
Suppose that C is any transformation with an associated mass function of the a 
type (3.1). Since C is regular we have 
C{w(z)} = CB{u(x)} — &. 

If there exists a transformation C such that A = CB, then 

7) t = lim C{w(z)} = lim CB {u(z)} 
= lim Af{u(x)} = lim o(2). 

In other words, if there exists a solution ¢,(x) of the type (3.1) satisfying either 

us of the Silverman-Schmidt equations, we have (H, ¢.(x)) > (H, ¢»(z)). 
t 
- 4. Implications of Theorem 3 





ce In the field of Hausdorff matrix transformations it is known that [H, ¢.(x)] > wie 
[H, do(x)], ¢a(x) and s(x) being mass functions of the type (1.2), if and only if aa hase 
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Now, we find it convenient to define 6.(x) = ¢a(1 — 0), (x) = gs(1 -0), 2 > 1. 
Then, we may write 


etd = aed I u(xs) d0,(s) + B [ u(zs) d0s(s) 


+ | I u(ay) dba(y/t) d0,(t). 


The last integral is of a type studied by Bray [8, Th. 5, p. 183] relative to a 
change in the order of integration. In the present situation the hypotheses of 
Bray’s theorem are fulfilled with a comfortable margin of safety. Accordingly, 
we have 


w(x) = aBu(x) + a I u(as) dé,(s) + B l u(xs) d8_(s) 
(3.4) | , 
+ | u(ay) a, [ Baly/t) d0,(t). 


Comparing (3.4) with (3.3) we have 
(3.5) as) = ats) + Abas) + [ 0a(0/t) dtu), 
Pm 
a(s) = ath(s) + BO4(s) + 04(1)6(s) + ff 04(s/0) abu(0, 
a 
(3.6) als) = Os) + Atal) + [ 4(6/0 and. 


Observe also that from (3.5) we can write 


37) als) = | dals/0) dav) = dale) + [ duls/t) dguld. 


We now proceed to show that ¢,(z) satisfies the conditions (3.1). From (3.7) 
we have ¢-(1) = 1. Now, in (3.6) we set s = ty to obtain 


aes) = 04) + Boats) — J 05(y) d6(¢/2). 


It follows now, from a theorem of Bray [8, Th. 3, p. 180], that @.(x) is continuous 
on the interval 0 < x S 1 and hence that 6,(0) = 0. It results a fortiori that 
the conditions (ii) and (iii) of (3.1) are fulfilled. Finally, if we consider (3.6) 
and use another result of Bray [8, Th. 4, p. 181], it follows that 6-(s) and hence 
¢-(s) is of bounded variation on the interval (0, 1). 
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Using (3.7) and integrating by parts we obtain 


$e(8) = gals) — | $s(t) da(s/t). 
If we set s = ty we get 
39) dels) = dale) + | d0(6/y) aba(y). 


This equation is of the same form as (3.7) except that ¢. and ¢ have been 
interchanged. Hence, AB = BA, whence the transformations A and B are 
permutable. This completes the proof of Theorem 2. 
We are now in a position to state and prove the main theorem of this paper. 
TueorEM 3. Let oq(x) and (x) satisfy the conditions (3.1). If there exists 
a solution $-(x) of the type (3.1) which satisfies either of the Silverman-Schmidt 


equations : 
1 
a(t) = | ox(z/t) apv(d), 
(3.9) ? 
a(t) = | do(e/t) a6.(0, 
then (H, a(x)) > (H, oo(z)). 

We wish to find sufficient conditions on the mass functions ¢,(x) and ¢,() 
in order that (H, ¢.(x)) > (A, ¢(x)). Suppose that ¢,(x) and g(x) satisfy 
the conditions (8.1). Let u(x) be any function transformed by (H, ¢.,(z)) 
and (H, ¢(x)) into v(x) and w(x) respectively. We seek conditions under 
which lim,..w(z) = & implies lim,.,.v(z) = & Symbolically we have 

w(x) = Biu(x)} — &, 
v(x) = Af{u(z)}. 
Suppose that C is any transformation with an associated mass function of the 
type (3.1). Since C is regular we have 
C{w(x)} = CB{u(x)} — &. 
If there exists a transformation C such that A = CB, then 
€ = lim C{w(z)} = lim CB {u(zx)} 


= lim A{u(x)} = lim o(z). 


In other words, if there exists a solution ¢,(x) of the type (3.1) satisfying either 
of the Silverman-Schmidt equations, we have (H, ¢a(x)) > (H, ¢.(z)). 
4. Implications of Theorem 3 


In the field of Hausdorff matrix transformations it is known that [H, ¢.(x)] D 
[H, do(x)], ¢a(x) and ¢y(x) being mass functions of the type (1.2), if and only if 
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there exists a mass function ¢,(x) of the type (1.2) satisfying the Silverman- 
Schmidt equations (3.9), for all except at most a countable set of values of x in 
the interval 0 < x < 1 [4]. Thus, the Silverman-Schmidt equations serve as 
a connecting link between the theories of Hausdorff matrix and integral trans- 
formations. This relationship has already been discussed at considerable 
length by this writer in a paper already referred to [2]. It will suffice to note 
here that all of the inclusion relationships among Hausdorff matrix transforma- 
tions involving mass functions of the type (1.4) were shown to be valid in the 
field of Hausdorff integral transformations. Since mass functions of the type 
(3.1) embrace a far wider class of Hausdorff mass functions than the absolutely 
regular mass functions of Silverman, Theorem 3 extends considerably the class 
of known inclusion relationships among Hausdorff integral transformations. 
We provide an example in illustration of the last statement. 
Let us consider briefly the mass functions 


[22, 0s281/2, 
gi(x) = 

(1, 1/2<21l, 
go(x) = a, Os2<1 


We observe that ¢:(x) and ¢(x) are mass functions of the type (3.1). In the 
field of Hausdorff matrix transformations it is easily proved that [H, ¢:(x)] > 
[H, ¢o(x)]. It follows that there exists a solution of the type (3.1) of the cor- 
responding Silverman-Schmidt integral equations. We conclude finally that 
(H, ¢:(x)) > (HA, ¢o(x)), and thus obtain a hitherto unknown inclusion relation- 
ship between Hausdorff integral transformations. , 

In this writer’s opinion there is little hope of obtaining Theorem 3 for a much 
more general class of mass functions than those included in (3.1). There is 
some evidence available in support of this statement. Let us first observe that 
it is necessary to allow for a possible discontinuity of ¢(x) at x = 1, since it is 
known that if (H, ¢.(z)) = (H, @(x)) or [H, ¢a(x)] = [H, ¢s(x)] then a solution 
¢-(x) of the Silverman-Schmidt equations will have a discontinuity at x = 1 [2]. 
If we allow for additional discontinuities of ¢(x) in the interval 0 < x < 1, in 
special cases, at least, we should be led to contradictions. For example, let 
¢a(x) and ¢,(x) be the mass functions associated with Euler methods of sum- 
mation whose associated moment sequences [6] are {6; } and {6;},0 < 6. <& <1. 
We have [H, ¢.(x)] > [H, ¢(x)], while (vide supra) (H, ¢a(x)) = (H, ¢0(2)), 
both methods of summation being equivalent to convergence. Consequently, 
the Silverman-Schmidt equations would lead to contradictory results in this 
case. Evidently, all mass functions of step-function character are associated 
with integral transformations equivalent to each other and to convergence. 
Whatever improvements in generality it would be possible to make in Theorem 
2 would involve the tedious and difficult matter of reproving the theorems of 
Bray used in this paper for mass functions of a very special character. 
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THE PROBLEM OF DIFFUSION OF WAVES 


By J. HADAMARD 


(Received March 26, 1942) 


To the memory of Myron Maruison, whose premature death is a cruel 
loss to Science, I dedicate this treatment of the problem which he has 
solved so beautifully. 


1 


The various forms of Huygens’ principle concern (as studied heretofore) 
phenomena governed by linear partial differential equations of the second 
order’ 


au 0 (homogeneous equation) 


dx* dz! (f(x) (inhomogeneous equation), 





(E) F(u) = A“ 


where the terms replaced by dots contain the unknown uw itself or its first deriva- 
tives, the A’s, the other coefficients, and f being given functions of the inde- 
pendent variables x. I have previously considered three of them,” two of which 
—the ‘‘major premise” and what can be called the ‘‘conclusion,” if Huygens’ 
argument is considered as a syllogism—are general properties of such a class 
of phenomena. On the contrary, the “minor premise” is only true for quite 
special equations of the type (E): it means that when a disturbance originally 
located within a determinate finite region of space, propagates by waves and 
reaches any given point outside that region after a certain time, no effect per- 
sists after the passing of the wave. This is what Mathisson described by 
saying that these waves are pure. 

Now, waves are not pure for any equation in an odd number of independent 
variables, (i.e. for wave motions in spaces with an even number of dimensions), 
nor are they pure when the number of variables is two. On the other hand, 
as is well known, the classical eyuation of spherical waves 


Pu Fu_ du_ du 
a aa? ay? 2? 





(Eo) 


gives rise to pure waves, and this is also the case for its analogues in 6, 8, --: , 
variables. The question is whether these cases are the only ones. Of course, 





1 We shall not use, at least in the present paper, the methods of the absolute differential 
calculus. However, we shall speak of contravariant and covariant vectors, the compo- 
nents being denoted by superscripts in the first case, subscripts in the second. 

As usual in the absolute differential calculus, we omit, when no confusion can arise, the 
summation signs referring to repeated superscripts and subscripts. 

2 See my lecture on the subject in the Bulletin de la Société Mathématique de France, 
vol. LIT, 1925. 
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two equations of the type (E) are to be considered as not essentially different 
if they can be deduced from each other by: 1) any point transformation 


(a) x oe <. #, ee a”) (h = 1, 2, 7 ie m) 


on the x’s; 2) the multiplication of both sides of (E) by any (non-vanishing) 
factor, Say 


1 : 
(b) ~ F(u) = 
d 2 ia), = X(z) = & ; 
\r 
3) multiplying the unknown by any non-vanishing factor, say 
(0, 
(e) F(\u) = 


The combination of the last two, viz. replacing (E) by 


e "f(a) 


permits an easier treatment, on account of the fact that it does not change the 
terms of the second order and, therefore, does not alter the “characteristic 
form”’ 


(be) Fy(u) = + Fu) =e¢e"F(ue’) = 


A(pi, po, aor Pas2,2, eit ,2) ie AM pe pi 
nor the corresponding ‘‘metric form” 
Q(da', dx’, --- , dx”; 2', 2°, --+, 2”) = Axda'dz’. 


This combination is the only one which we shall deal with in this first paper. 

The relations between the above two forms, which are reciprocal ones, are 
well known. To obtain A,;,;, we have to divide by A(A = 1/D being the dis- 
criminant of A; D, the discriminant of @) the coefficient of A“' in A. We have 


aa {0 (h ¥ j), 
"tb h=@. 


The differentials dx, or, to deal with finite quantities, the m derivatives 
are to be taken as the components of a contravariant vector, the covariant 
components of which are the p’s if we have 


#* = A™p,, 
or the equivalent equations 

Pk => Anz’. 
This also implies 


A(p) = Q@(#) 
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so that the left and right members, one being the characteristic form and the 
other the metric form, represent one and the same form expressed once jn 
terms of the covariant components, then in terms of the contravariant ones. 


2 


Now Mathisson has succeeded in giving the above question an affirmative 
answer, i.e. in proving that no other simply hyperbolic’ linear partial equation 
in four independent variables generates pure waves, except (Eo) and those 
equations which are not essentially different from it. Mathisson divides his 
proof into two stages: 

1) In the first place, he considers the case in which the coefficients A of the 
terms of the second order are constants; 

2) In a further discussion he treats the general case. 

The first part alone has been published‘ and it will be the only one we shall 
deal with at present. 


3 


In the special case of constant A’s, we shall not have to use transformation 
(a), or (b) or (c) alone, but only (be). 

Furthermore, if the A’s are constant, it will always be allowed (the equation 
being of the simply hyperbolic type) to suppose that they have the same values 
as in (Eo), viz. 


(3.1) A™=0(h#¥k), AX =A"® =A" =-1, A*=1. 


However, we shall begin by not even using the first assumption; let us study 
the effect of (be) on the general equation (E). As for the second assumption 
(3.1), it will be useful not to use it until the last step of the calculation.’ 

In the case of variable A’s, it is convenient to write (E) or, rather, the adjoint 
equation® 





G(v) = 0 
in the form’ 
(8) a+ 4 ne, 
Oa 


ae 1 0 hk Ov 
Asv — Spin (vD4 axk 


’ This means that the characteristic form A or the equivalent metric form (4 consists of 
one positive and three negative squares: what we previously called the normal hyperbolic 
case. We adopt Hilbert’s and Courant’s terminology. 

* Acta Mathematica, Vol. LX XI, 1939, pp. 249-282. 

5 The disadvantage of immediately assuming (3.1) lies in the asymmetry of the equations 
between the suffixes 1, 2, 3 on one hand; 4 on the other. 

6 In passing from (E) to its adjoint, (b) and (c) are permuted, so that (be) remains un- 
changed but for the change of sign of u. 

7 2’s are omitted, as remarked in the beginning. 
8 See, e.g., Darboux, Legons sur la théorie des surfaces, vol. III. 


) (second differential parameter of Lamé-Beltrami) . 
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It is known® that 
Ao(Av) = AAw + 2A,(A, v) + vAdA, 
A(X, 0) = A™(6v/ Ax") -(A/ dx) (first parameter of Lamé-Beltrami for two 
functions), and that 
e*As(e") = Au + Am, 


Aw = Ai(u, uw) = A™ (du/dx")(du/dx"), (first parameter of Lamé-Beltrami 
for one function) so that 


(3.2) e*g(ve") = Agu + 2B © “ = + Co, 

3 BY = B+ 24" 9h 

(3.3) = = 
(3.4) C = e* Ge’) = dou + Aiw + BY oH a tC. | 
: 
The transformation formula (3.3) on the B’s suggests substituting, in place it 
of the quantities B” considered as contravariant components of a vector, the “) 
corresponding covariant components apa 
B, = An.B" 


with respect to which the transformation formulae are simply 
(3.3’) B, = Be + 2° 


We see that the differences B; — B, are the partial derivatives of one and 
the same function uw: therefore, the expressions 


OB, OB, 
3.5 = - a 
(3.5) Aix da Oa 
are invariants with respect to (be). 
4 





The answer to our question rests, of course, on the integration of (E) itself: 
more precisely, on the solution of the corresponding Cauchy problem. This I 1 
integration is obtained by the use of a proper solution v of the adjoint equation, 
by means of which the value of the unknown u in Cauchy’s problem concerning eka # 
(E) is directly given by (in our case, quadruple, triple and double) integrals othe 
extended over parts of the region where the right- hand member f is defined and | 
of the variety to which Cauchy’s data refers.’ 

Instead of using the exact elementary solution, one can also get to a result 

*See our Lectures on Cauchy’s problem, Cambridge-New Haven, 1923 or the French bh 
edition, Paris 1932, especially Liv. IV. 
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514 J. HADAMARD 


by introducing an approximate solution—what Hilbert calls a “parametrix”: 
then the answer to Cauchy’s problem is not directly obtained, but is reduced to 
an integral equation of the Fredholm (or rather Volterra) type. This is what 
Mathisson does. A first difficulty which he has to overcome consists, then, 
in showing that the necessary and sufficient condition in order that waves be 
pure is that the parametrix thus introduced be an exact solution, after which he 
has to find the cases where this condition is satisfied. 

Now, it seemed to me that this roundabout use of an integral equation by 
introduction of a special parametrix could be avoided, since the exact ele- 
mentary solution can actually be constructed; and indeed, it seems that the 
proof becomes simpler this way. Let us recall how the elementary solution 
can be calculated.” 

a(a, , @2, +++ , Gm) being an arbitrarily given point, chosen as the singular point 
or “pole” of the solution in question, let us consider the various geodesics issuing 
from a relative to the metric form @ and denote by T = [(z', ---, 2”, a’, ++, 
a”) the square of the geodesic distance betweeh a and any point 2: a first term 
(the number of independent variables still being assumed to be 4) will be V,/T, 
with 


i 22 Ge. ds 
(4.1) Vo= exp 5 J (3 m) |, 


where 
, h or 
(4.1’) M=Q(r)-cr=Aa,r+B<, 
ox" 
the integral being taken along the geodesic ax and s denoting the independent 
variable in Hamilton’s equations 


dx’ _ 1 oA dp, _ _1 0A 

ds 20p,’ = ds 2 dx’ 

for that geodesic (A is precisely the characteristic form, considered in Section 1). 
In general, G(Vo) will be different from zero; then, in order to obtain the 


elementary solution, the first term Vo/I' must be completed by a term in log I. 
The latter vanishes if, and only if 


(4.2) G(Vo) = 0 


whenever the point x belongs to the characteristic conoid which has its vertex 
at a. Now, the general theory shows” that this is the necessary and sufficient 
condition in order that the waves be pure. 


(H) i* = 


5 


Following the same general principle as Mathisson—and we shall be able to 
apply it even more thoroughly than he himself has done—, we shall write our 
equation in a simplified form with respect to the group of the transformations 





10 Lectures on Cauchy’s problem, Liv. II. chap. III. 
1 Loc. cit., Liv. IV, chap. I. 
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(be). Now, this is obtained at once by the consideration of Vo: for, by an 
arbitrary transformation (be), Vo is changed into V,/), as is seen by the formulae 
(4.1), (4.1') and (5.2) (see below): therefore, by taking \ = Vo, we get, in one 
and only one way, an equation for which 


(5.1) Vo = 1, 


a condition which, it must be remembered, depends on the choice of the pole a. 

The above reduction condition means that the integrand in (4.1) must be 
identically zero in x. In the special case of constant A’s, treated in the present 
memoir, I is simply the quadratic form T'(¢) = Anxé"é"; the symbol A, reduces 
to A" &/ax"dx*, so that, remembering (1), AI’ — 2m vanishes identically. 
As for B’ oY /dx", the derivatives of T being df /dx" = 2P, = 2sp,, it can be 
written, in any case, on account of (KH), 


(5.2) B’ = = 2A" By p, = 2sB, i", 


¢' standing for a derivative taken along the geodesic az. When the coefficients 
of the terms of second order are constant, the geodesics are straight lines along 
which each zx varies linearly, so that sz" = ¢* = x" — a. In this case, therefore, 
V, = 1 gives us 
(5.3) B,t" = 0. 

We shall assume that the B’s are regular in the neighborhood of a, and there- 
fore have a Taylor’s expansion 

. (OB, 
Bi = (Bide gp ee — 
= (Bate (22) + 

Substituting in (5.3), we see that, in the reduced form of the equation, we must 
have,” at a, 











(5.4)a B,, = 0, 
; OB, , OB. _ 
iy (5.4 Ja ax* + ax" wi 2 0, | 
(5.4), F , : (h, k,l, --- = 1,2,3, 4). 
(5 4!") 0 B, + 0 B. re) B, aie 
7S xk Ax! © dx dx! © ax’ dxt ’ 
| se cwsinewereecaesdewirnesercwsencepeces 





If, instead of taking \ equal to Vo, we had only chosen it tangent to Vo at a 
up to certain order, we should not have all the relations (5.4),, but only a 
certain (arbitrarily large) number of them. It is remarkable that Mathisson 
seems to have been led to write these conditions a priori, while we deduce them 
from (5.1), which seems to be their true origin. 





m Throughout the following, we shall add the suffix a after the number of every relation 
which is proved only for x = a, in order to distinguish them from those which are identities 
In the 2’s. 
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6 


In this section, we consider the general equation (&), not assuming the 4’s 
to be constant. 

The successive relations (5.4), yield the successive derivatives of B, or, more 
precisely, the numerical values which they assume at a, which we shall denote 
by uw, = (du/dx")a, une = (d°u/dv"dx"),,--+. The transformation formulae 
will be, at the point a, 


(6.1)a B, = But 2un, 
OB, oB 
(6.1%). = = a + Qunk ; 


together with the corresponding formula for C obtained from (3.4), viz. 


hk 


a] D 0A 
og) Dh 4. Sor oat AM un. 


(6.2)4 C =C+ B’ un + — Mh Bk a I 
2 ax" 


While the set of transformations (be) constitutes an infinite group, formulae 
such as the above define finite ones, since us; , war , + are nothing but numerical 
parameters: (6.1), are the equations of a group in m parameters; (6.1), , (6.1’), 
and (6.2), , the equations of a group in m + 4m(m + 1) parameters; and so on. 
In order to obtain the reduced values, we must take 








( Qun = = B,, 
1/0B, , aB 
Pau = — 5 (SE + SB, 
(6.3)a 4 j 
eee ( OB, , OB. , FB ) 
— 3 \dat da! — a' dx — Ax dak)’ 
1 458A le iS vo Bhai 6 @Melaow aise ah Hehe sew sae Ne 


Now, having these values of u,, unr, +++ , we see, in the first place, that the 
reduction is made in one and only one way, so that every equation of the class 
under consideration has one determinate reduced homologue with respect to the 
group (be). 

The values assumed at a by the coefficients of this reduced homologue and of 
their derivatives at a can be calculated in terms of the original coefficients and 
their derivatives, by means of (6.1), (6.1’) --- and (6.2); we find, still at a 


B,, => 0, 
OB, 1/0B, OB, 1 
ant ~ 2 (2 a a) “3°” 
(6.4)4 4 
oB, 1 (Fe 4 ze) 
dx* dx! «3X aa! | ant]? 
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then, remembering (6.2), , where, on count of (6.3), , there is a reduction between 


the second and the third term, we have 

i e* 1 d log | D| 190A” 1 (OB, , OBy 
65) C= C= pRB OR Be "(B+ am) 
where” the last two terms can be replaced by —30B"/dz". 

All the quantities in the right-hand members are invariants" of G(v) with respect 
to the group (be). We already knew those of the first line in (6.4),, and the 
other ones which contain only the B’s can be deduced from them by differentia- 
tion, so that they do not bring us anything new. But such is not the case as 
concerns the last one (6.5). 

The calculations in the present section being independent“ of the hypothesis 
that the A’s be constant, the quantities (3.5), (6.5) are invariants, with respect 
to (be), for every equation such as (6). 

From now on, we come back to the case of constant A’s in which the invariant 
(6.5) is simplified by the vanishing of the terms in 8A’”/dz" or in @ log | D |/az". 


7 
If we write (G) in its reduced form with respect to the pole a, so that equa- 
tions (5.4), are satisfied, the condition G(V») = 0 is nothing else than C = 0. 
This must happen not only at the point x = a, but along the whole surface of 
the characteristic conoid—which, in the present case, is not distinct from the 
characteristic cone of vertex a. In the first place we must have, at a, 


(7.1) C=0 


and this property belongs to the original (i.e. not reduced) equation—a conse- 
quence of the fact that (6.5) is an invariant. Since this must be true whatever 
the point a may be, we see that (7.1) must be an identity: we can replace C 
everywhere, by its value obtained from it and (6.5). 

Furthermore, at a, we must have 


‘ a(C) _ 

= ae = % 

. 7» 
(7.3)a dx" dx* Ps 


where q is a factor common to all the terms (7.3), ; and further successive rela- 
tions expressing the fact that the function (C) (assumed to be regular) is di- 
visible by I. 





'’ This time, we do not write the suffix a, as explained in the next section. 

‘' For variable A’s, the equations (6.3). , (6.4). --- no longer agree with (5.1) (with the 
exception of the first line in (6.4)); but this is not necessary in the present section, it being 
essential only that the conditions define one determinate reduced homologue. We could 
have replaced the right hand members in (5.4) by arbitrarily given quantities Q,, Qar, --° , 
modifying the wr, ua, *-* accordingly. It is easy to verify that we should have obtained, 
in that way, the same invariants with only the addition of terms containing exclusively 
A’s and the Q’s. 
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Since, in (7.1), C is obtained by identifying x with a, and, thus (7.1) becomes 
an identity, C and (C) must be distinguished from each other: in (7.1), € is the 
value of (6.2) obtained by replacing, at any point a (or x), uw and its derivatives 
by their numerical values corresponding to reduction at the same point, while, 
in (7.2)., (7-3)ay °°" (C), at any point x, means the value of (3.4) when u is 
constructed corresponding to reduction at a, viz. 1 = —log Vo(x; a), so that its 
successive derivatives, at a, are given by the formulae (6.3), . 

Both quantities C and (C) are derived from (6.2) by substituting —4B, for 
u, and —1(9B,/dx* + dB,/dx") for ux. , so that, if not differentiated, their 
values are equal; another treatment is needed for their derivatives. (Cf. Table.) 

Note that the corresponding values of one and the same derivative disagree 
only by some permutations of suffixes, so that their difference can always be 
expressed as a combination of the invariants H defined by (3.5). 


8 


Let us apply this, in the first place, to 8C/dx" and a(C)/dzx", both of which 
we must equate to zero. We have 
ac jn ac aB* k kl Our. kl dp" 
Pea - tee agi we + (B + 2A mi) a, t+ A ax’ 
The coefficient of du,/dx" vanishes, as y, is defined by the first formula (6.3). . 
Moreover, u; is the same in both expressions which we have to consider. There- 
fore, substracting them from each other in order to eliminate the derivative 
of C, the result, simplified by interchanges of k with 1 in the coefficients of A“, 
reduces to 


Ly _ get] (Oma — Oia 
gi a" (3) - 3 | 
1 wl ?B 1/, 0B , & 2) 1 jn OH 
= — ——s EP ee = — —_—_—- = 0 
34 E és 3 (2 dx" dx! ks dx* da! 6 ? Ox! ; 


which, for the same reason as (7.1), are identities. 


9 


These conditions are always satisfied if the H) are constant: especially, there- 
fore, if the B’s are linear functions of the z’s. We shall now show a remarkable 
consequence of this, that if complex coefficients were admitted,” waves could 
be pure for equations essentially distinct from (Eo). If we do not mind intro- 
ducing imaginaries, nothing prevents us from replacing, in the terms of the 
second order, the assumption (1) by 


(9.1) A“™=0 h#k, A™=1 (h = 1, 2, 3, 4). 


(8.1) 


(8.2) 








'’ Complex values could not be considered for the A’s, as the distinction between elliptic 
and hyperbolic cases would lose its meaning; but, theoretically, a similar objection does 
not hold with regard to the coefficients B™ 
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Let us take, for each B, , a linear polynomial 
By(x) = ba(x) + Bn = da(E) + Bla), 
balé) = oni€ 


being the homogeneous part. On account of (3.2’), we can alter these ex- 
pressions by the elements of any exact differential. Therefore, decomposing the 
matrix || a; || into a symmetric one plus an antisymmetric one, the former ean 
be cancelled and we can assume 


(9.2) Onj = —apr, 
and in particular 
(9.2’) an = 0. 
Then >> £"b,(£) vanishes and we have 
(9.3) Vo = exp {—4£"B,(a)} = e”. 


On the other hand, C is given by (6.5), in which the last term disappears on 
account of (9.2’). Thus, substituting Vo in G, we get 


v G(Vo) = € ’ G(e") = 3{ DU [Bala)? — 2 D2 Bi(a)Br(x) + C} 


-2{>° [Bia]? — 20 Bala) Bi(x) + Dd [Bi(x)P?} 
1) [(O)’. 


This must be zero on the conoid which has its vertex at a, so that the above 
quadratic form must be proportional to >°3 (")’, and we are led to the problem 
of expressing the sum >, (&")? as a sum of squares of linear forms, the coefficients 
of which form an antisymmetric matriz. 

As is easily seen, the most general way of obtaining this is to complete (9.2) 
into 


(9.4) Qh j a 


Aj, = €O%, = —EaK, e= +1, 


where hjkl is any even (or alternate) permutation of the suffixes 1, 2, 3, 4. 
In other words, we have only to take a = 0 in the well-known identity 


+ Pte +aa@tyt+?et+e) 
= (ax + By + yz + St)? + (—Br + ay + yz + St)” 
+ (—yx — by + az + Bt) + (—de + vy — Be + at)’ 


which gives the transformation of the product of two sums of four squares into 
a sum of four squares. A simple form of the result, to which the most general 
one can be reduced by an orthogonal change of the variables (for instance, a0 
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orthogonal change of x and z combined with an orthogonal change on z and 2) 
is the equation 
Ou du du 


ee aad _ , du 2 2 2 2) _ 
Flu) = su +2(v3 an ‘tt. 2S) + ule +y+2+t)=0 


which, for any given a, b, c, d, admits of the solution 


Vo 
"* @= a + y— 6 + @— e+ @— a) 


me 





ere tetet—ds 
= 9 9 9 — Uv, 
(% — a)? + (y — 6)? + (2 — c)? + (¢ — d)? 
w being any holomorphic solution of F(u) = Vo. 

Changing ¢ into it, this would give a hyperbolic equation corresponding to 
pure waves. But we have reached this only by introduction of imaginaries. 
On the contrary, we shall now see that no such solution can exist in the real 
domain. 





10 
Let us treat (7.3), as we did for (7.2),. We have 
ac ac a” B* (Zz Ou, , OB =} 
be + 


dx’ dvi ax" Ax! %, Ox" Axi ax dx! dx! dx" 


kt Of Opry kl O* ur nO Mel 
+ 2A ag to + 2A 1) aghagi + 4 ax" ax! 


As in the treatment of (7.2),, we remark that the coefficient of d°u,/d2x'dx’ 
vanishes and the second term is the same in &°C/dx'dx’ and in d°(C)/dx'dx’. 
As for the terms in 0°u,,/d2"dx’, they give, in 0°(C)/dzx"dx’ — aC /ax"dx’, the 
result 


ye 2 OB _1(,_ #B: 4 3° B; 0° By s) 
~ 12 dx dvida! 8X" dx dai da! © dat dxt dat t Ox! xk Ax! 
I 
8 


_— Hn , & Ai; )- 
ae 4 ( ax!) ax* aa! 


which vanishes on account of (8.2). Moreover, we have 


Our Our 1 Our Our 1 
eth ae ae Be =- Hy 
(*) agi ~ gH (3) - ax +240" 


‘ d(C) ac 
‘0 that we can write for the difference aahaai  aa®éai” 


OC) _ FC _ an _ A’ [ABs OB: 
dat xi — aakani = “A = > Laas H™ + age 


— dB, , 1 dB, OB. ] 1 4 








aH, =) 
CH T dx" 





(10.1) 


Ox! 
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the same as that which Mathisson obtains by his method.’ As he shows, this 
immediately gives the desired solution: using, this time, the special choice (3.1) 
of the coefficients A, we only need to take, in (10.1), h = j = 4, thenh =j =], 
thus obtaining 
° qd — His = Hy ‘ix His , 
— = Hin ‘ei Hn Pid Hi, 


and by adding these two equations we see that we must have Hy = Hy = 
H» = Hs, = 0; and similarly for the other quantities H. Then, since every H 
vanishes, B, dx" must be an exact differential —dy and there exists a trans- 
formation (be) which reduces all the coefficients B to zero, after which C must 
also be zero, on account of (7.1) and (6.5). 


New YorK 





16 Tt is remarkable that Mathisson’s deductions and ours follow a quite analogous order, 
successively obtaining (8.2) and then (10.1), although his parametrix is infinite along a 
parallel to the x°-axis, while our vp is a regular function. 
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A PROOF OF THE FUNDAMENTAL THEOREM ON THE DENSITY 
OF SUMS OF SETS OF POSITIVE INTEGERS* 


By Henry B. Mann 
(Received January 7, 1942; revised March 16, 1942) 


Let A(B, C) be sets of positive integers. Form A’, B® by adjoining 0 to A 
and B respectively. Let A(n) be the number of positive integers in A that are 
<n. The greatest lower bound of the quotients A(n)/n is called the density 
of A. Let C® consist of all integers of the form a + b(a e A°, b « B’). 

Let a be the density of A, B the density of B, y the density of C, then we shall 


prove 
(1) y2a+ Bor=1 
This inequality has been conjectured by E. Landau, I. Schur and A. Khint- 


chine. i 
Approximations to (1) have been obtained by the following authors: | 

E. Landau: 12 nt ha 

A. Besicovitch:’ If a* is the lower bound of the quotients A(n)/(n + 1) then 

2a* + Bor = l. 


12 

I. Schur:’ y = a/(t — £B) or = I. 

I. Schur‘ 7 = je + 3(a + 46’)! or = 1. . 
A. Brauer? y = 9/10(a + 8) or = 1. 


An important partial result was obtained by A. Khintchine:* If a; is the density Wetter 
of A;and a, S a S -*- S a, and C° = {a, + a + --- + an}(a;€ A$) then ila 
y 2 na, or = 1. In this paper (1) will be proved secant. EPA 
Stripped of its transcendental content (1) states that 
Cla) oy or > min, 2M B(m) lsiméeEn, 1 
n l m 


IIA 
lA 
3 


We propose to prove the following sharper theorem. 
FUNDAMENTAL THEOREM: Let A(B, C) be sets of positive integers. Let 
A(n), B(n), C(n) be the numbers of the integers 1, 2, , n that are in A, B, C 





* Presented to the American Mathematical Society Feb. 28, 1942. The author’s in- 
terest in this problem was aroused through Dr. A. T. Brauer’s lectures on additive theory 
of numbers at New York University. 

' Die Goldbachsche Vermutung und der Schnirelmannsche Satz. Gottinger Nachrichten, 
Math. Phys. Klasse (1930), pp. 255-276. 

> On the density of the sum of two sequences of integers. Jour. London Math. Soc., Vol. 
10 (1935), pp. 246-248. 

’ Uber den Begriff der Dichte in der additiven Zahlentheorie. Sitzungsber. der preuss. 
Akad. der Wiss., Math. Phys. Klasse, (1936), pp. 269-297. 

‘L.e. footnote 3. PEED 

* These Annals, Vol. 42, (1941), pp. 959-988. ; 

°Zur additiven Zahlentheorie. Matematiceski Sbornik, Vol. 39, (1932) pp. 27-34. a . 
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respectively. Let C° = {a + b}(a e A’, b € B’) where A’, B° consist of the 
numbers of A and B respectively and the number 0. Then 











wy TE we ee SOT ER Mr | 
n m 

Let mn, < n. --- be the numbers of C (i.e. numbers not in C); then C(n,) = 
n, — r. (2) is an immediate consequence of the inequality | 
( 

(3) C(n,) > min. A(nq) + B(nq) ' q<r. 

Ny Nq h 
We divide the numbers S n, into three sets: numbers of B, numbers of the ( 


form n, — a(aeA°), numbers of L, where L, denotes the set of all positive 
numbers < n, that are neither in B nor of the form n, — a(aeA°). Denote 


by 1, the number of integers in L,. These three sets are disjoint. Hence 
(4) n, = B(n,) + A(n-) #1 4+1,. 


(3) follows from (4) for r = 1. In proving (3) by induction we may assume 


C(ns) _ C(n,) ii i ils «tie cake eee 
Ns Ny | 


_ ir tor 





Our statement then is that 


A(n.) + B(n,) > C(n,) 





(5) for s=1,---,r-—1 
Ns Ny 

implies 

(6) C(n,) 2 A(n,) + B(n,), 

or using (4) 


1 - ° ° 
<2 for s=1l---r-—1 implies 1+l,27. 





We have to prove the following lemma: If rn, > sn,, rn, > (1 + I;)m, for 
s=1,2,---,r—1,thnl, 2r — 1. 

From now on r is fixed. We therefore write n, = N, L, = L,l, =1. 8,1 
rangefromltor—1. Putd, = N —n,thenn, — d; = n;—d,. 

Construction of numbers of L. To prove the lemma we have to construct 
r — 1 numbers 0’ in L, i.e. numbers not in B and not of the form N — a(ae A’). 
To satisfy both conditions we construct numbers b’ satisfying the equations 


b' =n,—-a=N-A4 (ae A°, G@¢ A’). 
The condition 4 not ¢ A’ is satisfied by putting a = n, — b or 
bb =b+da=n, — a. 


Thus we arrive at the following recursive definition of numbers é, @, °°": 
and sets B’, B’, B’,---, and T,, T2, --- , starting with B’. 
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DeFiniTIon: @) We choose e;4: as an element in BY VB’ TC -:: J B*. 
b) t lies in Tis: of there is an a ¢ A° such that 


(7) a+ @iu td: =n, 


and neither s nor t in A a a ae 
c) BY = {es41 + de} ters 4, . 
Equation (7) is equivalent to 


(7’) Q@+e@utd=mn, 
hence s as well as ¢ lies in 734. We may therefore write 
(8) b’ = Cin tds =n, — ae Bp. 


The following propositions follow easily from the definition: 
WT) ey eerie vodemes (5 | 
2. No element of T; lies in T; VT. V+: UTju. 
3. Bi = {e; + di} ter; - 
CoroLuaRy: B’ contains as many elements as T;. All elements of B’ are 
greater than e; . 
4. An element b’ of B’ may be written as n, — a(s¢ T;,a6€A°). Also n, can be 
decomposed into a + b’(a € A®, b’ € B’). 
5. Ifat+b’ =n,, (ae A’, b’ ¢ Bo CB TC --: B) thenseT™ GC C+: OC T;. 
Proor: Proposition 5 is true for 7 = 0. We assume that it is true for 
j = iand prove it forj = i+ 1. If b’ e B'™ then dD! = ei + di, te Tigi, 
hencete7T; ~T, V--+ UO T;, therefore a + e:4: +d: =n,,A+ Cig41 +d, = me. 
If se7T; ~T2 U-++ UT;, then se 7j4; according to definition of Ti4:. 
6. No element of B’ (j = 1) lies in B® — B’ T --- B*” nor is of the form N — a 
(ae A). 
Proor: An element b; of B’ is of the form n, — a(se7;,a6€A°). But the 
relation 


n=at+b;, 8€¢€7T CT, C°:: OT, Seu acd wes? wel 


contradicts 5. Each element b; of B’ is of the form e; + d, (s € 7): the equa- 
tion e; + d, = N — a, (ae A’) or a + e; = n, contradicts 5 because of 


0 1 j—1 
s¢€7T,; ~T2 U-:: ~ Tj, ej;eB —~B uw eee wi ° 


In order to arrive at a uniquely determined construction we shall choose 
€i41 aS the least number for which 7,4; is not empty. The final construction 
is then defined as follows: 

a) tlies in Ti41{e} if there is an a ¢€ A° such that 

a+t+e+d=n, 
and neither tnor sin T; U--- UO T;. 

b) e:41 is the smallest e in B ~ BC +++ CB for which T;4:{e} is not empty. 

c) Ti41 = T isifeiar}, B= {41 + i} ter41 . 0 1 

The process is to be continued until 7';4:{e} is empty for everye « BO B TU 
Pee. BY’. ° 
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We are then able to prove the following propositions: 
7. Traife} is empty for everye « BY CB’ TC --- CB’, 
Wel oF wow B*” and T ;{e} is not vacuous then e = €;. 
9. << +e < ey. 

PRooF: ¢; = €j41 is impossible because T ;4:{e;} is empty. e; < e;,; means 
therefore that there is no e < e; for which e « BY — ---  ~ B’ and T j41{e} is not 
empty. If there were, then 7 ;{e} would not be empty. LEither e ¢« B’ J ... 
~ B**, and then e = e; according to 8; or e « B’, and then e > e; according 
to the corollary to 3. 

10. All elements of B’ ~ --- ~ B? are greater than e; (1 Sj < J). This 
follows from the corollary to 3 and from 9. 
11. Let s be the least index notin T; VT: ~-:- UTs. Let there be q indices 
(r — 1l,r — 2,---,r — q) such thatd; S nz. Then 

et <¢ 


Proor: n, — d; (d; S n,) is either in C° and then = a + b’ (a ¢ A°, b’ ¢ B’) 


or =n,, (we T; U--: U Ty) andhence = a + b’ (ae A’, b’ e BoC --+ UB’), 
Thus in either case 
n,—-d=a+b' (ac A’, eB U-::- VB’). 

If tis notin T,; ~ --- ~ 7; then T,;,:{b’} is not empty which contradicts 7. 

Let te 7;,e; + d, = bj; « B’. Weasserte; +d, in,. Ife; +d: >, 
then 

eg>n—d =~at+d’ 20’. 
Thus 6’ cannot lie in B’ - --+ — BY (see Prop. 10). Hence b’e BY VU: v 
B’*. The equation 
a + b’ + dt = Ns 

with t¢7T,; U-++ OTj4,8¢T1 U+++ UG T34 shows that 7 ;{b’} is not vacuous 
and b’ < e; is impossible by Prop. 8. 

b; is not in B nor of the form n, — a (a e A°) (see 5). Hence it is in L,. 


Because of 6 we obtain q distinct such numbers b; corresponding to the q values 
oft. Therefore ' 


l, 2 q. 
We can prove now our lemma. Suppose that 
rm; > iN, m, >(1+1)N fort = 1,2,---,r-1. 
We shall show that 7; ~ --- © T, contain all indices i < r — 1. Because of 
6 and the corollary to 3 our lemma is an immediate consequence of this fact. 
Suppose s is the least index not in JT; UV --- VW T;. Let q be defined as in 


Proposition 11. Then 
m, > (1+1)N 2 (q+ IN, Mee > (r —@q — 1)N. 
Adding these two inequalities we obtain 


Ne + NG—~-1) > N or NM, > dq) - 
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But then we would have g + 1 indices t = (r — 1,r — 2, --- ,r — gq — 1) for 
which d; < n, contrary to the significance of g. This proves our lemma. 
Another result of a different nature can be obtained by the construction 
method used in the proof of the fundamental theorem. We propose to prove 
Tuzorem II. If C’ = {a + b}(a € A®, b € B’) and if a* is the G.L.B. of the 
quotients A(m)/(m + 1) and if nis notin C. Then 


(9) C(n) = a*n + Bn). 
From equation (4) we have for r = 1. 
C(m) 2 a*¥n, + Bim) + (a — a*)m. 
We propose to prove by induction 
(9’) C(ni) 2 a*n; + Bin) + (a — a*)m, t= 1,2,--- 


We distinguish two cases: 1). n, — Nua > 1; 2). nm» — nay = 1. 
Proor FoR CaAsE 1: The integers > ns) and S n, are either in B or of the 
fomn, —a(aeA°,0 Sa <n, — nq_y) or in neither of these two sets. Hence 


N,'— Nay 2 A(n, — Ney — 1) + B(n,) — Bing) + 1 
a*(n, — Ne») + B(n,) — Bing») + 1. 


IV 


By induction we have 
C(ng-») = Ney — (r — 1) 2 a@* ney + Bing») + (a — a*)m. 


Adding both inequalities we obtain (9’) for 7 = r. 

Proor ror Case 2: In this case we have di1) = 1,m — dg») = a+b 
(ae A°,b ¢ B’). We form 7,{b} and B’. Let B* contain the numbers of B” 
and BY. Put C* = {a + b’} (a « A®, b’ e« B*). n, will then be the j gap 
j < rin C* and we have by induction 


C*(n,) = a*n, + B*(n,-) + (a — a*)ny. 
But by proposition 5 we have 
C*(n,;) — C(n,) = B*(n,) — B(n,). 


Subtracting this equation we obtain (9’) for 7 = r. 
It is not possible to substitute a for a* in (9) as shown by the following example 


A = B = {1, 2, 6, 7, 8, 12, --- }, 
C = {1, 2, 3, 4, 6, 7, 8, 9, 10, 12, --- }, 
a = }, B(il1) = 5, C(il) = 9. 
IfC° = {a+ b} (a € A’, b « B) and if 1 ¢ B then it can be shown exactly by 
the same method that C(n) = a*n + B(n) if n is not in C. 


Co_tumBia UNIVERSITY 
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A REMARK ON S. KAKUTANI’S CHARACTERIZATION OF (L)-SPACEs: 
By M. F. Smitey 


(Received March 9, 1942) 


The purpose of this note is to show that we may rephrase the condition 
(IX) of Kakutani in a way which indicates a close relation between the norm 
in an (AL)-space and the metric of a metric lattice.” This will also permit 
a slight weakening of assumptions in §§3-5. 

We show first that the condition 


(IX’) lla—yll=|l~Vy—-ZAyll 


is equivalent to (IX) under (I)-(IV), (VI)-(VID). 

Proor. (LX) implies (1X’): By Lemma 1.5, x = 21 — x and az A z_ =0; 
consequently || a || = || a, — a || = || v7, + a || by (IX). Since —z Vy 0= 
—(x A 0), we have the equation 


|x|] = lla v0+(-—2 V0)|| =||e VO—2A Ol. 


Replacing x by x — y and applying Lemma 1.2 yields (IX’). 
(1X’) implies (IX): Ifx A y =0,thenz V y=x+yby Lemmal.3. Hence, 
if x A y = 0, the condition (IX’) yields || x — y|| = ||z V y|| = |[a ty]. 
We may now prove that (I)-(IV), (VI)-(IX) imply the following condition. 


(1) lavVe-—aVyl|+|lanz—-aaryl| =||z—yll. 


Proor. By (IX’) and Lemma 1.6 the left side of (1) is ||a Vz Vy - 
aVvV(x«Ay)|| + |la A (@ Vy) —aA2zxA y||. Condition (VIII) reduces 
this to the expression 


laVaVy-aV(@Ay)+tadA(eVy)—-—adrzay|l. 


Using Lemma 1.3 we obtain the identity (1) at once. 

The identity (1) shows that the assumption (V) is not needed in §§3-5. We 
may even show that the triangle inequality for the norm is a consequence of 
(I)-(IV), (VI)-(IX) by a simple paraphrase of the proof of Theorem 3.10 of 
G. Birkhoff.* 





1 Presented to the American Mathematical Society, April 3, 1942. Our title refers to 
Kakutani’s paper Concrete representation of abstract (L)-spaces and the mean ergodic theorem, 
these Annals, vol. 42 (1941), pp. 523-537. All references are to this paper unless the con- 
trary is explicitly stated. 

? Cf. G. Birkhoff, Lattice Theory, Amer. Math. Soc. Col. Pub., vol. 25 (1940), p. 41. 
3 Ibid., p. 42. 
4 Tbid., p. 42. 
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Nore ADDED IN PROOF. G. Birkhoff has remarked to the author that m [a] 
= /a, || — || a_ || is a sharply positive modular functional in an (L)-space. 
This result depends only on conditions (I)-(IV), (VI)-(VIII]). For, if a = b, 
then m [a] — m [b] = || a — b]|| by (VIIT) and Lemma 1.2. Since || a|| > 0 
unless a = 0, this shows that m [a] is sharply positive. Applying this result 
again we find that m [a] — m [a A b] = ||a —~aAb|| = |lavb—b|| = 
m {a V b] — m [b]. Thus m [a] is also a modular functional. Our condition 
(IX’) then merely requires that the metric 6 (a, b) which arises from m [a] 
should coincide with || a — b ||. When this is true, the identity (1) is a con- 
sequence of (in fact, equivalent to) the distributive law. 


LEHIGH UNIVERSITY. 
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GENERALIZED SURFACES IN THE CALCULUS OF VARIATIONS. 


By L. C. Youne 
(Received December 21, 1941) 


MEAN SURFACES AND THE THEORY OF THE PROBLEM / / f(x, y, p, q) dx dy = Min. 


1. Introduction 


In this second note, machinery is produced for studying extensions of the 
classical necessary conditions applicable both in the ordinary and in the gen- 
eralized minimum problem for surface integrals. We employ it to derive neces- 
sary and sufficient conditions in the case of an integrand f(x, y, p, q) in which z 
does not occur explicitly. Our methods follow naturally from the idea of 
generalized surface developed in the first note,’ but are no longer restricted to 
continuous integrands f(x, y, z, p,q). We show, in fact, that for a much wider 
class of these integrands the minimum in the problem considered is unaltered 
if we admit, in addition to ordinary surfaces, only a special kind of generalized 
surface which we term “mean surface.” The ideas connected with the notion 
of a mean surface are closely akin to a method developed by Haar’ in the special 
case of a regular problem. They lead to a generalization of an inequality, due 
to Steiner,’ valid when the integrand has the form f(x, y, p, q); and thence to 
equations characterizing a Lipschitzian surface for which our minimum is 
attained. 


2. Mean surfaces 


Let 2; and 2 denote the tracks, and M,(g) and M.(g) the averages at z, y, of 
two generalized surfaces S; and S, or, in particular, of two ordinary surfaces. 
We define the mean of S; and S: as the generalized surface S with the track 
z= 32, + 32, and with the average M(g) = 4Mi(g) + 4M2(qg) at the point z, y. 
A generalized surface which is the mean of two ordinary surfaces will be termed 
shortly a mean surface. 


(2.1) Any mean surface is expressible as the mean of two ordinary surfaces whose 
tracks differ by at most e. 


To prove this, it is clearly sufficient to show that if S is the mean of two 
ordinary surfaces S, and S; whose tracks z, and 2, differ by at most 2a, then 
S is also expressible as the mean of a second pair of ordinary surfaces whose 
tracks differ by at most a. Let E, E’, E” denote the sets of x, y in which, 
respectively, 


|Z: — 2| <a, Z1 — 2 S —a, Za — 2 2 a; 





1 Young [12]. 
2 Haar [3]. 
3 Steiner [10], p. 298. 


and 


We 
of | 
Lip 
seg] 
bel 
mel 
one 


one 
eve 


thi 


V 





NS. I 


¥ = Min. 


3 Of the 
the gen- 
€ neces- 
which z 
idea of 
icted to 
h wider 
altered 
-ralized 
notion 
special 

ty, due 
nee to 

um is 


, y, of 
faces. 
track 
b x, y. 
‘rmed 


whose 


' two 
then 
‘hose 


hich, 





GENERALIZED SURFACES IN CALCULUS OF VARIATIONS 531 


and let % , 22 denote the pair of functions which coincide with 
a,2inmE, w#a—a,a+aink’, w+a,a—ain EK”. 


We verify at once that these functions coincide with 2 , z, at boundary points 
of E, since we then have z — z = +a; it follows easily that they satisfy a 
Lipschitz condition with a same constant as the functions z and z : for any 
segment can be decomposed into at most three, each of which has both ends 
belonging to the closure of the same set EH, E’, or E’’, and in these partial seg- 
ments the Lipschitz condition for the new functions is identical with the original 
one for 2:, 22 or their permutation 22, 2 . 

Finally it is clear that the new functions have the same gradient as the original 
ones or their permutation, wherever the four gradients exist, and so almost 
everywhere; and since we have also 


$41 + 3% = 921 + Fee and |% — %| Sa, 
this completes the proof. 


3. Integrals over mean surfaces. Comparison of minima 


We shall be dealing with surface integrals of functions f(z, y, z, p, qg) measur- 
able B but not necessarily continuous. The average M(g) at x, y which consti- 
tutes part of the definition of generalized surface, must now be suitably extended 
to discontinuous functions g(p, q). In the cases that we shall be concerned with, 
this extension is either trivial, or else sufficiently treated by well-known classical 
writers. 

As in the first note, all surfaces which occur will be supposed Lipschitzian. 

In the case of a mean surface S, the average M(g) is of the form 
29(p', q’) + 4g(p"", q’’), where p’, q’ and p”, q’’ denote positions of p, g dependent 
on x, y, which will be termed the two possible pusiivons of p,qatz,y. In accord- 
ance with our definition of mean surface, these possible positions are further 
restricted to be at almost every x, y of the domain A a permutation of the 
gradients of at least one fixed pair of ordinary surfaces. The integral F(S) of 
f(x, y, 2, p, q@) over the mean surface S is obtained by writing 


[[ 12,020, adedy = ff stpte, v2, 0',0°) + Sle, a 2 va") dedy, 
8 A 


where on the right z denotes the track of S. 

The notions of ordinary surface, mean surface, generalized surface give rise 
to three different problems of minimum, obtained by interpreting correspond- 
ingly the class of admissible surfaces with a given boundary for which we seek 
to make F(.S) a minimum. If the corresponding minimal values of F(S) are 
denoted by m., mn, My, it is evident that 


(3.1) Mo = Mn = M,, 


since every ordinary surface is a mean surface (the mean of two coincident, or 
parallel, ordinary surfaces), while every mean surface is a generalized surface. 
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The results of the first note’ show that the inequalities (3.1) reduce to equali- 
ties when f is continuous, since the extreme terms then have the same value. 
On the other hand, it is easily seen that at least one of the inequalities js strict 
for certain discontinuous functions f: thus if we write f = —1 when P, q equals 
either —y, x or y, —2x, and f = 0 otherwise, we obtain a function f(z, Y, P, q) 
which vanishes almost everywhere on any ordinary surface, but which has the 
average M(f) = —1 at all points of the generalized surface with the track z = 9 
and the average M(g) at x, y given by the expression 39(—y, x) + 4g(y, —2z) 
so that m, vanishes while m, is negative in this case. 

We shall show, in the next paragraph, that for a class of functions including 
among others all those of the form f(z, y, p, g) which are bounded in bounded 
sets, and in particular the function just considered, the first of the inequalities 
(3.1) is necessarily an equality, i.e. we have 


(3.2) M. = Mm. 
4. Equality of the minima m, and m,, 


We now come to the first main theorem of this note, which will enable us to 
treat the ordinary problem on the same footing as the very much simpler 
generalized problem from the point of view of necessary conditions. This theo- 
rem asserts that (3.2) is true under general conditions. Since this equality has 
already been established for continuous integrands f(x, y, z, p, q), the reader 
whose interest is limited to classical problems may feel inclined to omit its proof. 
It should be noted, however, that it is frequently desirable to transform a 
classical integrand into a discontinuous one by moving the origin of z, p, q toa 
position which depends on xz, y. Such a transformation can be used, for in- 
stance, to render certain results of the present note applicable, not only to 
Lipschitzian, but also to more general surfaces. If we do not insist on these 
extensions, it is on account of the greater simplicity of the statements for the 
Lipschitzian case and because we have no evidence that conditions derived from 
these by means of the above transformation would be essential ones. It is also, 
perhaps, interesting and instructive to see how the necessary conditions of Euler 
and Weierstrass, once they have been freed of the formal differential apparatus, 
can be applied to integrands which are not even continuous. 


(4.1) Suppose firstly that f(x, y, z, p, q) is a function measurable B which 1s 
upper-semicontinuous in z when the other variables are fixed; and secondly that this 
function is bounded above® for any relevant bounded system of x, y, 2, p,q. Then, 
given any mean surface S and real numbers k and ¢, where k > F(S) and e > 0, 
there is an ordinary surface S’ with the same boundary as S, such that 





4 Young [12], (14.1), p. 102. 

5 This is in particular the case when f is independent of z. 

6 This second condition may be relaxed: it is enough to suppose that in A the function f 
is less than an integrable function of z, y only. Moreover, when f is independent of 2, 
we require this only in the neighbourhood of the boundary of A. 
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(4.2) F(S’) <k, 


and such that, moreover, its track differs from that of S by at most ¢, and its Lipschitz 
constant exceeds that of S by at most e. 


Denoting by an arbitrary positive integer and by £ the set of the points 
r,y of A whose distance from the boundary of A is not less than 1/n, we can, 
by (2.1) and McShane’s lemma,’ construct two ordinary surfaces S’ and S” 
having S for their mean in the set Z, in such a manner that the tracks of S’ 
and 8” differ by at most 1 /n’ in E and coincide with that of S on the boundary 
of A, while at the same time their Lipschitz constants exceed by at most 1/n 
that of S. We shall suppose that F(S’) < F(S”). 

Now the tracks z’ and 2’”” of our two surfaces tend to the track z of S as n 
tends to infinity. Moreover, any point z, y of A becomes a point of £ if n is 
sufficiently large, provided that x, y is not a boundary point; therefore at almost 
every point of A the gradients p’, q’ and p’’, q’’ of our two surfaces are a permu- 
tation of the possible positions of p, g for the mean surface S, provided that n 
is large enough. Hence the average M(f) for S is almost nowhere less than the 
upper limit as n tends to infinity of the expression 


3IS(, y, 2, vg) + Ha, y, 2", 0", 7}, 
by semicontinuity of f. It follows from a suitable form of Fatou’s theorem’ that 


[[ wa) ae dy = Lim. Sup. ff 4{40e,y2',p',0) + Se,ye",p"a)) dx dy 


and so, that k > 3F(S’) + 4F(S”), if n is sufficiently large; clearly this requires 
k > F(S’). The remaining assertions are satisfied if we choose a value of n 
exceeding ¢€. This completes the proof. 


5. A convexity property of the minimum 


From now on, it will be assumed that the integrand of the problem is a func- 
tion f(x, y, p, g) which is independent of the variable z. This function will be 
supposed moreover measurable B and, for the present, bounded above when z, y 
lies in A and p, q in any bounded set. 

Denoting by U a function defined on the boundary of A in such a manner that 
there exists a Lipschitzian surface whose boundary is given by U, we introduce 
the functionals ¢.(U), ¢,(U), g(U, K) and ¢,(U, K), any one of which we 
designate shortly g(U). We define these to be absolute minima of our surface- 
integral for the surfaces with boundary U which belong respectively to the 
following four classes: 


ordinary Lipschitzian surfaces; 

generalized Lipschitzian surfaces; 

ordinary surfaces with Lipschitz constants less than K; 
generalized surfaces with Lipschitz constants less than K. 


7 Young [12], (9.1), p. 93. 
* Saks [8], (12.10) p. 29, in the form obtained by taking a sequence a — f, instead of a 
non-negative sequence fn. 
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(5.1) Each of the minima g(U) is convex in U. 


Before proving this, let us state for completeness, that we term conver a fune- 
tional Q(U) in an arbitrary functional space, if given any two points U’ and J” 
of this space at which this functional is defined and finite above, and given 
further any real number @ where 0 S 6 S 1, the functional is defined at the 
point 6U”’ + (1 — 6)U” and satisfies 


(5.2) QlaU’ + (1 — aU") S 0Q(U’) + (1 — A)Q(U”). 


It is known that this definition is equivalent to the following conditions: 

the left-hand side of (5.2) is a function of @ bounded above on the unit segment; 

the inequality (5.2) holds for @ = 3.° 
We shall use this equivalent form of the definition in proving (5.1). 

We observe in the first place that if U’ and U”’.are boundaries of Lipschitzian 
surfaces belonging to the relevant class, then the same is the case of 
6U’ + (1 — 6)U” when @ lies on the unit segment and indeed when 6 lies on a 
segment including the unit segment in its interior. The left-hand side of (5.2), 
when we choose Q(U) = g(U), is majorized by the values of F(S) for certain 
surfaces with bounded Lipschitz constants, and so is certainly bounded above as 
function of 6 on the segment in question. 

It remains to verify the second condition. Let k be any number exceeding 
3¢(U’) + 3¢(U”) and therefore exceeding 3F(S’) + 4F(S’’) where S’ are certain 
suitably chosen admissible surfaces with boundaries U’ and U”’ respectively. 
The number k then exceeds F(S), where S denotes the mean of S’ and 8”. But 
S has the boundary $U’ + $U” and Sis either an admissible surface, or can be 
added to the admissible surfaces without altering our minimum, and so 
g(3U’ + 3U”) S F(S) < k. This completes the proof of (5.1). 

In the case of the generalized problem, the theorem just proved has a variant 
which reduces in the regular case to a well-known inequality of Haar-Steiner.” 
We denote by I(z) the minimum of F(S) for surfaces S with the track z, and 
we note that in the regular case (z) reduces to the value of F'(S) for the ordinary 
surface with this track. 


(5.3) The functional I(z) is convex." 


To prove this, we select an arbitrary real number @ on the unit segment and 
two Lipschitzian tracks 2’ and z’’. We denote by S’ and S” two admissible 
generalized surfaces with these tracks, and by M’(g), M’’(g) the corresponding 
averages at x, y; and we write S for the generalized surface with the track 
6z’ + (1 — 6)z”’ and the average 6M’ + (1 — 0)M” atx, y. Then 


I(62’ + [1 — 6]z”) < F(S) = OF(S’) + [1 — 8]F(S”), 


*The equivalence of the definitions easily reduces to the case of real functions treated 
by Hardy, Littlewood and Pélya [6]. 

© Haar [3], p. 227, Inequality (3). 

" We assert this only for the generalized problem. The same is then evidently true of 
the ordinary problem only in the regular case. 
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, which it follows, passing to the lower bound for all S’ and S”’, that 


1(6z' + [1 — le”) < @l(z’) + [1 — Ol(z”). 


fron 


This completes the proof. 
For our purposes, a second variant of (5.1), valid this time for ordinary ad- 


missible surfaces as well as for generalized ones, is required. This variant 
constitutes a minor extension of the original theorem. 


6. Prescribed discontinuities” 


The elassical minimum problems for continuous surfaces may be regarded as 
special cases of corresponding problems for more general surfaces whose dis- 
continuities are specified. We shall require the extension of (5.1) to a problem 
of this type, in which we admit piecewise Lipschitzian surfaces with prescribed 
discontinuities along given parallels to the codrdinate axes. 

By a piecewise Lipschitzian surface S (ordinary or generalized) we shall mean 
the aggregate of a finite number of Lipschitzian portions of surface Si, (ordinary 
or generalized) defined on partial domains A x of a subdivision of A by a finite 
number of parallels to the axes. It will be understood that S is regarded as 
unaltered by subsequent subdivision of its constituent Lipschitzian portions. 
By the surface integral F(S), we shall mean similarly the sum of the surface 
integrals F(S,) over these portions, and this definition is again invariant under 
further subdivision. 

By the discontinuity of S, we shall mean a function V(z, y) only defined at 
interior points of A and possibly undefined at a finite number of these, such 
that V vanishes at interior points of each Aj, while on the line separating two 
adjacent partial domains A;4:,, and A, or else A;,.4: and Ax, the function V 
is the difference of the tracks of the corresponding Lipschitzian portions. Be- 
sides this discontinuity V, we have a boundary-function U just as in the case 
of a continuous surface. 

It is convenient to combine the two functions U on the boundary of A and V 
in the interior of A, into a single function W defined throughout A (except 
possibly at a finite number of points). The function W then specifies the 
boundary and discontinuity of S. 


(6.1) The functions W which correspond in this way to at least one such piece- 
wise Lipschitzian surface S constitute a vector-space. 


For if S’ and S” are two piecewise Lipschitzian surfaces and W’ and W” 
specify their boundaries and discontinuities, we can divide A into portions A ix 
corresponding to continuous portions of both surfaces simultaneously. De- 
noting by z,, and z,, the tracks of these portions we define a piecewise Lip- 
schitzian surface S consisting of the continuous portions of ordinary surfaces 
KS 

* We do not study this problem for its own sake, but in order to obtain machinery for 
the special case in which there are no discontinuities. In the literature only problems with 
unspecified discontinuities appear to have been treated. 
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given by the track az;, + bz;, on A. This surface S then has the boundary 
and discontinuity specified by the function W = aW’ + bW”, and this proves 
(6.1). Moreover, we see that S has in each of its continuous portions a Lipschitz 
constant not exceeding | a| + | b| times the greatest of those of S’ and S” so 
that we have the following result: 


(6.2) If W’ and W” correspond to piecewise Lipschitzian surfaces whose con- 
tinuous portions have Lipschitz constants less than K, then aW’ + bW” corresponds 
to at least one piecewise Lipschitzian surface whose continuous portions have 
Lipschitz constants less than (|a| + |b |)K. 


This being so, we define by analogy with §5 the functionals of W consisting 
of the absolute minima of F(S) for the piecewise Lipschitzian surfaces S with 
boundary and discontinuity specified by W which can be subdivided into con- 
tinuous portions belonging to the same four classes as previously. As these 
functionals reduce to those of §5 when the variable W reduces to U, i.e. when 
there is no discontinuity, we shall designate them by the symbols ¢,(W), ¢,(W), 
¢o(W, K) and g,(W, K), and any one by the symbol ¢(W). 

As an immediate consequence of (6.2) we have: 


(6.3) Any two points of the W-space for which p(W) ¥ + © are inner points of a 
segment on which o(W) is bounded above. 


Moreover, by exactly the same argument as that used to prove the corre- 
sponding inequality in §5, we see that 


(6.4) o(3W’ + 3W”) & 20(W’) + 20(W"). 
Combining (6.3) and (6.4), we deduce: 
(6.5) Each of the minima o(W) is convex in W. 


7. Existence of a “flat support’ 


The property of convexity of the functionals g(U), I(z), ¢(W) owes its im- 
portance to the fact that it places at our disposal the powerful theorem of Min- 
kowski asserting the existence of a “flat support.” We shall follow Banach” 
in proving a form of this theorem valid in general vector spaces which covers 
our needs. 

We consider a space whose elements are abstract vectors X. As is customary, 
a functional L(X) is termed linear if L(eX) = cL(X) for any constant c, and 
L(X + Y) = L(X) + L(Y); and since this definition implies that L(0) = 0, 
it is frequently necessary to introduce an additive constant when the analogy 
with Euclidean space is to be preserved. 

The expression a + L(X), where a is a constant and L(X) a linear functional, 
is termed “flat support” at Xo of a given functional Q(X), if it never exceeds 
Q(X) and if it takes the value Q(X») at Xo. 





8 Banach [1], p. 27, Theorem 1. 
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One more definition: if G is a vector subspace, we denote by {Xo, G} the 
vector space or subspace which consists of all vectors Y of the form X + tXo 
where X lies in G and ¢ is real. It is easy to see that if X» does not lie in G, 
this expression of a vector Y of {Xo , G} is unique. We shall denote further by 
(X,, GJ, and {Xo, G}_ the systems of vectors Y of the above form with ¢ 
positive, and with ¢ negative, respectively. 


(7.1) Let Q(X) be a convex functional defined in a vector-space, and let L(X) be a 
linear functional defined in a vector subspace G and such that throughout G we 
have L(X) S Q(X); suppose further that Xo ts any point of the vector-space such 
that Q(X) is defined and finite above for at least one X of each of the sets {Xo , G} 4. 
and {Xo,G}_. Then we can extend the definition of L(X) in such a manner that 
this functional be defined, linear, and not greater than Q(X) throughout |Xo, G}. 


In both the hypothesis and the conclusion of the theorem, the inequality 
connecting L(X) and Q(X) is regarded as automatically true at points X for 
which Q(X) is either not defined or not finite above. 

In proving (7.1), we may clearly suppose that X» does not lie in G. Denoting 
by ko a number to be fixed later, we continue L(X) by writing, for real ¢ and for 
arbitrary X in G, 


L(X + tX) = L(X) + th, 


and this continuation is linear in {Xo , G}, so that we have only to show that it 
does not exceed Q(X + tXo). Since this last condition holds for t = 0, we 
need only verify it for = a and t = —a’, where a, a’ are positive; it becomes 


(7.2) {L(X) — Q(X — a’Xo)}/a’ S ko S {Q(X’ + aXo) — L(X’)}/a 


where X and X’ are arbitrary vectors of G. 

It only remains to establish the existence of a finite ko which satisfies (7.2) 
for all a, a’, X, X’. Moreover, since Q is defined and finite above somewhere 
in each of the sets {Xo , G}4. and {X), G}_ , we see that the upper bound of the 
expression on the extreme left of (7.2) is not — ©, and the lower bound of the 
expression on the extreme right is not +2. The existence of ko is thus ensured 
if we have an inequality between these bounds, which is equivalent to the state- 
ment that every value of the extreme left of (7.2) is less than or equal to every 
value on the extreme right. 

Now this last statement, after multiplying by aa’/(a + a’), reduces to the 
inequality 

aL(X) + a’L(X’) < aQ(X — a'Xo) + a’Q(X’ + aX) 
a+a’ is a+a’ 


and the latter is satisfied since, if X”’ is the vector (aX + a’X’)/(a + a’) of G 
(which may also be written [a(X — a’Xo) + a’(X’ + aX»)]/(a + a’)), the ratio 
on the left equals L(X”) by linearity, while that on the right is not less than 
Q(X”) by convexity and so, by hypothesis, not less than L(X”). This com- 
pletes the proof, which follows closely that given in a special case by Banach. 
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As a consequence of the theorem just proved, we deduce for our convex fune- 
tionals ¢(W), still using only ideas set out by Banach,” the following corollary: 


(7.3) Each of the functionals g(W) of §6 has a flat support at any Wy for which 
its value g(Wo) ts finite. 


To prove this, we write Q(X) for the difference g(Wo + X) — ¢(Wo) and, 
since the latter vanishes for X = 0, we need only obtain a linear functional] 
L(X) nowhere exceeding Q(X). We shall construct such an L(X) by trans- 
finite induction, first observing that it clearly exists in the space consisting of 
the single point 0. Let the points at which Q is defined and finite above be 
well-ordered, the origin 0 being first. Let Xo be a subsequent point and let G 
be the vector subspace consisting of the linear combinations of vectors previ- 
ous to Xo. 

We make the inductive hypothesis that L(X) exists in G with the properties 
required. By (6.3) the functional Q is bounded above, and so finite above, ona 
segment containing 0 and Xp in its interior, and therefore at some point of each 
of the sets {Xo , G}, and {X,),G}_. By (7.1) we can therefore continue L(X) 
into |X o, G}, and so, by transfinite induction, into the whole of the vector 
subspace consisting of points which are linear combinations of those at which 
the functional Q is defined and finite above. This subspace is precisely the 
whole of our vector space by (6.2). 


8. Necessary conditions for an attained minimum 


Denoting by U> a particular boundary-function, we now propose to examine 
some consequences of the hypothesis that one of the minima g(U>) is attained, 
i.e. that for some surface Sp having the boundary U» and belonging to the appro- 
priate one of the four classes introduced in §5, we have g(U») = F(S»). 

We shall modify our original assumption concerning the function f(z, y, p, 9), 
and suppose that it is not this function but the difference 


f(z, Y; P, q) t fo(x, y) 


which is bounded above when x, y lies in A and p, q lies in a bounded set, where 
fo(x, y) denotes the average of f at x, y for the surface Sp or, in particular, in the 
case of an ordinary surface, the value of f when we substitute for p, q the gradient 
of Sy. In addition, we shall suppose, as is really implied in the fact that F'(S») 
exists, that fo(x, y) is integrable in some sense on every portion of A. It is then 
possible to write fo(x, y) = 0 without effective loss of generality, and we shall do 
this when convenient in any proof. 

We shall denote by z(z, y) or simply 2, the track of So, and by Wo the 
abstract vector which specifies its boundary U» together with the discontinuity 
zero. We denote further by z(z, y) or simply by z, the track of an arbitrary 
admissible Lipschitzian surface S, and by f(x, y) the average at x, y of the func- 





4 Banach [1], p. 29, Corollary. 
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tion f(z, ¥, Ps q) for this surface. Finally we denote by A an arbitrary interval 
of the z, y plane. 


(8.1) There exists a linear functional L(z; A) of z, additive in A dependent only 


on the values of z on the boundary of A-A, such that 


w2) | dawardy2 ff] sz,y)dvdy + Le) — La;.) 

AA Avl 
for every admissible surface, (1.e. for every Lipschitzian surface of the appropriate 
class), whatever its boundary U may be. 


(8.3) In particular, taking for A an interval including A, there is a linear func- 
tional L(z) depending only on the boundary-values U of the track z of the surface S, 
such that 


(8.4) F(S) 2 F(So) + L(z) — L(é). 


It will be observed that this last statement includes as a special case the 
minimizing hypothesis from which we started, namely that 


F(S) S F(So) when U = Up, 


since we then have L(z) = L(z). So that (8.3), and a fortiori (8.1), are theorems 
in which the hypotheses are exploited to the full. 

We may suppose fo(z, y) = 0, so that f(z, y, p, q) now satisfies the hypotheses 
of §5. We have then (Wo) = 0, so that by (7.3) there is a linear functional of 
W — W, nowhere exceeding y(W), and a fortiori not exceeding the values of F (8) 
for a discontinuous S of the appropriate type whose discontinuity and boundary 
are specified by W. We select for S a surface which coincides in A with an 
admissible continuous surface S and outside A with the minimizing surface Sp . 
The linear functional of W — W, obtained becomes a functional of the track 
of S and of the interval A, clearly dependent only on the boundary-values of 
this track z in A-A, and which we denote by L(z — 2%, A). The functional 
L(z, 4) is moreover linear in z and additive in A, by construction; furthermore 
it satisfies (8.2) since the left-hand side is F(S). This completes the proof. 

We shall now proceed to derive from (8.2) further information regarding the 
functional L(z, A) whose existence is asserted there. 


(8.5) There exist bounded measurable functions of x, y, the functions P(x, y) and 
Q(x, y) say, such that 


(8.6) Ue, a) = [| [ (Pez — Q-e2)dedy. 


In proving this, we again suppose fo(z, y) = 0. Moreover we may restrict 
ourselves, by homogeneity, to tracks z of surfaces whose Lipschitz constants 
are sufficiently small for z + 2 to be the track of an admissible surface. The 
function f(z, y, Pp, g) being now bounded above for the relevant surfaces, it 
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follows by applying (8.2) to surfaces with the track z + 2, that L(z, A) cannot 
exceed N-| A|, where N is a constant and | A| is the area of A. We can there. 
fore express L(z, A) as the integral of its derivative in A, the latter existing 
almost everywhere for fixed z. 

In particular, when z is a linear function ax + by + c, the functional 1. 
which is clearly unaltered by passing to a parallel surface, will be of the form 
aA + bB where A and B are functions of A possessing bounded derivatives in 4 
almost everywhere. Denoting by —Q and +P these derivatives at x, y, and 
writing for instance P = Q = 0 when they do not exist, the formula to be proved 
clearly holds for linear tracks z. 

In order to establish the formula generally, we denote its right-hand side by 
Li(z, A). We denote further by 2: a track with the same boundary as z on 4-4 
and with a Lipschitz constant increased by as little as we please, whose gradient 
in a subset of A of measure as close as we please to A differs arbitrarily little 
from that of z and is constant in a neighborhood of each point of this subset.”° 
Now the difference of L;(z,, A) and L;(z, A) is arbitrarily small since it is less 
than a constant multiple of the integral of the absolute difference of the gradients 
of zandz;. Moreover L(z, , A) and L;(z, , A) have the same derivative outside 
small measure, and their derivatives elsewhere are bounded; therefore their 
difference also is as small as we please. Finally L(z, A) and L(z,, A) coincide 
since z and z, have the same boundary on A-A. Combining these results, we 
see that L(z, A) and L,(z, A) differ arbitrarily little, and so coincide. This 
completes the proof of (8.5). 

These results can now be sharpened still further by applying the following 
lemma due to Haar’® and Schauder:” 


(8.7) In order that the integral | | (P-z, — Q-z,) dx dy, where P, Q are bounded 


measurable functions of x, y, shall take the value 0 whenever z is a Lipschitzian 
function vanishing on the boundary of A, it is both necessary and sufficient that 
there exist a Lipschitzian function Z whose gradient is almost everywhere P, Q. 


It is assumed in the above lemma that A is a bounded simply-connected 
domain.” 

As a consequence of these results, our main theorem becomes: 
(8.8) In order that F(So) = (Uo), where So satisfies the remaining hypotheses of 
the beginning of this paragraph, it is necessary and sufficient that there exist a 
Lipschitzian function Z such that the following inequality be verified for every ad- 
missible surface (whose track z has an arbitrary boundary): 


(8.9) / [ P (f(z, y) — fox, y) — Ze(zy — 20,) + Z,(Ze — 20,)} dx dy 2 0. 





16 The existence of such a track is ensured by (12.1) p. 98 of the first note, Young [12]. 

16 Haar [2], [4]. 

17 Schauder [9]. 

18 Our results have been mainly stated for convex domains but hold generally. At this 
stage however they extend only to simply-connected domains. 
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9, Localized form of the conditions. Connection with Weierstrass’ condition 
and with the Euler-Haar equations 


Following Bonnet and Haar, we term adjoint’’ of the minimizing surface So, 
the ordinary surface with the track Z(x, y) whose existence is established in (8.8). 
Our object is to reduce (8.9) to the inequality 


(9.1) f(x, y, Pp, D — folx, y) — P-(q — w) + Q:-(p — po) 2 O, 


where po , go and P, Q are the gradients at x, y of the tracks % and Z. The 
validity of (9.1) for all p, q will be termed the condition (W, E) at x, y; similarly, 
its validity for all p, q interior to the circle of radius K and center at the origin, 
will be termed the condition (W, E)x. These terms are similar to those adopted 
by the writer in the case of curves” and the most elementary considerations 
show that for a function f(x, y, p, q) possessing partial derivatives in p and g 
at x, y (and in particular for the integrands of all classical problems), the condi- 
tion (W, E) is wholly equivalent to the simultaneous validity of 


Son, = —Q, Su = P, 
f(x, Y, P, q) — fo(z, y) — fog: (p . Po) — fa as 3 qo) = 0. 


The first two relations are Haar’s form of the Euler equations, while the third 
is Weierstrass’ condition. 

A set E of values of x, y, p, q will be termed superficially negligible, if given 
any ordinary Lipschitzian surface S with the track z(x, y), the set of the points 
t, y, p, g of E at which p, q is the gradient of this track has a projection in the 
2, y plane of measure zero. In view of this definition, it is clear that an altera- 
tion of f(x, y, p, g) in such a set of values of x, y, p, g cannot affect the value 
of F(S) for ordinary Lipschitzian surfaces. On the other hand, the example 
considered in §3 shows that such an alteration may affect the values of F(S) 
for generalized S. This difference between the ordinary and the generalized 
problems will cause slight differences between the corresponding localized forms 
of the conditions for an attained minimum, which we state in (9.2) and (9.3) 
below. 

We begin with the ordinary problem. 


(9.2) With the hypotheses of (8.8), where we now suppose Sp an ordinary surface, 
a necessary and sufficient condition for an ordinary minimum is that the inequality 
(9.1) be verified for a corresponding adjoint surface with the gradient P, Q except 
al most in a superficially negligible set of x, y, Pp, q- 


This is clearly equivalent to the condition that the integrand of left-hand 
side of (8.9) be non-negative for every admissible surface except at most in a 
set of x, y of plane measure 0; and this in its turn is clearly equivalent to (8.9) 
itself. A similar result holds for the ordinary minimum in the class of surfaces 
with Lipschitz constants less than K. 


'’ Haar [5]. 
*° Young [11]. 
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The corresponding results for the generalized problem are more complete and 
also not so easy to deduce from (8.8). 


(9.3) With the hypotheses of (8.8), a necessary and sufficient condition for q 
minimum among generalized surfaces whose Lipschitz constants are either wnre- 
stricted or less than a fixed K, is that at almost points x, y of A the minimizing 
surface So satisfy either the condition (W, E), or else the condition (W, E),. 


The main difference between this statement and the one concerning ordinary 
minima is that more information is given here about the exceptional set of 
x, y, p, q for which (9.1) need not hold, its projection in the x, y plane being this 
time a null set. Incidentally the combination of the two results will show that 
if an ordinary minimum is attained, then by altering f for at most a superficially 
negligible set of x, y, p, q we ensure that the same minimizing surface provides a 
generalized minimum. 

In proving (9.3), we may suppose as usual fo(z, y) = 0. We shall denote 
by Ko any number exceeding the Lipschitz constant of So and less than the 
upper bound of the Lipschitz constants of all admissible surfaces. We shall 
denote further by f*(x, y, p, g) the lower bound of the expression 

N 


(9.4) D af(x, y, Pi, WH) 


k=1 


as function of the integer N and of the a; , px, q, where k = 1, «++ ,N when 
these variables are restricted by the conditions 


a20, mt+tauskKi, 
(9.5) N N N 
~~ % = 1, DL % Pe = PD, Dy Ge = 9g. 
k=1 k=1 k=1 


It is easy to see that the lower bound of (9.4) is unaltered if we impose the addi- 
tional restriction N S 3. For if N > 4, there exists a system of numbers b; , 
such that not all b, vanish, which fulfil the equations 


N N N 
De be = Dy bee = Dy beg: = 0; 
k=1 k=1 k=1 


we can arrange, by changing the signs if necessary throughout, that 


N 
> bi f(x, Y; Pry qi) s 0, 


and, by multiplying through by a suitable positive constant (remembering that 
at least one b;, must be negative), that the least of the numbers 


/ 
a, = Ae + by 


is equal to zero. It follows that we can reduce the value of N without in- 
creasing (9.4), by taking as new system of a,, pe, q those of the Gy, » Dey 
for which a, does not vanish, and so, by induction we can make N < 3. 
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We shall require, for the purpose of proving (9.3), the following properties 
of the function f*(a, y, p, q): 


(9.6) (i) For constant x, y the function f*(x, y, p, q) is convex in p, q. 
(ii) For constant p, q the function f*(x, y, p, g) is measurable in x, y. 


The first of these is an immediate consequence of the definition. To prove 
(ii), it is sufficient to prove that the set of x, y at which any given number c 
is not greater than f* is measurable; this set is clearly the projection in the 2, y 
plane of a set of x, y, De, Qe , 2x (K = 1, 2, 3) for which (9.5) holds and for which 
the expression (9.4) is greater than or equal to c; as the projection of a set 
measurable B, it is therefore itself” measurable (though not in general measur- 
able B). This completes the proof of (9.6) (ii). 

We shall still require one further lemma: 


(9.7) Given any finite measurable function h(x, y) greater than f*(x, y, p, 9); 
there exists a generalized surface with constant gradient p, q and with a Lipschitz 
constant not exceeding Ko , such that M(f) < h for almost all x, y of A. 


To prove this, we consider the Borel set of x, y, p., qe, a (k = 1, 2, 3) in 
space of eleven dimensions, for which (9.5) holds and for which the expression 
(9.4) is less than h(x, y). The projection of this set in the x, y plane contains 
every point of A, therefore” the set itself contains the graph of a system of nine 
functions p,, Qe , ax (k = 1, 2,3) of z, y measurable in A. Substituting these 
functions in (9.4), this expression becomes an average M(f) whose value is a 
measurable function of x, y less than h(x, y). 

We are now in a position to establish (9.3). For any p, g of magnitude not 
exceeding Ko, it is clear that f* is a finite function of x, y not exceeding f, pro- 
vided that we exclude if necessary a null set of z, y where f = — © (if this last 
set were not a null set, it would still have positive measure when p, q is replaced 
by the gradient of So). Moreover, by excluding « suitable null set, we may 
suppose f*, for the given constant p, g, to be measurable B in x, y. Choosing 
h(x, y) to be f*(x, y, p, g) + € in this set, and say f(z, y, p, g) + € in the comple- 
mentary null set, it clearly follows from (9.7) and (8.9) that for almost all 
«,y of A, 


fft+e2frt+ Z.(q — x,) — Z,(p — %,). 


From this inequality, making ¢ describe a sequence with limit 0 and making p, q 
describe all rational points of magnitude not exceeding Ky, we deduce that 
outside a fixed null set, the inequality 


f* = fo + Z(q — %,) — Zy(p — %,) 


holds for all such rational p, g. This same inequality, and a fortiori the in- 
equality (9.1), then holds for the same set of x, y and all p, q whose magnitude 
ster 

- Lusin [7], p. 144 & p. 152; ef. also Saks [8], p. 47-50. 

* By the argument of Young [11], p. 237, lemma (5.2) & p. 256, 257. 
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does not exceed Ko , since f* is continuous in 7, q on account of its finiteness and 
convexity. Finally, making Ko describe a sequence with the limit © or K, we 
see that (9.1) must still hold outside a null set of x, y for all relevant p, g, and 
this is what we asserted. The converse being a trivial consequence of (8.8), 
this completes the proof. 

Let us remark in conclusion that the converse part of these theorems can be 
strengthened: A surface Sp satisfying the condition (W, Z) with a Lipschitzian 
adjoint, provides a minimum in a wider class of surfaces than those originally 
admitted, namely for all surfaces whose track z in such that the integral 


/ | (Zz, — Zyz:) dx dy depends only on the boundary values of the variable 
A 


track z. 

It has been proved in the case of a rectangle A, and the proof extends easily 
enough to the case in which A is a convex region, that the integral in question, 
where Z is a given Lipschitzian function, has this property for any z absolutely 
continuous in the sense of Tonelli.” 


CaPETOWN, SouTH AFRICA. 
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THE GEOMETRY OF ISOTROPIC SURFACES 


By SHIING-SHEN CHERN 
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Introduction 


The geometry in a space in which there is given a family of varieties has 
been the object of extensive researches. The geometry of paths’ corresponds 
to the case of a (2n — 2)-parameter family of curves in an n-dimensional space, 
defined by a system of differential equations of the second order of a certain 
type. It may be regarded as a natural generalization of projective geometry, 
since Cartan has proved that of all the projective connections having the same 
geodesics there exists one, and only one, which is characterized by intrinsic 
properties and which he called normal.” Recently, M. Hachtroudi’ proved 
that in a three-dimensional space with a three-parameter family of surfaces 
there can be defined, in an intrinsic way, one and only one projective con- 
nection with the contact elements as the elements of the space. It is the aim 
of the present paper to study the geometry of a space in which there is given 
a two-parameter family of surfaces. Our main results may be summarized 
in the following two theorems: 

THEOREM 1. Suppose there be given in a three-dimensional space a two-param- 4 
eter family of surfaces {2} such that the tangent planes at a point of the surfaces 
of the family through the point do not pass through a fixed direction. Then there 
can be defined in the space one and only one four-dimensional Weyl geometry, which 
has the contact elements of the surfaces as its ‘““points’”’ and possesses certain intrin- Ne 
sic properties. 

THEOREM 2. There exists a point transformation carrying one family of surfaces 
{2} into another {5} when and only when the two four-dimensional Weyl geom- 
etries are equivalent. 

The paper is divided into four sections. In §1 we give the definition of a 
Weyl space of elements* and of some of its fundamental notions. The deter- 
mination of the Weyl space from the family of surfaces is then given in §2. 
In §3 we show that the so-defined Weyl geometry naturally leads to a solution 
of the problem of equivalence, i.e., the problem of deciding when two such 
families are equivalent under point transformations. The important particular 





‘Cf., for instance, O. Veblen and T. Y. Thomas, The geometry of paths, Trans. Amer. 
Math. Soe., vol. 25 (1923), pp. 551-608. 

* E. Cartan, Sur les variétés @ connexion projective, Bull. de la Soc. Math. de France, t. 52 
(1924), pp. 205-241. 

*M. Hachtroudi, Les espaces d’éléments & connexion projective normale, Actualités Sci- 
entifiques et Industrielles, no. 565, Paris, 1937. 

‘Cf. E. Cartan, La méthode du repere mobile, la théorie des groupes continus, et les espaces 
genéralisés, Actualités Scientifiques et Industrielles, Paris, 1935. 
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case by which the Weyl space reduces to a three-dimensional point space js 
discussed in §4. 
The extension of these results to a space of n-dimensions will be treated jn 
a subsequent paper. 
1. Weyl Space of Elements 


Consider a three-dimensional space S with the coordinates x, y, z. To each 
point M of the space we attach three vectors J; , Iz, I; , such that their scalar 


products satisfy the conditions 
a) (Is; = —I; ¥ 0, 
In = - = TI. = Tol = 0. 


The totality of the point M and the vectors J, , Iz, I3 through M satisfying 
(1) will be called a frame. We say that the space is a Weyl space or that a 
Wey! connection is defined in the space, if a law of infinitesimal displacement 
of the following form is given: 


dM = wil; + wols + asl, 

dl, = wnly + wvle + wrsls, 
dIz = wali + wale + wosls , 
\dIs = wali + wzels + wal , 





where the w’s are Pfaffian forms in z, y, z. On differentiating (1) and making 
use of the above equations, we find 


wiz = 0, w31 = 0, wu + w33 — 2w2 = 0, 
wie — wes = 0, wo — ws = 0. 
Hence it turns out to be more convenient to put 
T= wn, ™ = wn, T2 = wo, 73 = Wa, 

and to write the equations of infinitestimal displacement in the form: 

et = wily + wells + wsls, 

dl, = mh + 7h, 

dI, = msl, + ml. + 713, 

\dIs = 13] + (—m + 272) . 


To serve our later purpose we shall generalize the notion of a Wey! space to 
that of a Weyl space of elements, by which we shall mean the following: We at 
tach to each point of the space a one-parameter family of contact elements with 


(2) 


—_. fh, del waite 
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ce ig the point as origin. A contact element is then defined by four coordinates 
r, y, 2, t, Where x, y, z are the coordinates of the point and ¢ fixes the plane. 
By attaching a frame to each contact element and supposing the w; , w, ws , 
7,7, ™, 73 in (2) to be Pfaffian forms in 2, y, z, t, we shall get a Wey] space of / 
elements. To define a Weyl space of elements it is thus necessary to give the ; 
one-parameter family of contact elements through each point and the seven 
each Pfaffian forms in (2). 
calar It will be advantageous to interpret the four-parameter family of contact 
elements to be the ‘‘points” of a four-dimensional auxiliary space S’. Given 
a curve in S’ defined by the equations 


ed in 


(3) ze=2x(r), y=yA), 2z2=2A), t= er), 


fying we can express the Pfaffian forms in (2) as Pfaffian forms in}. Then equations al 

hat a (2) become a system of ordinary differential equations. By a well-known i 

ment theorem in the theory of differential equations, we see that when the initial 
frame M777 corresponding to an initial value ) = is given, the 4 
family of frames MJ,J2J3 satisfying (2) is uniquely determined (with respect to ) " 
MOTOTL TS). In this case, we say that the family of frames is developed, GRE: 
along the curve (3), in the Euclidean space defined by the frame MI}"I3"1;°. Witz os H 
If we join a point Pp» of S’ to a point P of S’ by two different curves and develop, 
in the Euclidean space of the frame attached to Py , the two families of frames 
along these two curves, the frames obtained corresponding to the frame at P : 

will in general be different. heh | 

king Instead of studying the development of the frame at P on the frame at Po a ae net 
along two different curves, we shall consider an infinitesimal parallelogram 
with Pp as a vertex and with two directions d and 6 through P) as its two sides. 
Such a parallelogram is called a cycle. If we develop the family of frames first 
along the side d and then along 6 or vice versa, the frames obtained will be 
different, so that there exists an infinitesimal transformation carrying one frame 
to the other. This infinitesimal transformation is called the infinitesimal 
transformation associated to the cycle. By a classical method,’ it is easy to show 
that the infinitesimal transformation associated to a cycle formed by the direc- 
tions d and 6 is given by equations of the form 


VM = diM — 8dM = QU, + Mele + 5/3 , 

} Vi, = dil, — ddl, = 1 + Th, 

VI2 = déIg — bdIz = Ts, + Uel2 + T13, 

| VIs = dsl; — ddI; = Isl, + (—T + 212)J3 , 


(4) 








se tO 


e at- *Cf., for example, E. Cartan, Lecons sur la géométrie des espaces de Riemann, Paris, 
with 1928, Chap. VII. 
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where, with the notations of Cartan’s exterior calculus,° we have 
(2 =o, + [iwi] + [ago], 
% = ws + [ror] + [a2we] + [asws], 


Q; = ws + [ rw] sigs [mr1ws] + 2[7r2ws], 


(5) T = 7 — [mr] + [mez], 
I = 1 + [r37], 
II, = ao ’ 





IIs = ws + [rims] — [moms], 


so that T, 2;, I; (¢ = 1, 2, 3) are exterior quadratic differential forms in z, y, 
z, ¢. 

Suppose the frame attached to each contact element be so chosen that M 
coincides with the point of the element and J, , Jz belong to the plane of the 
element. Then the contact element will be fixed, if and only if 


It follows that w; , we, w3, 7 are linear combinations of dx, dy, dz, dt and are 
themselves linearly independent. We can therefore put 


( 


3 
Q; = Pislwe ws] + P x{ws w1] + Pil we] + »» Qixlwe 7], i= 1, 2, 3, 


3 
(6) 4 = Ralwews] + Rielws or] + Rislwi we] + »» Sixlwx 7], t= 1, 2,3, 





T = Pylw2ws3] + Peolwsai] + Pslwrw2] + p> Qi{w: 7]. 


The 42 coefficients in (6) are the components of the “tensor of curvature and 
torsion” of the space. 

The Weyl] space of elements as defined above may be studied from two dif- 
ferent points of view. We may either regard the space as a genuine four- 
dimensional space (x, y, 2, t) and study its properties invariant under the group 
(or, more precisely, the pseudo-group) of transformations 


(7) x = E(x, Y; zy t), y ad G(x, Y; z, t), Zz — A(x, Y; 2; t), t - i(a, Y; 2, t), 
or we may study the properties invariant under the group of transformations 


(8) £=4(2,4,2), G=G(2,y,2), 2=22,y,2, t= iz y,49. 





6 An introduction to the notions of exterior multiplication and exterior differentiation 
is given in: E. Cartan, Lecons sur les invariants intégrauz, Paris, 1922. 
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For our purpose we shall restrict ourselves to the latter point of view and shall 
call a property intrinsic, if it is invariant under transformations of the form 
(8). In particular, it follows that the concept of a point in S is an intrinsic 
property. 


2. The Two-Parameter Family of Surfaces and Its Intrinsic Weyl Geometry 


Suppose there be given in the space S a family {2} of surfaces depending on 
two parameters. We shall study the properties of {=}, which are not affected 
by an arbitrary transformation of coordinates 


9=9(%,y,2), 2= XAz,y,2), 


To make this study it will be convenient to introduce the four-dimensional 
auxiliary space S’ formed by the contact elements of the surfaces of the family 

>}. By the use of a parameter ¢ the contact elements of {2} having the same 
origin (x, y, 2) can be defined by an equation of the form 


(10) 6 = A(z, y, z, dx + B(x, y, z, thdy + C(a, y, 2, dz = 0, 


(9) z= #(z, Y, 2), 


where A, B, C are not all zero. The parameter ¢ serves to distinguish the con- 
tact elements through the point and is arbtrary to the degree that it may be 
submitted to a transformation of the form 


(11) t = i(z, y, 2, 0). 


In the auxiliary space S’ of our contact elements with the coordinates z, y, 
z, t, each surface 2 of the family is represented by a two-dimensional variety. 
All these two-dimensional variaties fill up the space S’ in the sense that through 
every point (in a certain neighborhood) of S’ there passes one, and only one, 
such variety. The family {2} of surfaces can therefore be defined by a com- 
pletely integrable Pfaffian system of the form 


(12) 6= 0, 6, = A,dx + Bidy + Cidz + Edt = 0, E #0, 


in the four variables xz, y, z, t. The complete integrability of the system is 
expressed by the fact that the exterior derivatives 6’, 0; are congruent to zero, 
mod. 6, 0, . 

By this representation of the family {=} of surfaces in S as a family of surfaces 
in 8’ the properties of the original family unaffected by transformations of the 
form (9) are represented by properties of the corresponding family in S’, which 
remain unaltered under the transformations (9), (11), and conversely. But 
these are exactly the intrinsic properties in S’ in the sense defined in §1. 

Suppose, without loss of generality, that C ~ 0, so that we may simplify the 
system (12) to the form 


6 = dz — pdx — qdy = 0, 
\0, = dt — rdx — sdy = 0, 


(13) 
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where p, q, 7, 8 are functions of x, y, z, t. We introduce the notation 


d 0 0 0 

Bata ae 

sales d 0 0 te) 
+4— +4 


dy ay dz at’ 
With this notation we have, for any function F in the variables z, y, z, t, the 
formula 


dF dF oF oF 
and the integrability conditions of the system (13) can be written in the following 


simple form: 


dp _ dq _ dr _ ds _ 
(16) dy dx’ dy dz 
We now proceed to prove that when a two-parameter family of surfaces (13) 
is given in S such that 


(17) P= pgqu — Upu ~ 9, 


there can be defined, in an intrinsic way, 2 Weyl geometry of elements in S. 
As it is easy to see, the vanishing of P signifies that the contact elements through 
a point of S pass through a fixed direction. 

To each contact element formed by the point (zx, y, z) and the plane 6 = 0 
we attach a frame MI,I.I3; adapted to it by supposing the following conditions 
to be satisfied: 

a) M coincides with the point (2, y, z). 

b) J, is along the line of intersection of the plane and a neighboring plane 
through M, i.e., the line defined by the equations 


(18) 6 = 0, pdx + qdy = 0. 


We shall call this line the characteristic of the element. 

c) J, lies on the plane 6 = 0. 
If MJ,J2I; is such a frame, the most general frame M*I ried, “ satisfying the 
same conditions is given by 


Mt=M, hhe=uli, I= wl? + = Ii, 

(19) 
1 w 
2 w 
where u, v, w are parameters, with uw ¥ 0. 

We now suppose our Weyl geometry to have the following two intrinsic 
properties: 

1) Points are developed into points, i.e., the contact elements having the 
same origin are developed into the contact elements having the same origin. 

2) The contact elements belonging to a fixed surface of the family are de- 
veloped into contact elements having the same plane. 


2 
| = tol + # 








the 


ing 


13) 


ugh 


ms 


ne 


sic 


he 
in. 
le- 


GEOMETRY OF ISOTROPIC SURFACES 551 


Let us express the conditions for these two properties analytically and see 
how far the Weyl geometry is thus defined. When the point M is fixed in 
space, we have 

dx = dy = dz = 0. 
Hence condition 1 is expressed by the relation 
dM = 0 (mod dz, dy, dz), 


i.e., @) , @2, w3 are linear combinations of dx, dy, 6. Similarly, condition 2 is 
expressed by the fact that ws , 7 are linear combinations of @ and @,. It follows 
in particular that ws is a multiple of 6. On the other hand, the condition b 
for the choice of the frame means that w: is a linear combination of @ and 
pdx + qrdy. 

With a definite system of coordinates x, y, z, t we may make use of the param- 
eters u, v, w in (19) to simplify the expressions for w;, w.,w3;. It is easy to 
verify that we may choose the frame attached to each contact element such 
that we have 


we = —(pidx + qidy) + 70, 


ws = 8, 


(20) 


where 7 remains undetermined. The most general change of frame leaving the 
conditions a, b, ¢c and the form of the equations (20) unaltered is given by 


Q) h=f, h=f+0N, Lh=h+l +l, 
v being a parameter. 

In order to impose further conditions on the Weyl space, we are led to con- 
sider two particular kinds of cycles. The first kind is one whose directions 


d and 6 displace the point of the contact element in the same direction and is 
analytically characterized by the conditions 


wi(d) _ w2(d) _ «s(d) 
w1(5) (6) wa)’ 





or by 
(22) [wre] = [wows] = [wsu] = 0. 


The second may be described as one displacing the surface of the contact ele- 
ment in the same direction and will be defined by 


ws(d) _ 7(d) 
w3(5) 7 (8)’” 





or by 
(23) [wsr] = 0. 


The property of a cycle to be either one of the two kinds is intrinsic. 

We now suppose our Wey] space to possess the following three further prop- 
erties: 

3) The infinitesimal transformation associated to every cycle displaces the 
point M in the direction of J, . 
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4) The infinitesimal transformation associated to every cycle whose directions 
d and 6 displace the surface of the contact element in the same direction leaves 
the point M invariant. 

5) The infinitesimal transformation associated to every cycle whose direc- 
tions d and 6 displace the point of the contact element in the same direction 
leaves the plane MJ,J2. invariant. 

We shall prove that the conditions 1 to 5 completely define the Wey] space. 

To prove this, it is sufficient to determine the seven Pfaffian forms in (2), 
In the meantime we can still normalize the frame (with respect to the coordinates 
x, y, 2, t) by making use of the transformation (21). Before doing this, we 
remark that the property 3 is expressed analytically by the fact that VM is 
equal to a multiple of J; , i.e., by the equations 


ws + [ron] + [x22] + [sus] = 0, 
w3 + [rw] — [aw] + 2[r2ws3] = 0. 


When these relations are satisfied, the property 4 is characterized by the condi- 
tion that 2; =0 when (23) holds, i.e., by 


(25) wr + [moi] + [302] + al[7w3] = 0, 


where a remains undetermined. Similarly, the property 5 is given by an 
equation of the form 


(26) 7’ — [mr] + [rer] — blwiws] — clwows] = 0. 
From the second equation of (24) we find, by making use of (20), 
[(r + 0:)(pedx + qdy)] =0, mod @. 


Since 7 is a linear combination of 6 and @, , it follows that 7 is of the form 
(27) T= —0, + $08, 
where ¢ is undetermined. We calculate next the first equation of (24), mod 
w., w3;. We find then 
(or + pudx + gqudy)A| = 0, Mod we , w3 . 
But ; is a linear combination of dz, dy, @ only, so that it must be of the form 
w. = —(pudx + qudy) + o(piddx + qidy) + £8. 


By applying the change of frame (21), we find that is then changed into 
w, + vw. + 4v°9@. We may therefore assume the frame so chosen that 


(28) wo = —(pudx + qudy) + £0. 


When w:, we, ws are of the forms given by (20), (28), the frame attached to 
each contact element is uniquely determined. 

It now remains to determine the functions £, 7, ¢ and the Pfaffian forms 
7, ™2, 73 from the conditions (24), (25), (26) and to show that they are thus 
completely determined. For this purpose we have to calculate the exterior 
derivatives of w, w:, w:, 7. We remark that the calculation of every such 


(24) 
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(29) 


exterior derivative is equivalent to the calculation of the exterior derivative 
of a Pfaffian form of the form 
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w = 16 — mdx — ndy, 


where J, m, n are functions of x, y, z, t. We find, by making use of (20), (27), 


(28), 


am) +i-( 


+ (—m, du + Pu) + \(—p, qu + Q po} [we ws] 





pa = -(* 


dl 
+ (a- 


dm ad 


" dl dl 
dy d an) e+ (- Me Que + Ut Pi — r+ (- Sau + o pw) 


d d 
7 =) [1 wo] + (2 = - 2) n+ (me Ge — Updt 


dy d. 


dl 
rd ps) + (m.ge — Nz Pt) + Uprge — 4 p} [wr ws] 


+ (nm Pt — mq) [wr 7] + (iP + Mi Qt — Nt Pit) [we T] 
+ {(mige i Ni pié + (—m: qu + 1: Pu — LP) n+ L, P} {ws 7]. 


On substituting into (24), (25), (26), for w; , w: , w; , 7 their expressions in terms 
of the exterior products of w; , w2, w3, 7, we shall get relations of the form 


( —[mw:] — [agwe] = Arlwrwe] + Az[wiws] + As[wows] + Aa[wit7] + As[wer], 


(31) 





( [7] — 


—[mow2] — [msws] = palwiwe] + pelwiws] + us[wews] + walwoT] + uslwsr], 
[m1w3] — 2[rrews] = vilwiws] + ve[wows] + vs[wsr], 


[x27] = pilwit ] + pelwet}] + pslwsz], 


where we have, in particular, 


| 
| 
| 
| 
| 
| 
| 
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(32) Jue = (2 
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d 
- #), Ma = 0, w= —t—n +m, 


— Hp) 42 (P H+ ra - am) —f 
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1 
+ P (- Pt Qtz + Qt Piz), 
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G2 Dt); n= 5 (—p.qu + qepu) — &, v3 = — 7, 
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In order that the system of equations (31) have a set of solutions for x; , 7, T 
it is necessary and sufficient that the following relations hold: 


ps = ee eee Me + v3 — 24 = 0, 


(33) 
{As — ws = 0, M1 — 1 +p = 0. 


The set of solutions is then given by 

(m1 = (—r1 + Qprlar + (—v2 + or)we + rows + (—v3 + Qys)z, 
(34) in = (—m + pi)or + (—v2 + polos + (A2 — ps)ws + mar, 

(as = —pawr + (Xe — Hs — ps)irr + Asws + usr, 


and is uniquely determined. Of the relations (33) the last one is identically 
satisfied, while the other three equations determine é, 7, ¢. The Weyl con- 
nection is thus completely determined. 

On summing up our results, we get the theorem: 

Suppose that there is given in the space (x, y, 2) a two-parameter family of sur- 
faces such that the tangent planes to the surfaces through a point do not pass through 
a fixed direction. Then there can be defined in the space, in an intrinsic way, 
one and only one Weyl connection of elements having the following properties: 

1. Points are developed into points. 

2. Surfaces of the family are developed into planes. 

3. The infinitesimal transformation associated to every cycle displaces the 
point of the element in the direction of the characteristic of the element. 

4. The infinitesimal transformation associated to every cycle by which the direc- 
tions d and 6 displace the surface of the element in the same “‘direction” leaves 
the element invariant. 

5. The infinitesimal transformation associated to every cycle by which the direc- 
tions d and 6 displace the origin of the element in the same direction leaves the plane 
of the element invariant. 


3. The Problem of Equivalence 


In the study of the geometry of a two-parameter family of surfaces in space 
under the group of transformations (9) the fundamental problem is the follow- 
ing: Given a two-parameter family {=} of surfaces in S and another such family 
{=} in a space S with the coordinates %, 7, 7. When are they equivalent, i.e., 
when can the one be carried into the other by a transformation (9)? We shall 
show in this section that the solution of this problem follows as a consequence 
of the theorem of the last section, e.g., the possibility of defining anintrinsic 
Weyl connection in the space. 

Before discussing this so-called ‘problem of equivalence,’’ we shall give some 
further properties of the Weyl geometry defined in the last section. Our choice 
of the frames in §2 adapted to each contact element made use of the coordinates 
of the space. If we suppose only that the point M of the frame MJ,I2I; coin- 





The 


con 


(37) 


Fro. 
cont 
tion 


Sim: 


fron 








_ \w — ~ 





GEOMETRY OF ISOTROPIC SURFACES 555 


cides with the point of the contact element and that the plane MJ,J, with the 
plane of the element, the frame-attached to each contact element will depend 
on three parameters and the relation between two frames attached to the same 
element will be given by (19). By taking the parameters u, v, w in (19) as 
independent variables, we get a family of frames depending on the seven 
parameters xz, y, 2, t, u, v, w. Then the seven Pfaffian forms w , w:, ws, 7, 
™, ™, 73 are linearly independent and it is easy to verify that they satisfy 
the system of equations (5), (6), which are called the equations of structure of the 


Weyl space. For this general family of frames the conditions 
(35) Q; = alws7], % = Qs = 0, T = blwiws] + clos] 


are still satisfied, because they have an intrinsic geometric meaning. 

On account of these forms of the expressions for Q; , 22 , 2; , T the expressions 
for Tl, , Tz, Tl3 can be simplified. In fact, by applying to the first four equa- 
tions of (5) the theorem that the exterior derivative of the exterior derivative 
of a Pfaffian form is zero (the so-called ‘‘Poincaré’s Theorem’’) and noticing 
that the resulting equations are identically satisfied if the expressions in (6) are 
zero, we get 


Q; = [Tha] + [Tsw2] — [2:1] — [2275], 

12 = [Tor] + [Howe] + [Hsws] — [217] — [222] — [Ooms], 
123 = [Two] — [Thws] + 2[Tows] — [M7] + [23m] — 2[Qsm2], 
(T’ = [Tx] — [Tre] — [Mir] + [Dez]. 


These are some of the “Bianchi Identities’’ of the Weyl space. When the 
conditions (35) are satisfied, these equations can be simplified to the form 


(Ther) + [I3w2] — [(da + 3am, — 3am2)w37] = 0, 

| [awe] + [IIsws] + clwrwews] = 0, 

| {tteea] — Btieeedl + Blamed. = 0, 

(Uhz] — [Het] — bferwer] + [(bor + co2)’ws] + [(bor + coe) mows] = 0. 


(36) 


(o/ 


From the third equation we see that every term of Il, — 21: + b{wiw2] must 
contain w;. On the other hand, we get, by multiplying the fourth equa- 
tion by w; , 


[(Il, — Ile — bwywe) ws] = 0. 
Similarly, the second and the third equations give respectively 
[TI2wows] = 0, [(Ily — 212)wows] = 0, 
from which it follows that 
(th — M2 — buwe)wows] = 0. 
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Again, by multiplying the right-hand sides of the first equation by w3, the 
second by aw, the third by —«, , and adding, we get 


[(1I, — Tle — bwiw2)wiws3] = 0. 


It follows from the three equations that every term of Tl, — Iz — b{ww2] must 
contain w;. We can therefore put 


[th = 3b[wiw2] + elwiws] + flwews] + glwsr], 

[Il2 = 2b[wiw2] + hlwiws] + a[w2ws] + jlws7]. 
From (37) it then follows that II; is of the form 

(39) Ils = (h — €)[wrwe] + flows] + jlwet] + klwows] + U[ws7]. 


Consequently, for our Weyl space, the seven Pfaffian forms w, w,, w;, 71, 
™, ™2, 73 Satisfy the equations of structure (5), with Q; , ® , Q;, T, 1, , Ib, Is 
given by (35), (38), (39). In these equations there are introduced 11 quantities 
a, b,c, e, f, 9, h, 7, j, k, l, which are functions of x, y, z, t, wu, v, w and which consti- 
tute the tensor of curvature and torsion of the space. 

When two such Weyl] spaces of elements are given, with the coordinates 
(x, y, 2, t) and (, g, 2, t), we say that they are equivalent, if to every family of 
frames of the one (with one frame attached to each contact element), there is a 
corresponding family of frames of the other, such that a transformation of the 
form (7) exists, which satisfies the relations 


(38) 


(40) a= wi, 7 = 1, 7 = 3, 4 = 1,2,3. 
If we attach to each contact element (x, y, z, t) the most general family of 
frames depending on three parameters u, v, w and to (2, g, 2, t) the family of 
frames with the parameters @, 0, @, it is evident that the two Weyl spaces are 
equivalent, when and only when there exists a transformation of the form 


(41) | ie E(x, Y, 2, t, U, v, w), We 'P i. i= i(x, Y, 2, t, U, v, w), 
\u = U2, y, z, t, u,v, Ww), ---, DO = Wa, y, 2, t, u,v, w), 


satisfying the relations (40). 

With these preparations we now establish the theorem: 

There exists a point transformation of the form (9) carrying one family of sur- 
faces {2} into another {2} when and only when the two corresponding Weyl spaces 
of elements are equivalent. 

The proof of this theorem is immediate. In fact, when the two families of 
surfaces are equivalent, the corresponding Weyl spaces are equivalent, since 
our definition of the Weyl space is intrinsic. Conversely, when the Wey! spaces 
are equivalent, the transformation (41) will realize the equality of the sets of 
Pfaffian forms in (40). From the first three equations in (40), we see that in 
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the transformation (41) the coordinates Z, 7, 2 are functions of x, y, z alone, so 
that the transformation in question is a point transformation. From 


@3 = W3, T= T 


we conclude that the transformation carries {=} to {3}. Hence the theorem 
is proved. 

Analytically this result may be formulated as follows: To solve the problem 
of equivalence for a two-parameter family of surfaces (whose tangent planes at a 
point do not pass through a fixed direction) in a three-dimensional space (x, y, 2), 
we introduce four auxiliary variables t, u, v, w and seven linearly independent 
Pfaffian forms w;, 7, mi (t = 1, 2, 3) in the coordinates and in these variables. 
All these Pfaffian forms are invariant in the sense that the two families of surfaces 
{3} and {Z} are equivalent, when and only when there exists a transformation of 
the form (41) satisfying (40). 

Since the process of exterior differentiation is invariant under the point trans- 
formations (41), it follows that the 11 quantities a, --- ,/ in (35), (38), (39) 
are invariants. We shall call them the fundamental invariants of the family {2}. 
From a given invariant F the equation 


(42) dF = Fy, + Few, + Faw3 + For + Fim: + Fore + Forms 


defines the new invariants F,, F., F;, Fo, Fi, F2, F3, called the covariant 
derivatives of F. According to a theorem of E. Cartan,’ the complete set of 
invariants of the family of surfaces consists of the fundamental invariants and their 
successive covariant derivatives. This is to be understood as follows: By elimi- 
nating the independent variables x, y, z, t, u, v, w, we may set up relations of 
the form 


(43) ®(F,,---, Fn) = 0 


between the invariants F; , --- , F of our complete set. Then the two families 
of surfaces {2} and {=} are equivalent if and only if the relations (43) and 


®(F,,--- , Pm) = 0 


hold at the same time for F,,---,Fm and for the corresponding invariants 
Fi, +--+, Fm of {3}. Moreover, it is also well-known that the equivalence of 
{=} and {=} can be decided by only a finite number of such relations (43). 


4. The Weyl Space of Points 


An important particular case of our geometry is the case by which the in- 
finitesimal transformation associated to every cycle depends only on the dis- 
placements of the origins of the contact elements. The space of elements is 


a 


: 7E. Cartan, Les sousgroupes des groupes continus de transformations, Annales de |’Ecole 
Normale Supérieure, série 3, t. 25 (1908), pp. 57-194. 
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then identical with the three-dimensional point space (x, y, z) with a Wey] 
connection. The conditions for this are, from (35), (38), (39), 


a=g=j=/l=0. 


These conditions are, however, not independent. In fact, when a = 0, the 
first equation of (37) will give 


g=l=0. 
It follows that the conditions 


are the necessary and sufficient conditions for the Weyl space to be a Weyl space 
of points. 

We may give a geometrical interpretation to the condition a = 0. In fact, 
it signifies that the tangent planes to the surfaces of the family through a fixed point 
in space envelop a cone of the second order. To prove this, let 6 be an operation 
under which the point remains fixed, so that 


w1(6) = we(6) = w3() = 0. 


Since ¢ is now the only variable, we may determine the auxiliary variables 
u, v, w as functions of ¢ such that the conditions 


mi(5) = m2(5) = 23(5) = 0 


are also satisfied. We put 7(6) = e, and we can assume, by changing the 
parameter ¢ when necessary, that de = 0. 

If 6 is an operation so chosen and d is an operation by which all the variables 
vary, we get, from (5) and (35), 


(Se, = —dew3, 
(45) te = ~—Ca, 
| Sis = —€2. 


From (45) we get 

Sw; = ean , 

dw; = —ae'ws > 

ae‘w. + (-++)ws, 

| 5'as —ae'w + (+++)w2 + (+++)as. 


If we define the “plane coordinates” 1; , lz , 13 of a plane through the point by the 
relation 


(47) byw + Loewe + Isa3 a 0, 


(46) 


4 
6 w3 
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we shall get, when the coordinates 1; , l: , ls of the tangent plane of the family 
are expanded in powers of e, 


l, = he? — ghyae® + ---, 
(48) b= —e + gyae'+ ---, 

ls = 1 — dae’ + ---. 
From (48) it follows that 


(49) i — Qhls = pyae’ + ---. 
Hence the cone | 

(50) i — 2hls = 0 
is the osculating quadric cone of the cone enveloped by the tangent planes of i 


the family {2} and the condition a = 0 is a necessary and sufficient condition 
that these tangent planes themselves envelop a quadric cone. 

Added October 10, 1941. 'The author has succeeded in extending the results 
of this paper to a space of n(= 3) dimensions. The following theorem has been 
established: Given in a space of n dimensions a family of hypersurfaces depending 
on n — 1 parameters such that the tangent hyperplanes at a point to the hyper- é 
surfaces of the family through the point envelop a hypercone of n — 1 dimensions. Lit i 
Then it is possible to define in the space, in an intrinsic way, a Weyl geometry. fw 


gpa 


The elements of this Weyl space are in general more complicated for n => 4 } . i 
than for n = 3. The problem of equivalence is solved as a consequence of a 
this result. at gc Oe |, 
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IDEMPOTENT MARKOFF CHAINS (III) 
TE 
By Davin BLACKWELL may 
(Received March 6, 1942) 
(a) 
I. Introduction 6) 
Let & be any Borel field of subsets of an abstract space X, and suppose that : 
for each x e X a probability measure’ P(x, EZ) is defined on & and that P(x, E) (c) 
is for fixed E a &-measurable function of x. Then P(x, E) may be considered 
as representing the transition probability of going from the point z into the set Ir 
E in a single trial, and it is said to determine a Markoff chain on X. The prob- cha 
ability of going from zx into E in n trials, denoted by P,(x, E), is given induc- idem 
tively by gous 
sim] 
(1) P,(x, B) = [ Py, E) dP.a(s, y): com 
| In this paper we shall consider Markoff chains for which P,,(x, E) is independent 
of n. It is clear from (1) that this will occur whenever P2(x, Z) = P(x, E), Ir 
so that we shall be studying Markoff chains which satisfy A se 
: inva 
wh (2) P(x, E) = | Ply, E) aPC, »). 
’ ‘ Such a Markoff chain will be called idempotent, and the justification for this The 
its is apparent. @) 
Besides having some independent interest, idempotent Markoff chains are : 
useful as tools in the study of general Markoff chains. For example if there is sl 
a subsequence N, —> © such that for all x and E a 
2 SP,(x, B) > Qe, B) je 
N, n=1 , : ; P(x 
where Q(x, EF) is for each x a probability measure, then the Markoff chain deter- we 
mined by Q(z, E) is idempotent, and the properties of Q(x, E) are closely related se 
to those of P(x, E) (ef. Doob (II) and Yosida and Kakutani (III)). I 
Suppose that X contains only a finite number of points, denoted by the the 
numbers 1, --- , n, and suppose that & consists of all subsets of X. Then jun 
P(x, E) may be represented by a Markoff matrix P = || p;;||, ie. a square 
matrix with non-negative elements and row sums equal to unity, where pi; 
denotes the probability of going from 7 to 7 in a single trial. For this case (2) 
is the statement that the matrix P isidempotent. Idempotent Markoff matrices Th 
CXC 


1A probability measure is a non-negative completely additive set function having the 
value unity for the space. 

? We shall use the notation dP,(z, y) to denote integration of y with respect to the meas- 
ure P,(2z, E). 
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have been completely characterized by Doob (II) and by Yosida and Kakutani 
({I1), and the result is essentially summarized in the following theorem: 

TazorEM 1: If P = || pi; || is an tdempotent Markoff matrix, the subscripts 
may be divided into groups F, Ai, +++ , Ax such that 


(a) Pi = Di > 0 for t,j€At 


(b) LD m=1 


je Ay 


that 

- e (c) pi =O for jeF. 

erec 

, a In section II we shall prove some general theorems about idempotent Markoff 

og chains. In sections III and IV we shall apply these results to two classes of 

lue- idempotent Markoff chains and show that in each case a decomposition analo- \ 
gous to that described by Theorem 1 obtains. Finally in section V we give a 4 
simple example of an idempotent Markoff chain which admits no such de- 4 
composition. 

II. Definitions and general theorems H 


ent ’ 
E) In this section we shall restrict attention to idempotent Markoff chains 


; Aset N ¢ B is called a null set if P(x, N) = Ofor all z. A set J €& is called 
invariant if there is a null set N such that 


P(x, I) =1 forallaeI —N. 


his The equation | i! 


” @) [ Pw, CB) PG, ») = 0 forall x 
is clearly a necessary and sufficient condition for the invariance of E. Following 
Doeblin (I), we shall call an invariant set indecomposable if it does not contain 
two disjoint non-null invariant subsets. A set E is called strictly invariant if 
P(t, Z) = 1forallaeE. It is clear that any strictly invariant set is invariant 
and that if E is invariant there is a null set N such that E — N is strictly in- 
r variant. We shall need the following fact about the reduction of multiple 
integrals: 

Lemma 1: Let B(B’) be a Borel field of subsets of a space Z(Y), and suppose 
that P(y, E) is for each ye Y a measure on & and for fixed E a &’-measurable 
function of y. Let m be any measure on &’, and define 


M(E) = [ Pa, E) dm. 





Then any M-integrable function f(z) is integrable with respect to P(y, E) for all y 
except a set of m-measure zero, and 


. / f@) dM = / { | f(z) dP(y, a} dm. 
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Proor: The verification of the lemma is immediate when f(z) is the char- 
acteristic function of a set of finite //-measure, and the general result follows by 
approximation. 

TuroreM 2: If S, E are any sets, then for all x 


(4) Al, P(z, E) dPty, 2) bP y) = . 1) P(z, E) dPty, 2) dP y). 


This theorem states that, starting from any point x, the probability of going 
first into S, then into CS, and finally into E is the same as the probability of 
going first into C'S, then into S, and finally into E, This is not of course true 
for general Markoff chains, and in fact it may be shown that if it is true for 
every S in the special case E = X, then the Markoff chain is idempotent. The 
idea of the proof to be given below and of the results which follow will become 
clear at once if the integrals are interpreted as representing probabilities of 
events. 

Proor: For all z, 


| { | P(z, E) dPty, 2)} aPC, y) + / { | P(z, E) dPty, a} dP(x, y) 
(5) 4s \Yoes cs \4 cs 
= | { / F(z)P(z, E) dPty, 2)} aPC y); 


where F(z) is the characteristic function of CS. Also 


(6) ° es Yes 
fh Lal P(z, H) dPly, 2) SAP y) = [ ree, E) dP(z, y). 


By Lemma 1, with f(z) = F(z)P(z, £), the right members of (5) and (6) are 
equal. Hence their left members are equal, and (4) follows at once. 
THEOREM 3: The class J of invariant sets is a Borel field. 
Proor: It is clear that a denumerable sum of invariant sets is invariant; 
we need show only that the complement of an invariant set is also invariant. 
Taking E = X in Theorem 2, (4) becomes 


(7) I P(y, CS) dP(a, y) = [ x P(y, 8) dP(x, y). 


If S is invariant, it follows immediately from this equation and condition (3) 
that CS is also invariant. 
THEOREM 4: The function P(x, E) is for fixed E an J-measurable function. 
Proor: We must show that the set 


S = {x for which P(x, E) < k} 


js inva 
(8) 
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is invariant for any k. Wemay assume k > 0. Now 
8) [ x { [ P(e, E) dPty, a} aP(z,y) Sk [. Ply, S) dP(a, y), 
and the equality sign holds only if both sides vanish. Also 
(9) [f. P(z, E) dPly, a} dP(x,y) =k [ P(y, CS) dP(z, y). 


By Theorem 2 the left members of (8) and (9) are equal, and (7) implies that 
their right members are equal. Hence equality holds in (8) for all x. Conse- 
quently the right side of (8) vanishes for all z and, since k > 0, this is precisely 
condition (3) for invariance of CS. 

The principal result of this section is contained in the following theorem 
which shows that the strictly invariant indecomposable sets are the analogues i 
of the sets A, of Theorem 1. 

TotoreM 5: If S is strictly invariant and indecomposable, then P(x, E) is 
independent of x for all ze S. ‘. 

Proor: For all ze S we have J if 


(0) P(z, E) = [ P(y, E) dP(2, y). 


Let ye S. The sets 
S-{P(z, EB) = P(y, E)} and S-{P(x, FE) S Ply, E)} \ 


are by Theorem 4 invariant, and it is clear from (10) with z = yo that, neither 
can be a null set. Since S is indecomposable, their complements in S, the;sets 


S-{P(a, E) < P(y, E)} and S-{P(«, E) > P(y, E)} 


must be null sets. Then P(x, EZ) = P(yo, E) for all eS except a null set, 
and (10) then implies that 


P(x, E) = P(yw,F) forallzeS. 


III. The strictly separable case 


A Borel field & of subsets of X is said to be strictly separable if it is determined 
by a denumerable subcollection of its elements. ‘8 is said to be atomic if X = 
di Xa, where each X, ¢ B and (11) for every B e Band every a, either BX, = 
X,or BX, = O. The sets X. are called the atoms of &. 

Lemma 2: A strictly separable Borel field is atomic. 

This fact is well known; since we shall refer to the proof, we reproduce it here. 

Proor: Let ® be determined by F,, F2, ---. Define Xa = []t-1 Pesto) 
where ¢,(c) = +1, E' = E, E' = CE. Then each X, ¢€%, X = Dia Xa, . i 
and the class of sets B satisfying (11) is a Borel field including every F,, and 
hence includes B. 
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TueoreM 6: If J contains a strictly separable subfield J, whose atoms are in. 
decomposable, then X = F + } Aq, where 


(a) P(x, FE) = P(E) forxe Aa 
(b) P,(Aa) = 1 
(c) F is a null set. 
Proor: Let F,, F2, --- determine J,. We may assume the F, form a field. 


Let N; be the null subset of F;, for which P(x, F,) < 1, and define F = p Bry Ni. 
Let {X.} be the atoms of J, and define Ag = X. — F. If x € Aa, it is evident 
from the construction of the atoms given in the proof of Lemma 2 that P(z, X,) 
= 1] and hence that P(x, Az) = 1. Since A, is strictly invariant and inde- 
composable, we may invoke Theorem 5 to obtain (a). 

TuHEoreM 7: If & is strictly separable, the conclusion of Theorem 6 holds. 

Proor: We shall define a subfield of J satisfying the hypothesis of Theorem 6. 
Let F,, F2, --- determine &. We may suppose the F; form a field. Define 


In = {Es Pte, Fr) < E*N, k= 0, ---,2;n,j = 1,2,-- 
n n 
Each of these sets is invariant by Theorem 4. Let 4% be the strictly separable 
subfield determined by the J jx... If X.isan atom of 4, it is clear that P(z, F;) 
is independent of x for all x « X, and all 7. Since whenever a set of measures 
coincide on a field, they coincide on the Borel field determined by it, P(x, E) 
is independent of x for all xe X, and all E. Then each X, is indecomposable, 
for otherwise it would contain two disjunct non-empty strictly invariant sub- 
sets S and 7, and P(x, S) = 1 for x e S and 0 for z e T, contradicting the fact 
that P(x, EF) is independent of x on X,. 

Thus for instance if & is the class of Borel sets in Euclidean space, any idem- 
potent Markoff chain admits the decomposition of Theorem 6. 


IV. The density case 


Let m be any finite measure defined on & and define the product measure 
m X m on the Borel field 8, = & X & of subsets of the product space X X Y 
of X with itself. Suppose p,(x, y) is any non-negative &;-measurable function 
such that for each x ¢ X, 


(12) | mez, y) dy = 1. 


Then the function 


(13) P(x, FE) = | pi(x, y) dy 
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determines & Markoff chain on X, and the function p;(x, y) is called the density 


function. If the Markoff chain so defined is idempotent, we have 


(14) [ p(x, y) dy = | [ pr(z, y) iy\ aPC, z). 


Applying a well known formula for transformation of measures and inter- 
changing the order of integration, we obtain 


(15) / pilz, y) dy = [ { | pr(x, z)prlz, y) ie} dy; 
E 

ie. if we define p(x, y) by the equation 

40 pla, y) = | plz, 2)prle, y) de, 


p(t, y) is another density function defining exactly the same Markoff chain as 
n(ry). It follows that for fixed x, p(x, z) and p;(x, z) are equal for almost all 
z, and (16) then implies 


(17) p(x, y) = / p(x, z)pr(z, y) dz. 


Multiplying both sides of (17) by pi(y, w) and integrating with respect to y, 
we obtain 


(18) p(x, w) = | p(x, 2)p(z, w) dz. 


Thus if an idempotent Markoff chain can be represented by a density function, 
it can be represented by a density function which is idempotent in the sense of 
(18). (18) is the direct analogue of the idempotent Markoff matrix if we 
think of the Markoff chain as determined by the density function p(x, y) rather 
than by the function P(x, E). To study idempotent density functions we shall 
use the following well known fact: 

Lemma 3: If m is a finite measure defined on a Borel field B of subsets of a 
space X, then < 


(19) X=S8+Xi+X.+-:- where 


(a) m(X;) > 0, and E eB, E & X; implies m(E) = m(X,) or m(E£) = 0. 
(b) every subset of S of positive measure has a subset of every smaller positive 
measure. 

Either S or the X; may of course be absent. The decomposition is clearly 
unique up to sets of measure zero. 

Proor: The sets X; satisfying (a) may be divided into equivalence classes 
by defining two such sets as equivalent if their symmetric difference has measure 
zero. Any two sets in different classes can have only a set of measure zero in 
‘ommon, and since each set has positive measure there are at most denumerably 
































Pa Sa Nisin Ria RE 


ba UE ee dee eal renal Mla Te 





he 
+ 
$ 
i 
4 
+ 
i 
; 
i 
i§ 


















566 DAVID BLACKWELL 


many equivalence classes. Let X1, X2, --: be a set of representatives, on 
from each equivalence class, and define S = X — py X,. Then every subset 
of S of positive measure has a subset of smaller positive measure and hence q 
subset of arbitrarily small positive measure, and we must show that this implies 
(b). Suppose S,C 8,0 <k < m(S,). Choose a sequence of sets K,, induc. 
tively so as to satisfy 


(c) Kne Rn 
(d) m(K,) > l.u.b. m(E) ss 
Ee Rr n 


where , is the class of all subsets HZ of S; — (Ki + --- + Ky_1) for which 
mE) Sk —m(Ki+---+Kn4). Define K= >> K,. Then K C §, 
and m(K) = k, otherwise the choice of K, would at some stage be contra- 
dicted, since S,; — K would contain a subset of positive measure smaller than 
k — m(K). . 

We now use an argument similar to that of Doeblin in a related discussion (I). 
Apply Lemma 3 to m defined on the Borel field J of invariant subsets of X, 
obtaining a decomposition (19) into invariant subsets. Each X,, is clearly 
indecomposable, and we may suppose that each X, is strictly invariant. We 
shall show that Sis a null set. First extract from S a null set H of largest pos- 
sible measure and write 7 = S — H. Itis sufficient to show that 7' has measure 
zero. Certainly every null subset of 7 has measure zero. Choose a class 


Dann € I, n = 1, +--+, 2"; m = 0, 1, 2, --- of subsets of 7 so that 
(a) Dmi-Dnj =O if t AJ 
1 
(b) m(Dmi) = 5m ™(T) 
(c) Digi + Diss = Dmi- 


By deleting a null set N..; we shall make each of the D,,; strictly invariant. 
Hence by deleting N = . ae Nm: from each D,,; simultaneously we obtain a 
new class of sets satisfying (a), (b), (c) and each of which is moreover strictly 
invariant. Thus without loss of generality we may suppose that each Dni 
is strictly invariant. Now 


00 


Da = IT (Dm + +++ + Dingm) = Zz, Dyi* Daj Dax ++ 
a iyjkye** 
Each set D,;-D2;-Dx- --- is a strictly invariant set of measure zero and 1s 


therefore empty. It follows that Don is empty. Since m(7’) = m(Du), T 
has measure zero. 

We are now in a position to apply Theorem 6, and we have shown further 
that there will be only denumerably many sets A, in this case. However 
without appealing to this theorem we may easily obtain an even more precise 
decomposition in terms of the density function p(x, y). 
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By Theorem 5, P(x, EZ) is independent of x for xe X, ; it follows that for 
- NM, eXn; 
m P(t, ¥) = p(ae, y) 
except possibly on a y-set of measure zero. (18) then implies that (20) holds 
identically in y for all 41, %¢€X,. We write for all re X,, 
p(x, y) = Paly). 
Then for any x it follows from (18) that 


p(x, y) = > [ p(x, 2)paly) dz = a P(x, Xn)pnly); 


ie. any p(x, y) is a linear combination of the functions p,(y). Define U, = 
lyeX, such that pa(y) = 0} and V, = {y¢X, such that p,(y) > 0} and 
wite U= oP Un, V= > V.. Then m(V) = 0 and both U and V are 
null sets. Writing A, = X,—(U+V), F=X—(> 7 X,+V), we may 
summarize our results in the following theorem. 

TarorEM 8: If p(x,y) is an idempotent density function, then X = 
F+V+4A,+ A2t+ --- , where 


(a) p(x, y) = poly) forze A, 


(b) prily) >O forye An 
() [ Prly)dy = 1 
(d) p(t, y) =0 foryeF 
(e) m(V) = 0. 

V. An example 


We conclude by giving an example of an idempotent Markoff chain for which 
no decomposition like that obtained in the preceding sections is possible. Let 
8 be any Borel field, and define P(x, Z) to be the characteristic function of E. 
Then every set of & is strictly invariant; there are no null sets except the empty 
set. A decomposition of X would consist in writing X = > x a where each 
X, is indecomposable; and this is clearly impossible whenever & is non-atomic. 
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BANACH SPACE METHODS IN TOPOLOGY* 


By SAMUEL EILENBERG 


(Received January 22, 1942) 
1. Introduction 


We shall consider the totality B(X) of all continuous real valued bounded 
functions f defined on a topological space X." With the usual definition of addi- 
tion and multiplication by real numbers and with the norm 


Sil = sup | f(z) | 


the set B(X) becomes a Banach space. 

Banach’ has established the interesting and important result that two com- 
pact® metric spaces X and Y are homeomorphic if and only if the corresponding 
spaces B(X) and B(Y) are isometric. Stone‘ has shown that the hypothesis 
that X and Y are metric was superfluous. Both authors arrive at their results 
by establishing the general form of an isometric mapping of B(X) onto B(Y). 

The Banach-Stone theorem implies that if X is compact then the topological 
structure of X is entirely determined by the metric properties of B(X). The 
first purpose of this paper is to exhibit this relationship more explicitly. By 
studying the convex subsets of the surface of the unit sphere in B(X) we define 
an “ideal space” = and prove that if X is compact, then Z and X are homeo- 
morphic. From this result we readily get a proof of the Banach-Stone theorem 
for compact spaces and also for a class of non-compact spaces including all 
metric spaces. 

Although the space = provides theoretically complete means for translating 
topological properties of a compact X into metric properties of B(X), it will 
very often lead from simple topological properties of X to involved metric 
properties of B(X) with no clear geometric interpretation. This makes it an 
interesting problem to relate ‘interesting’? topological properties of X with 
“interesting” metric properties of B(X). In this direction we prove that if B(X) 
is a direct sum B, + B, of two Banach spaces, then B; = B(X;) where X; is an 
open and closed subset of X. From this we see that the connectedness proper- 
ties of X translate into properties of B(X) dealing with direct sums.’ 





* Presented to the American Mathematical Society April 12 and May 2, 1941. 

1 A topological space is a set X with a family of subsets called open such that (a) 0 and X 
are open, (b) the union of any number of open sets is open, (c) the intersection of two open 
setsis open. If in addition, (d) every two distinct points of X belong to two disjoint open 
sets, then X is said to be a Hausdorff space. 

*S. Banach. Théorie des operations linearies. Warsaw, 1932, p. 170. 

5 A space X is called compact if it is a Hausdorff space and if every covering of X by open 
sets contains a finite subcovering. 

*M.H. Stone. Trans. Amer. Math. Soc., 41 (1937), p. 469. 

’ Another result in this direction was recently announced by S. Krein and M. Krein 
(C. R. U. R. S. S., 27 (1940), pp. 427-430): If X is completely regular then B(X) is separable 
and only if X is compact metric. 
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B(X) is not only a Banach space but also a linear lattice and a normed ring. 
From these two points of view B(X) has been thoroughly investigated.° In 
particular, necessary and sufficient conditions are known for a linear lattice or 
normed ring B in order that B = B(X) for some topological space X. The 
analogous problem for a Banach space B is as yet unsolved and we hope that 
the methods developed in this paper will lead towards a solution. 


2. Tychonoff’s compacting 


A Hausdorff space X is called completely regular if given a closed set F C X 
and a point % «X — F there is a continuous real valued function f on X such 
that f(a) = 0 and f(x) = 1 for all ze F. Corresponding to every completely 
regular space X Tychonoff’ has constructed a space 6(X) such that 

(T;) 8(X) is compact, 

1) X C A(X), X = (X), 

(T;) every f e B(X) has an extension f* ¢« B[6(X)]. 

Moreover, these properties determine 6(X) uniquely. Since X is dense in 
6(X) it is clear that the extension f* of f « B(X) is unique and therefore estab- 
lishes a 1 — 1 correspondence between B(X) and B[8(X)], in view of which the 
two Banach spaces may be considered identical. 

The space 8(X) was extensively studied by Cech*® who has proved among 
other results that if X is completely regular and satisfies the first countability 
axiom’ then 6(X) determines X. More precisely, X is then the subset of 6(X) 
consisting of the points at which 6(X) has a countable base.” 


3. Stars 
Given a Banach space B we shall consider the transformation 7b = —b and 
define 
SA =AUTA 


forevery A C B. 
Lemma 3.1. Given bi, be € B, || bi || S 1, || be || S 1 the following conditions 
are equivalent: 


(a) || thi + (1 — é)be || = 1 for at least one t such that 0 < t < 1, 
(b) || tb: + (1 — tbe || = 1 for all t such that 0 S t S 1, 
(c) || bi + be || = 2. 





* See Stone loc. cit. and 8. Kakutani, Ann. of Math., 42 (1941), pp. 994-1024. The latter 
paper contains an up-to-date bibliography of the subject. 

"A. Tychnoff, Math. Ann., 102 (1930), pp. 544-561. 

*E. Cech. Ann. of Math., 38 (1937), pp. 823-844. 

* We say that a sequence U; of open sets is a countable base for the point x of a Hausdorff 
space X if every open set containing z contains at least one of the sets Ui. If a countable 
base exists for every point of X, then X is said to satisfy the first countability axiom. 
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The proof is left to the reader. 
For every b e B such that || b || < 1 we define the star me as follows: 


St(b) = {bi | || bi |] S 1, || br + O]| = 


The definition is justified geometrically by Lemma 3.1. We shall also consider 
the symmetrized star SSt(b). Clearly the conditions ||b || < 1, St(b) = 9 
and SSt(b) = 0 are equivalent. Also the conditions b; ¢ St(be) and be ¢ St(b,) 
are equivalent and similarly for the symmetrized stars. It is also clear that 
b e St(b) if and only if || b || = 

Let now X be a topological space and B(X) the Banach space described in 
the introduction. 

Lemma 3.2. Let X be countably compact’ and let f,, fe ¢ B(X), fi || <1 
\|fo|| S$ 1. We have fi eSt(fo) if and only if there is an x € X such that 


f(x) = falx) = 


’ 


Proof clear. 

Lemma 3.3. Let X be a topological space and let fe B(X). We have | f | 
af and only if SSt(f) ts the whole surface of the unit sphere of B(X). 

It is obvious that if | f(x) | = 1 for all «eX and fi e B(X) and ||f, || = 1 
then either || f + fi || = 2 or || f — fi|| = 2 and therefore fi e SSt(/f). 

Now suppose that inf | f(z)| = k <1. Define 


sie 


Il 
_ 


fi(x) = 


Clearly fi « B(X) and || fi || =.1. However 


cone kf(xz) +1 — |f(x)| 


- | 2 
oy S1+k< 





f+ fill = sup 


because if f(z) 2 0 we have 
| f(z) — kf(xz) +1 -—|f(z)|| =|1-A@|s1-F 
and if f(z) < 0 then 
| f(x) — k(x) + 1 — | fe) || = |1 -— 2 -—*) |f@ || s 1 — by. 


Similarly || f — fi|| < 2 and f, non e SSt(f). 

Lemma 3.2 shows that; the elements of B(X) such that | f | = 1 can be char- 
acterized intrinsically in B(X). Hence the number of components of X can be 
determined by the properties of B(X), since X will consist of n components if 
and only if there will be exactly 2" continuous functions f such that |f| = 1. 


4. The sets M(/f) 
Let f « B(X) and || f || < 1. Define 
M(f) = {x || f(x) | = 1}. 


10 A space X is called countably compact if it is a Hausdorff space and if every countable 
covering of X by open sets contains a finite subcovering. 
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Clearly M(f) is a closed subset of X. If||f || < 1 then obviously M(f) is empty; 
if if || = 1, MP) still may be empty unless X is countably compact. 

Lemma 4.1. The sets M(f) form a sublattice of the lattice of the closed sub- 

es of X. 

iy fact, - have M(f,) M M(fe) = M(f) where f(x) = min [] f(x) |, | fo(x) |] 
nd Mfr) U M(fs) = M(f) where f(z) = max {| fi(z) |, | fa(2) |] 

Lemma 4.2. The space X is completely regular if and only if the sets M(f) form 
a multiplicative base for the closed sets in X. 

If X is completely regular, then given a closed set F C X and a point 
m¢X — F, there is an f ¢ B(X) such that || f || S 1, f(w) = O and f(x) = 1 for 
zeF. Hence F C M(f) and a non e M(f). Conversely, if M(f) form a multi- 
plicative base, then for a given closed set F C X and a point % « X — F there 
is an f e B(X), such that || f || < 1, F C M(f) and x non e M(f). It follows 
that | f(ao) | < 1 and | f(x) | = 1 for all x e F; hence X is completely regular. 

Lemma 4.3." If X is normal then the sets M(f) coincide with the closed G; 
subsets of X. 

Lemma 4.4. If X is countably compact then the relations 


M(fi)  M(fz) #0 and fz eSSt(fr) 


are equivalent for any fi , fo € B(X) such that || fi|| S$ 1, ||fe|| Ss 

In fact, fe e SSt(fi) means that || f: + fe || = 2 or that || fi — fo i = a Since X 
is countably compact this means that for some 2% ¢ X either | fi(wo) + fo(xo) | = 2 
or | fila) — fo(ao)| = 2. This is equivalent with | fi(ao) | = | fo(a) | = 
which means M(f,) N M(fe) ¥ 0. 

Lemma 4.5. If X is completely regular and countably compact then the relations 


M(fi) © M(f2) and SSt(fi) C SSt(f2) 


are equivalent for any fi , fo ¢ B(X) such that || fi || S 1, ||fe|| S 

Assume that M(fi) C M(fe) and let f eSSt(fi). In view of seit 4.4 we 
have then M(f) M M(f:) ¥ 0; consequently M(f) N M(f2) ¥ 0 and byLemma 
44 we have f eSSt(fo). Hence SSt(fi) C SSt(f2). 

Let now 2 €M(f;) — M(fe). Since X is completely regular there is an 
feB(X) such that ||f || S$ 1, f(a) =1 and f(z) = 0 for all re M(f2). It 
follows that 2 ¢M/(f), therefore M(f) N M(f,) ¥ 0 andfeSSt(fi). Since 
fit) = 0 for all x ¢ M(fo) we have | f(x) + fo(x) | < 2 and since X is countably 
compact this implies that || f + fe || < 2. Consequently f « SSt(fi) — SSt(fe). 

From Lemmas 4.3 and 4.5 we obtain the following 

THEOREM 4.6, If X is normal and countably compact, then the sets SSt(f) 
(feB(X), || f || < 1) ordered by inclusion form a lattice isomorphic with the 
lattice of the closed Gs subsets of X. 


5. The sets Q(z) 
Given a point « ¢ X we define 


Q(z) = {f |fe BX), |IF ll = 1, 1F@) | = 


" For the proof see N. Vedenisoff, Fund. Math., 27 (1936), pp. 234-238. 
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Lemma 5.1. Let X be completely regular. Given x « X and f ¢ B(X) suchthat 
Il f || S 1 we have Q(x) C SSt(f) af and only if | f(x) | = 1. 

If | f(x) | = 1 it follows directly from the definition that Q(x) C SSt(f). If 
now | f(x) | < 1 then there is an open set @ such that x¢@ and | f(x’)| < 
1 — ¢ < 1 for all x’¢G. Hence there is an f,; e B(X) such that || f, || = 1, 
fi(x) = 1, and fi(x’) = 0 for all a’ « X — G. Consequently fi ¢€ Q(x) but since 
\||\f +fil| S 2 — e we have f, non eSSt(f). 

THEOREM 5.2. If X is compact, then a subset A of the unit sphere of B(X) is 
of the form Q(x) for some x « X if and only if A = SA where A, is a maximal 
convex subset of the surface of the unit sphere in B(X). 

This is an immediate consequence of the following 

THEOREM 5.3. If X is compact then a subset A of the surface of the unit sphere 
of B(X) is maximal convex tf and only if there is an x € X and € = +1 such that 
A = {f|feB(X), ||f || = 1, f(@) = 4. 

We first show that if such 2 and ¢ exist then A is maximal convex. It is 
obvious that A is convex. Let then A* be a convex set contained in the unit 
sphere of B(X), such that A C A* and fe A* — A. Since f(x) ¥ € and X 
is compact and therefore normal there is an f, « B(X) such that || fi || = 1, 
fi(vo) = € and fi(x) = O for xe M(f). It follows that | f(x) + filx) | < 2 for 
all x and therefore 3(fi + f) non « A*. However, fi « A* and f ¢ A*, hence A* 
was not convex. 

In order to prove that every maximal convex subset A of the unit sphere is 
of the form described in Theorem 5.3, it is enough to find an 2% eX and an 
e = +1 such that f(a) = efor allfin A. If we denote 


M4(f) = tz|f(@~) = -1} Mf) = {x| f(x) = -1} 
this reduces to prove that either 


A M.(f) #0 or NM M_<(f) #0. 
eA fea 


Assume the contrary. Since the sets M.(f) and M_(f) are closed and X is 
compact, we would have then two finite sequences fi , fo, ++ , fm, 915925 °°* 9m 
in A such that 


NM .(f:) = 0 and NM_(g:) = 0. 


Since A is convex we have (f; + --- + fm + gi + ++: + gn)/(n + m) €A, 
hence || fi + --- + fm +g: +--+ + gn|| = n + m, therefore there is an 
a, eX such that fi(a) = --- = fm(a1) = gi(ai) = +++ = ga(a1) = +1 which 
leads to a contradiction. 


6. Reconstruction of X from B(X) 


Let B be a Banach space. A subset of B will be called an ideal point, and 
denoted by a Greek letter if = SA where A is a maximal convex subset of 
the surface of the unit sphere of B. The totality of all the ideal points will be 
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noted by =. A subset @ of = will be called an M-set if there is an f « B such 
that || f || S$ 1 and 


® = {€|& CSSt(f)}. 


A subset of = which is an intersection of M-sets will be called closed. 

It is to be noted that with this definition of closed sets = does not necessarily 
become a topological space. In fact, if 2 were a topological space it would 
have to be a closed set and therefore an M-set. This would imply the existence 
of an element fi e B such that || fi || = 1 and that = = {| CSSt(fi)}. From 
this it follows easily that SSt(fi) is the whole surface of the unit sphere of B. 
Of course, in most Banach spaces no such element exists. 

TurorEM 6.1. If X is a compact space then = defined from the Banach space 
B(X) is a topological space homeomorphic to X. 

Given x « X it follows from Theorem 5.2 that Q(x) is an ideal point and that 
all the points of = are obtained in this fashion. Hence taking 


E(x) = Q(z) 


we obtain a mapping of X onto Z. 

We prove that is 1 — 1. Let 1, %2¢X and 4 ~ x. Since X is com- 
pletely regular there is an f e B(X) such that || f || < 1, f(a) = 1 and f(a) = 0. 
Hence f € Q(2:) but f non ¢ Q(x2), therefore Q(11) ¥ Q(a). 

We now prove that ¢ is a homeomorphism. Since the sets M(f) form a multi- 
plicative base for the closed sets in X (see Lemma 4.2) and by definition the 
M-sets form a similar base for the closed sets in =, we shall prove that h is a 
homeomorphism by showing that if 


e(F) = ® 


then F is a set M(f) if and only if @ is an M-set. 
Suppose that F = M(f). It follows from Lemma 5.1 that Q(x) C SSt(/f) if 
and only if | f(z) | = 1, ie. if xe F. Consequently 


® = {g|& CSSt(f)} 


and @ is an M-set. 

If f will vary over all of the unit sphere of B(X), F will vary over all M(f) 
sets and &(F’) = © will vary over all M-set in Z. Since é is 1 — 1, the proof is 
complete. 

From Theorem 6.1 and from §2, we obtain 

THEorEM 6.2. If X is a completely regular space, then = defined from the 
Banach space B(X) is a topological space homeomorphic with the compacting 
8(X) of X. 

If, in addition, X satisfies the first countability axiom, then X is homeomorphig 
with the subset of = consisting of points which have a countable base. 
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7. Isometric mappings of B(X) onto B(Y) 


THEOREM 7.1. Given two topological spaces X and Y , every isometric mapping T 
of B(X) onto B(Y) is of the form 


(*) Tf = go + (Tf) 


where go , g: € B(Y), | gi: | = 1 and T’ is an isometry of B(X) onto B(Y) that is an 
algebraic and lattice isomorphism. 

Define Tif = Tf — TO. Clearly 7; is an isometry and 7,0 = 0; hence by a 
theorem of S. Mazur and S. Ulam” 7; and its inverse are linear. Consequently 
we have 7\St(f) = St(T.f). Consider the function 1 in B(X), since SSt(1) 
is the whole surface of the unit sphere it follows that SSt(7,1) is the whole 
surface of the unit sphere in B(Y) and by Lemma 3.3 | 7,1 | = 1. If we define 
go = T0,g: = Til and 7’f = 7,f/T,1 we have (*) and 7” is a linear isometry such 
that 7’0 = 0 and 7’1 = 1. All that remains to be proved is that 7” preserves 
the lattice properties. 

Suppose f = 0, then” 


rH=T' s+ rs— T's =isfil- Tdsi-N 
2 IF - UN Pdsil -—A ll = Fi INS -sI\| 20 


and 7’f = 0. The same holds for the inverse of T’ and therefore 7” is a lattice 
isomorphism. 


THEOREM 7.2. Let X and Y be two compact spaces. Every isometric mapping 
T of B(X) onto B(Y) is of the form 


Tf = go + gr- (fh) 
where go , 91 € B(Y), |g: | = 1 and h is a homeomorphism h(Y) = X. 
If TO = 0 then go = 0 and 
Tf = gi: (fh). 
If TO = Oand T1 = 1, then go = 0, gi = 1 and 
Tf = fh. 


The same holds if X and Y are completely regular and satisfy the first countability 
axiom; in particular, if X and Y are metric spaces. 

In view of the previous theorem we may restrict ourselves to the case when 
TO = 0 and 71 = 1. The isometry T is then linear and preserves all the 
lattice properties. In particular 


(*) T|\f| =| Tf|. 


We first discuss the case when X and Y are compact. Let Zx and Zy be the 
corresponding ideal spaces and £; and £y the homeomorphisms &x(X) = =x 





ri 
2 C.R. Paris 194 (1932), pp. 946-948; also Banach loc. cit. p. 168. 
13°‘A real number a is identified here with the function of f ¢ B(x) such that f(x) = 4 for 
allze X. 
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and ty(Y) = Zy. Since Zx and Zy were defined intrinsically using B(X) and 
B(Y) it is clear that T’ induces a homeomorphism between Zx and Zy which we 
xill also denote by T; T(Zx) = Zy. Define 


h(y) = & Tty(y) for ye Y. 
Clearly h is a homeomorphism h(Y) = X. It remains to prove that Tf = fh 
for all f ¢ B(X). 
We shall first prove that 
(*) if \|f\| <1 then M(f) = h{M(TP)]. 


This follows immediately from the remark that éx[M(f)] and £,{M(T77f)] are the 
M-sets 


Ex[M(f)] = {&| & CSSt(f)} 
Er[M(Tf)] = {| & C SST} = [| § C TSS}, 


hence Téx{M(f)] = &y[M(Zf)] which implies (**') in view of the definition of h. 
Now let f ¢e B(X), xe X, h(y) = x and f(x) = a. Consider 
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Since « e M(f:) we shall have in view of (**) y ¢ M(Tf:), hence | (Tf:)(y) | = 1 
which implies (7f)(y) = a. This shows that Tf = hf which proves the theorem 
in the compact case. 

If now X and Y are completely regular, we consider the compactings 6(X) 
and 6(Y). Since B[@(X)] = B(X) and Bigp(Y)] = B(Y) we have an isometry 
T mapping B[6(X)] onto B[8(Y)] and hence a homeomorphism h[8(Y)] = 8(X) 
such that Tf = fh. If X and Y satisfy the first countability axiom, then they 
are the sets of points at which the first countability axiom holds in 6(X) and 
B(Y) respectively. Therefore h(Y) = X. 


8. Discussion of Banach’s proof 


Theorem 7.2 was first established by Banach’ for X and Y compact metric. 
His proof is based on the concept of a peak function. A function f « B(X) is 
called a peak function with the point x ¢ X as peak if | f(x) | < | f(ao) | for all 
teX,x # a. Banach proves it if X is compact metric, then f « B(X) is a 
peak function if and only if f ¥ 0 and the limit 
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exists for every fi ¢ B(X). Having such an intrinsic characterization of peak 
functions, it is easy to see that an isometry TB(X) = B(Y) such that 70 = 9 
must carry peak function into peak functions and this way a homeomorphism 
between X and Y can readily be established. 

We propose to replace Banach’s characterization of peak functions by the 
following one which seems to be more geometrical and natural: 

THEOREM 8.1. Let X be completely regular and countably compact. A function 
f « B(X) such that || f || = 1 is a peak function if and only if St(f) is convex. 

If f is a peak function then there is an 2% « X such that 


[f@)|=1, [f@|<1 


Since X is countably compact it follows from Lemma 3.2 that 


St) = (hl fre BX), || fill = 1, fio) = f(a)} 


and this set is clearly convex. 

If f is not a peak function, then since X is countably compact f assumes its 
maximum and therefore there are at least two distinct points 2, x2 ¢ X such 
that 


for x ¥ %. 


| f(as) | = | f(w) | = 1. 
Since X is completely regular there are two open sets G; and G2 such that 
weG, meG. and G,NG =0 
and two functions fi , fe ¢ B(X) such that || fi || = || fo|| = 1 and 
fi(xi) = f(z), fix) =0 forxre X — G;,i = 1,2. 


Clearly || f +f: || = 2, || f +f || = 2and || fi + fo|| = 1since X = (X — G)U 
(X — G.). Hence fi eSt(f), foe St(f) and $(f: + fe) non eSt(f). HenceSt(f) 
is not convex. 

Having an intrinsic characterization of the peak functions we can carry out 
Banach’s proof provided we know that for every 2 ¢ X there is a peak function 
with 2) as peak. It can be easily seen that this is true if and only if X is com- 
pletely regular and every point of X is a G;. If in addition X is countably 
compact, this last condition becomes equivalent with the first countability 
axiom. Hence we see that Banach’s proof can be carried out for completely 
regular, countably compact spaces satisfying the first countability axiom. 


9. Representations of B(X) as a direct sum 


Given two linear subspaces B, , B, of a Banach space B we say that B is the 
direct sum 


B=B,+ B, 
if every b e B admits a unique decomposition 


b=b + be, be B, be € Be 
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and if” 
|| b || = max (|| b1 ||, || be ||). 


Itis easy to prove that if B = B, + By then B, and B; are closed subspaces of B. 
Let X be a topological space and let 


(*) xX,=X,UX,, XiN X = 0, X; = x, X. = X2. 


Let B(X;), B(X2) be the subspaces of B(X) defined as follows 
B(X:) = {f| f(x) = 0 for all x non ¢ X;}, 
We verify easily that B(X) = B(X;) + B(X:). 
Lemma 9.1. Every decomposition X = X; U Xz of X into two disjoint closed 
sets determines a direct suin decomposition B(X) = B(X;) + B(X2). 


We shall show that the converse is also true. 
THEOREM 9.2. Let X be a topological space. For every decomposition 


B(X) = B, + B, 


t= 1, 2. 


as a direct sum there is a decomposition 
x = xX 1 U Xo 
into disjoint closed sets such that B, = B(X,) and B, = B(X2). 


We first assume that X is compact. Since B(X) = B, + B every f « B(X) 
has a unique decomposition 


f=H=fth, fieB, froeb. 
Define 
Tf=h—fe. 
Clearly 7 is linear and 
| ZF || = IF IL, 


hence 7B(X) = B(X) is an isometry such that T0 = 0 and because of Theorem 
7.2 we have 
Tf = gi: (fh) 


where g; ¢ B(X), |g: | = 1, and h is a homeomorphic mapping of X onto itself. 
We shall prove that h(x) = x for all x¢X. Assume to the contrary that 
h(x») = 2, ¥ a» for some a ¢X. There is then an open set G C X such that 


x €G, GN h(G) = 0. 





“The definition of the direct sum essentially depends upon the expression chosen for 
thenorm. The most commonly used are || b || = (|| b: || ?+ || b2||")"* for p21. The ex- 
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Since X is compact it is also co:upletely regular and hence there is an f ¢ B(X) 
such that 


f(m) = 1, f(x) = O for allae X —G, Wf || = 1. 


Since f = fi + fo where fi e Bi, fo ¢ Bz and || f || = max (|| fil|, || fe ||) we may 
assume that || fi || = 1. Since X is compact there is an x’ e X such that 


| f(z’) | = 1. 
Since 
|filx’) + folz’) | = [f@)| SIF il =1 
| fulz’) — faz’) | = | THe’) | S || TH] = 1 


we must have f(z’) = 0. Consequently f(x’) = fi(v’) = +1 and therefore x’ ¢G. 
Since fi « Bi we have Tf, = fi and therefore 


fi = gi: (fih). 


Consequently | fi(a(z’))| = |fi(v’)| = 1 and by the previous argument 
h(x’) «eG. Hence GN h(G) ¥ 0, a contradiction. 
Having proved that h(x) = x for all x e X we have 


Tf =g.:-f where |gi| = 1. 
Define 
Xi = {z\qm(z)=1}, Xe = {x| g(x) = —1}. 


Clearly X,, Xs are closed and X = X,U X.. Given f « B(X) we have f « B, 
if and only if 7f = f, this means that f = g:-f and this holds if and only if 
f(x) = 0 whenever gi(x) = —1. Hence we see that B; = B(X:). Analogously 
B, = B(X2). 

Next we assume that X is completely regular. Let 6(X) be the compacting 
of X. Since B(@(X)) = B(X) we have a direct sum decomposition B(8(X)) = 
B, + By and hence there is a decomposition 


B(X) = Y; U Yo 
into disjoint closed sets such that B, = B(Y;) and Bz = B(Y:2). Let 
Xi=XNY,, X,:=XNnyYs. 


From the definition of the compacting it is clear that Y: = 6(X1) and Y2 = 
B(X2). Hence B, = B(X)), B, = B(X2). 

If now X is an arbitrary topological space we consider the completely regular 
space p(X) defined by Cech. Again B(p(X)) = B(X) and hence we have the 
direct sum decomposition B(p(X)) = B, + B:. Since the theorem is proved 
for completely regular spaces there is a decomposition 


p(X) = ¥,UY, 
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into disjoint closed sets such that B, = B(Y,) and B, = B(Y2). From the 
definition of p(X) it is clear that there is a decomposition 


X=X,UX, 


into disjoint closed sets such that Yi = p(X1) and Y2 = p(X»). Consequently 
B, = B(X:) and Bz, = B(X2). 

From Theorem 9.2 we obtain the following corollaries: 

CoroLLary 9.3. X 1s connected if and only if B(X) is indecomposable as a 
direct sum. 

Corottary 9.4. X contains at least n components if and only if B(X) is a 
direct sum of n summands. 

CorotLary 9.5. X contains an isolated point if and only if B(X) admits the 
straight line as a direct summand. 


UNIVERSITY OF MICHIGAN. 
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SIMPLIZIALZERLEGUNGEN VON BESCHRANKTER FLACHHEIT! 


By Hans FREUDENTHAL 
(Received July 25, 1941) 


Wir beantworten eine Frage von Herrn Prof. L. E. J. Brouwer nach einer 
einfachen Konstruktion einer unendlichen Folge beliebig feiner Simplizialzer- 
legungen eines Polytops, deren jede eine Unterteilung der vorangehenden ist, 
und bei der die auftretenden Teilsimplexe nicht beliebig flach werden diirfen, 
d. h. bei der der Quotient 


c’/v 


(c = Durchmesser = grote Kantenlinge des Simplexes, » = Volumen des 
Simplexes) fiir alle r-dimensionalen Simplexe gleichmafig beschrankt bleibt. 
Derartige Zerlegungsfolgen braucht man in der Analysis und auch im Grenzge- 
biet zwischen Analysis und Topologie. 

Die Konstruktion, die wir hier angeben wollen, verlauft ahnlich wie unsere 
Simplizialzerlegung des Cartesischen Produkts zweier Simplexe.” 


1 


Simplexe sollen hier immer mit einer festen Reihenfolge der Ecken gegeben 
sein, Parallelotope immer unter Auszeichnung einer Ecke und einer Anordnung 
der von dieser Ecke ausgehenden Kanten. 

Das Simplex 7 habe die Ecken 


€o 5 ts ys 
Wir kénnen T auch beschreiben durch die Vektoren 
vo = &, ae = C5 3" Cys (¢ = 1,---,7). 


Sei eine Permutation p: , --- , p, der Zahlen 1, --- ,r. Die Punkte 
€: = to + >, dp, (¢ = 0, ---,7) 
v=1 


(als Ecken) erzeugen ein Simplex 7”. Ist 2 die identische Permutation der 
Zahlen 1,---,7r, so ist T”° = T. Die r! Simplexe 7” hei®en wntereinander 
konjugiert. 

T” ist die Gesamtheit der Punkte 


PY’ 2 ie, et DEG BAe dk 
v= v=1 





' Diese Note stimmt im Wesentlichen tiberein mit einer im Marz 1939 bei den Funda- 
menta Mathematicae eingereichten Note die dort nicht mehr erschienen ist. Das Ergebnis 
habe ich bereits anderswo verwendet [Proceedings Amsterdam 42 (1939), 880-901]. 

* Fund. Math. 29 (1937), 138-144. 
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oder, was auf dasselbe hinauskommt, 


IV 
IV 


* ar 0. 


T” --- a+ >, at, mit l= a 


v=l1 
Daraus folgt: Die T” bilden eine simpliziale Teilung des Parallelotops P, 
P---a + >> a2,, Osa 31. 
Umgekehrt wird durch den Parallelotop P, von dem die Ecke x und die Kanten- 


vektoren 21, °-* , 2, gegeben sind, und durch die Permutation 7 eindeutig das 
Simplex 7” bestimmt. 


2 


Aus dem Parallelotop P entstehen durch Halbierung quer zu allen Kanten 
die Parallelotope 


Pa +++ Leo + >> a2, ; 
hier sei o ein System 
wre 
von Zahlen s, , 


s, = 0 oder 1, 
und 


Teo =X +4), 8,2,. 


In derselben Weise wie P in die Simplexe 7” ist jedes P, zerlegt in die Sim- 
plexe (7,)".—T” und (T,)" sind homothetisch (1:2). 

Sei s wieder die Permutation p;, --- , p, der 1, --- ,7 und sei r* = 2” die 
Permutation py, --~, pe , die entsteht, wenn man erst (in der durch m gege- 
benen Reihenfolge) alle p, mit sp, = 1 auszieht, und dann alle mit sy, = 0, also: 

fir s, > s, kommt a vor b in a*, 
fiir ss = s, und a vor b in x kommt auch a vor b in 2*. 
Wir behaupten: (7',)" liegt ganz in T™’. 


In der Tat ist 
(T,)" +++ ay + 4 > 8,2, +4 >» Qy Lp, 
ve] y=1 
=m +40’ (a, + day, +3 >.” a2, (l2a2--- 2a,20) 
(wo >°’ zu erstrecken ist iiber alle y mit sp, = 1 und ).” itber alle v mit sp, = 0) 


=m+ DB (L2H2-° 26.24 20un2 °° 28 20) 
y=l 


(wo u die Zahl der Einsen unter den s, ist). Hieraus folgt unsere Behauptung. 
Weiter folgt hieraus: Die (7,)" mit 7” = x* bilden eine Simplizialzerlegung 
ZT) von T. 
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3 


Sei e7; der Mittelpunkt der Strecke e7"e7", e7; = ef", 


al 1 a 7 
oii = }(m+ Len +m + Lan) 
a 1 t 
= t+ Dit +5 2. te (@ Sj). 
yal vit] 


Seien unter den s,, mit »v < k 


k’ Einsen und k” Nullen. 


= a, = 0; 


Die ke Ecke von (7,)* erhalt man fiir a; = --+ = ag = 1, axy1 = +: 
sie lautet also 


k’ LU '+u 
tot Di tests Do tor = ei G@=Kh,j =k’ +1), 
y=l venl’+1 


Daraus folgt fiir jedes Teilsimplex (7,)” von T”’: 

Ote Ecke ist e. ; 

auf die Ecke e7; folgt die Ecke e7;1,; oder die Ecke e741 ; 

der erste Index ist stets S u, der zweite S r. 
Umgekehrt sind die Teilsimplexe (7,)" von 7” durch diese Eigenschaften auch 
gekennzeichnet. 


4 


Wir achten nun nur noch auf 7 = T”° und lassen den Index m im Folgenden 
weg. Wir kénnen dann die Teilung Z(7’) von T auch so beschreiben: 

Die Ecken von Z(T) sind die e;; ; 

dann und nur dann bilden e;; und ey » ein eindimensionales Simplex, wenn die 
Paare ij und 1'j' einander nicht trennen; 

eine Menge von e;; bildet dann und nur dann ein Simplex von Z(T), wenn thre 
Elemente zu je zweien Simplexe von Z(T) bilden; + 

in den Simplexen von Z(T) sind die Ecken nach steigenden i + j angeordnet. 
Wir bemerken weiter: 

Die Simplexe von Z(T) sind hnlich der zu T konjugierten. 

Sei nun ein endlicher Polytop R gegeben! Wir legen eine Reihenfolge der 
Ecken zugrunde und bilden die Teilung Z(R), indem wir auf jedes Simplex von 
R den Prozef} Z anwenden. Die Ecken von Z(R) ordnen wir lexikographisch. 
Indem wir den Prozef; Z unbegrenzt wiederholen, erhalten wir eine Unter- 
teilungsfolge. Alle dabei auftretenden Simplexe sind den (endlich vielen) kon- 
jugierten der Simplexe von R ahnlich, und da ahnliche Simplexe dieselbe Flach- 
heit 

c'/v 
besitzen, bleibt, wie wir es wiinschten, die Flachheit gleichmafig beschrankt. 


AMSTERDAM 
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A SIMPLIFIED PROOF FOR THE RESOLUTION OF SINGULARITIES OF 
AN ALGEBRAIC SURFACE 


By Oscar ZARISKI 
(Received March 19, 1942) 


1. Introduction 


We presuppose the theorem of local uniformization, as proved elsewhere.’ 
By this theorem, any valuation of a field 2/K of algebraic functions of r inde- 
pendent variables, over a given ground field K of characteristic zero, can be 
“uniformized” on a suitable projective model V of &, i.e. the center of the 
valuation on a suitable model V will be a simple subvariety of V.” If the 
ground field K (the field of coefficients) is the field of complex numbers (the 
classical case), then the above resuit, in conjunction with the bicompactness of 
the Riemann manifold M of =/K,° implies the existence of a finite set of models 
of 2, say 


Vi, Ve,°-+,Va, 


such that any zero-dimensional valuation of =/K is uniformized on at least one 
of the models V; of the set. Any finite set of projective models with the above 
property shall be called a resolving system of the Riemann manifold M. 

In the case of abstract varieties, where we cannot fall back on topology, it is 
necessary to give an algebraic proof of the existence of resolving systems of M. 
In the special case of algebraic surfaces the algebraic proof of the existence of 
resolving systems is strikingly simple (see section 6 of this paper). The general 
case of algebraic varieties will be treated in a subsequent paper. 

The theorem of the resolution of singularities of an algebraic variety can be 
formulated in terms of resolving systems, as follows: There exists a resolving 
system of the Riemann manifold M which consists of only one model. In view of 
the existence of resolving systems, this theorem will be established if it can be 





‘For the case of algebraic surfaces, see our paper ‘“The reduction of singularities of an 
algebraic surface’’, Annals of Mathematics, vol. 40 (July, 1939), pp. 649-659. For the gene- 
ral case of varieties of any dimension, see our paper ‘‘Local uniformization on algebraic 
varieties”, Annals of Mathematics, vol. 41 (October, 1940), pp. 852-896. These two papers 
will be referred to respectively as ‘“‘Reduction” and ‘‘Uniformization”’. 

? For the definition of the center of a valuation see “‘Uniformization’’, p. 857. 

*M is the totality of all zero-dimensional valuations (or places) of 2/K; see ‘‘Uniformiza- 
tion”, p. 855. 

‘It follows then necessarily that any valuation (whether of dimension zero or greater 
than zero) will be uniformized on at least one of the models V;. To see this, it is only 
hecessary to observe that: a) If B is any valuation of dimension > 0, then there exist zero- 
dimensional valuations compounded with B; b) if Bo is such a zero-dimensional valuation 
then on every model V of = the center of By will lie on the center of B; c) if an irreducible 
subvariety W of V contains a simple point, then W itself is simple. 
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proved that the existence of a resolving system of M consisting of n models (n > 1) 
implies the existence of a resolving system of M consisting of n — 1 models. To 
carry out this induction from n to n — 1, it is sufficient to prove the fundamental 
theorem which we are now going to state. 

Let N be an arbitrary subset of M, i.e. let N be an arbitrary set of places of 
our field =/K. In the same fashion as we have defined resolving system of M, 
we can define resolving systems of N. A resolving system of N will be there- 
fore any finite set of models of = such that any valuation in N has a simple 
center on at least one of the models in the set. In particular, if a resolving 
system of N consists of only one model, this model shall be called a resolving 
model for N. 

FUNDAMENTAL THEOREM. If N is an arbitrary subset of M and tf there exists 
a resolving system of N consisting of two models, then there also exists a resolving 
model for N. 

From the fundamental theorem, the theorem on the resolution of singularities 
follows immediately. For, let Vi, --- , Vn be a resolving system of M. Let 
N be the subset of M consisting of those valuations which ‘have a singular 
center on each of the models V;,---,Vn-2. It is clear that the pair V,_;, 
V,, constitutes a resolving system for N. If we assume the fundamental theo- 
rem, then there exists a resolving model V,,_; for N. The n — 1 models 
Vi,-::,Vn-2, Vu-1 constitute a resolving system for M, and our induction 
from n to n — 1 is complete. 

The aim of this paper is to give a proof of the fundamental theorem in the 
case.of algebraic surfaces. Our present proof for the resolution of singularities 
is much simpler than our earlier proof (see ‘‘Reduction’’) and is also more 
general, since at present we do not assume that the ground field K is algebraically 
closed. In the course of the proof we have to make use of certain properties 
of fundamental loci of birational correspondences. This preliminary material, 
strictly confined to the precise needs of our proof, is presented in the next 
section. In a forthcoming paper dealing with the general theory of birational 
correspondences we study these properties systematically. A brief account of 
this general theory will be found in my address “Normal varieties and bi- 
rational correspondences” (delivered before the annual meeting of the Society 
in Bethlehem in 1941) which has appeared in the Bulletin of the American 
Mathematical Society, Vol. 48, No. 6 (June 1942). 


I. PRELIMINARY CONCEPTS 


2. Birational correspondences 


Let V and V’ be two models of our field =/K. 

Derinition. Two points, P, P’ of V and VY’ respectively are corresponding 
points if there exists a valuation of =/K such that its center on V is the point P 
and its center on V’ is the point P’.’ 





5 Compare with p. 666 of ‘‘Reduction’”’. Our study of the general theory of birational 
correspondences is based on this valuation-theoretic definition. 
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We say that P is a fundamental point of the birational correspondence between 
Vand V’, if there exists a corresponding point P’ on V’ such that Q(P) D Q(P’) 
(here Q(P) denotes the quotient ring of P). 

Suppose that there exists a point P’ which corresponds to P and which is 
such that Q(P’) € Q(P). If v is a valuation of centers P and P’ on V and V’ 
respectively and if §$, denotes the prime ideal of v, then $, M Q(P) = p and 
B, Q(P’) = »’, where p(p’) is the ideal of non units in Q(P)(Q(P’)). Hence 
»NQ(P’) = »’, and from this it follows that any valuation whose center on V 
is Phas P’ as center on V’, i.e. P’ is the only point of V’ which corresponds to P. 
Therefore, if P is a point of V which is not fundamental, then to P there corre- 
sponds a unique point P’ on V’, and we have Q(P’) € Q(P). On the other 
hand, if P is fundamental, then it follows that Q(P) =) Q(P’) for any point 
P’ which corresponds to P. 

In the case of surfaces we have proved elsewhere that if V and V’ are normal 
surfaces and if to P there corresponds a finite number of points on V’, then P 
isnot fundamental.® Therefore, if P is fundamental, the locus of corresponding 
points P’ is a variety of dimension 1.’ 

If neither V nor V’ carry fundamental points, then the birational correspond- 
ence between V and V’ shall be called regular. 

In any case, the number of fundamental points on either surface is always 
finite. 

Let & , £1, --+, £4 be the homogeneous codrdinates of the general point of V, 
and let no, 71, °**, 1» be the homogeneous coérdinates of the general point® 
of V’. The (n + 1)(m + 1) products 

* * * 
wis = E50; 
can be regarded as homogeneous coérdinates of the general point of a variety 
V* which is birationally equivalent to V and to V’: for the quotient of any two 
ws, say wi;/weg, is equal to £7 /£%-n;/ ng , and is therefore an element of the 
field 2. Moreover, the non-homogeneous coérdinates of the general point of 
V*, ie. the quotients of the w*’s by a fixed w*, say by woo , generate the field 
2/K, since the quotients £7 /£} (and also the quotients 7; /) are among them. 
The variety V* is called the join of V and V’. It is clear that the ring 





. See “Reduction”, p. 688, Theorem 5, but the proof is much simpler and is as follows. 
IfP,,--- , P, are the points on V’ which correspond to P, then for any valuation v whose 
center is P it must be true that the valuation ring of v contains one of h quotient rings 
Q(P;), whence it also contains the intersection % of these quotient rings. Since Q(P) is 
integrally closed, it is the intersection of the above mentioned valuation rings. Hence 
UP) D3. IfpNs = p, then § is one of the h prime maximal ideals of 3, say the one 
relative to the point P; , and it is clear that any valuation of center P will have center P; 
on V’, ie. hk = 1. [For the definition of normal varieties, see our paper ‘‘Some results in 
the arithmetie theory of algebraic varieties’, p. 282, American Journal of Mathematics, 
vol. 61 (April 1939). This paper will be referred to as “Results”’.] 

"See “Reduction”, p. 667. 

*For the concept of homogeneous codrdinates of the general point of an irreducible 
algebraic variety, see “Results” p. 284. 
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K[wio/woo , °** » @am/woo] of polynomials in these non-homogeneous codrdinates 
— briefly: the ring of non-homogeneous codrdinates—coincides with the ring 
Kiet se per. ‘a ni/no wow, n/n | and is therefore the join of the corre- 


sponding rings of non-homogeneous codrdinates of the general points of V 
and V’. From this one concludes immediately that the birational correspond- 
ence between V* and either one of the two given models V, V’ has no funda- 
mental points on V*. 

It follows that each point P* of V* represents a unique pair (P, P’) of corre- 
sponding points of V and V’. Conversely, each such pair (P, P’) is represented 
by at least one point P* of the join V*. For this reason the join V* is often 
referred to in the literature as the variety of pairs of corresponding points of 
V and V’. However, this last term may be misleading when we deal with a 
ground field K which is not algebraically closed. For in this case (and only in 
this case) it may happen that one and the same pair (P, P’) of corresponding 
points of V and V’ is represented by (or, we may say, splits into) more than 
one point of V*. 

The join of any finite number of models V;, --- , Va can be defined as the 
join of V, and of the join of V;,---,Vi-+. It is seen immediately that this 
definition is symmetric in V;, --- , Vi. 


3. Quadratic transformations 


Let P be a point of V and let »* be the corresponding prime homogeneous 
ideal (of projective dimension zero) in the ring K[é& , 1, ---, £2]. Let nm, 
m,°**, 7, bea set of forms in & , £1 ,---,&., of like degree, such that the 
ideal (no , 71, °** » Nm) differs from p* only by an irrelevant primary component 
i.e. a component belonging to the irrelevant prime ideal po = (& , £1, °°: ,£:). 
By a quadratic transformation of center P we mean the birational transformation 
which carries V into the variety V whose general point has the following 
homogeneous coérdinates: 


(1) wis = Ein; é=0,1,---,9:;f =0,1,---,m. 


This transformation depends of course on the choice of the forms 7 , but ina 
non-essential fashion. Namely, if V; is the transform of V by a quadratic 
transformation, relative to another set of forms, then V and V, are in regular 
birational correspondence. 


PROOF. Let $0, o3,°°°, 83 be. the set of forms which seregere V;, and let 
a5; = 85 . Let: a = degree nj , B = degree 11 , a (no, °*", na)s 
B = (%,---,¢7). Since the ideals % and B differ si ' in their primary 


irrelevant Sg we will have for sufficiently high integers a and b: 
A-ps = 0(B), B- p> = 0%). Select a and b so as to havea +a = 6+ bd. 





* Let pf = (0 , o1 , -*- , @s), Where the ¢; are forms in the £*’s and let »; = degree of ¢: , 
y = max. (v), 1, ++, 4). Then the forms ¢#-"ig;, j = 0,1, ++, m, i = 0,1, -7755; 
satisfy the desired condition. 
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The elements w;; constitute a linear base for the forms of degree a + 1 which 
belong to A. If we multiply the wij by & ,*++,&., then the products give a 
base for the forms of degree a + 2in %. These products are the homogeneous 
coordinates of the general point of the join V* of V and V. Since, as will be 
pointed out later on, the quadratic transformation has no fundamental points 
on V, it follows that V and V* are in regular birational correspondence. We 
now multiply the homogeneous codrdinates of the general point of V* by 
Hye ,£. , getting the join of V* and V. Proceeding in this fashion we con- 
struct a model V*, such that: a) the homogeneous coérdinates of the general 
point of V* constitute a linear base for the forms of degree a + a in %; i.e., they 
are elements of Apo, and consequently also of B; b) V* and V are in regular 
birational correspondence. In a similar fashion we construct a model Vy in 
regard to B, V; and the integer 6B + b. Since a + a = 6 + b, it follows imme- 
diately that the homogeneous coérdinates of the general point of V* are linearly 
dependent on the homogeneous coérdinates of the general point of V; , and 
vice versa. Consequently, V* and Vj are related projectively to each other, 
q.e.d. 

If K is algebraically closed, then it is permissible to assume that the coérdi- 
nates of P (elements of K) are 1, 0, 0,---,0. Then p* = (é,---, és), and 
our quadratic transformation is given by the equations: w;; = &&;, 7 = 0, 
l,---,n;j = 1, 2,---,n. This is the ordinary quadratic transformation 
defined by the system of hyperquadrics passing through the point P (see “Re- 
duction,” p. 676). 

Since P is the only point of V at which all the forms £77; vanish simulta- 
neously, P is the only fundamental point of the quadratic transformation. To 
any other point A of V there corresponds a unique point A on V, and moreover 
Q(A) coincides with Q(A). The transformation has no fundamental points 
on V. The proofs of all these assertions are straightforward and do not differ 
essentially from the proofs in the case of an algebraically closed ground field 
(see “Reduction,” p. 676-679). 

To see what happens to the point P, we pass to non-homogeneous coérdinates: 
& = 7/8 (¢ ¥ 0), and w;; = wi;/woo (i, j not both zero). Let 9; denote the 
non-homogeneous polynomial obtained from the form n; by the usual process 
(replace & by 1 and &} by &;, 7 ¥ 0). The ring of non-homogeneous coér- 
dinates for V, resp. V, will be: 0 = Kléi, --- , &,] and 


d= Klé&i, -++ 5 &, m/mo,°°* » Mm/ No) 


respectively. The point P will be given by the prime ideal p = (0, --- , 1m) 
ino. Since the ideal 5p is the principal ideal 5-0, we conclude immediately 
that the transform T(P) of the point P is a pure (r — 1)-dimensional subvariety 
of V (not necessarily irreducible).”° 





“ If Tis an irreducible subvariety of V, at finite distance with respect to the non-homo- 
geneous codrdinates w;; , I is given by a prime ideal fin the ring. If I corresponds to the 
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4. Quadratic transformations with simple center. The p-adic divisor 


We are now especially interested in the case in which P is a simple point, 
Let 3 be the quotient ring of P and let $ denote the ideal of non-units in 4, 
Let t:, ---,t,, t; €3, be uniformizing parameters of P, i.e. a set of r elements 
in ¥ with the property ¥-(, ---,¢) = 8.” 

A significant property of the uniformizing parameters is the following: if 
o(t:, +--+ ,t-) = 0, where ¢ is a polynomial in t,, --- , ¢, with coefficients in 4, 
and if $,(t, --- , t-) is the sum of terms of ¢ of lowest degree p (¢, = the leading 
form of ¢), then the coefficients of ¢, must all be divisible by $.” This property 
enables us to construct a valuation of = in the following fashion. If a ¢ ¥ and 
if a is exactly divisible by $°, then a = ¢,(t, --- , ¢-), where ¢, is a form of 
degree p with coefficients in $ but not all in . Let 8 be another element of 3, 
exactly divisible by 8’, so that B = y(t, ---,t). We have a8 = 0(¥°*), 
and since the coefficients of the form ¢,¥, are not all in $; we conclude, by the 
property of the uniformizing parameters stated above, that a@ is not divisible 
by %°*’*. This shows that if we put v(a) = p, we get a discrete valuation B 
of 2, of rank 1. We shall call B the p-adic divisor of center P (P — a simple 
point!). 

It is not difficult to see that B is of dimension r — 1, i.e. B is a divisor. For, 
we have v(t;) = 1, v(t./t:) = 0. Were the B-residues of f/t,, --- , t,/t alge- 
braically dependent over K, there would exist a form ¢,(t: , «++ , tm), with coeffi- 
cients in K, not all zero, such that v(¢,) > v(t). This would imply ¢, = 
0($°*"), which is impossible. 

The following theorem puts into evidence the effect of a quadratic transforma- 
tion of center P in regard to our p-adic divisor: 

TuEorEM 1. If V is the transform of V under a quadratic transformation T 
of simple center P, then the p-adic divisor of center P is of the first kind with respect 
to V, i.e. the center of the divisor on V is (r — 1)-dimensional. This center coin- 
cides with the transform T(P) (whence T(P) is irreducible). 

Proor. We use the notations of the preceding section. We assume that the 
variety T(P) is not entirely at infinity, i.e. that the principal ideal 5-1 is not 
unit ideal (see footnote 10). 





point P, then we must have f () 0 = p (see footnote7). Hence dp = 0(p), i.e. T lies on the sub- 
variety W of V defined by the principal ideal 5-7). Conversely, if T is on W, then d-p = 
0($), whence § f) 0 = 0 (since p is a maximal ideal of 0), and therefore I corresponds to P. 
This shows that 7'(P) consists of W and perhaps of other irreducible components at infinity. 
Since any irreducible component of 7(P) can be assumed to be at finite distance, for a 
proper choice of the non-homogeneous coérdinates (if ws is different from zero on the 
given component, we use the quotients w?;/wz,) and since if the principal ideal 0-m is not 
the unit ideal, all its isolated prime ideals are (r — 1)-dimensional, our assertion follows. 

1 See our paper ‘‘Algebraic varieties over ground fields of characteristic zero’’, American 
Journal of Mathematics, vol. 62 (January, 1940), p. 199. 

12 See loc. cit. in footnote 11, p. 202 and p. 207-208. As a consequence of this property, the 
quotient ring of a simple point (and also, more generally, the quotient ring of a simple sub- 
variety) is a ‘“p-Reihenring”’ in the sense of Krull (see Krull, Dimensionstheorie in Stellen- 
ringen, Crelle’s Journal, vol. 179 (1938)). 
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To prove the theorem -it will be sufficient to prove that the ideal 3-1 is 
prime, where $ = Y-5 (Y = quotient ring of P)," and that the irreducible sub- 
variety of V defined by this prime ideal is the center of B. Let B’ be an arbi- 
trary valuation of center P, whose center on V is at finite distance (such valua- 
tions exist, since we have assumed that T(P) is not entirely at infinity). 

Among the uniformizing parameters ¢,,---,t, of P we take one which 
has least value in B’. Letit bet,;. Since $B = &-(m,m,--- , nm), it follows 
that t:¢%-(n0, mm ,°** 5m). Consequently ¢t;/n «3, and, in particular, 
f/m €3. Since the center of B’ is at finite distance we conclude that vs-(t:) 2 
ve(m). This inequality implies that no # 0($°). For, assume that m = 0($’). 
Then no = ¢e(ti, «++ , t-), Where ¢2 is a quadratic form in the ¢’s, with coefficients 
in 3. We can write m/tt = toe(1, t/ti,---,t-/t). By hypothesis, 
vp(t;/) 2 0. We also have vg-(t4) > 0 and vs(a) = 0, for any element a 
in ¥ (since P is the center of B’). Consequently, vs:(o/t:) > 0, a contradiction. 

Since m 4 0(¥°), we have vg(mo) = 1, and since vs(n;) = 1, we conclude that 
the quotients :/no belong to the valuation ring of B. ‘Consequently the entire 
ring 3 is contained in the valuation ring of B. Therefore the center of B on V 
isa (irreducible) subvariety W of V at finite distance, where W will be given by 
the prime ideal % in ¥ consisting of the elements of positive value in B. Now 
it is clear that ¥-n = O($). On the other hand, let ae 3, o(&) > 0. We 
can write & in the form: &@ = @,(m0, m,°-*, %m)/no, where ¢, is a form of 
degree p, with coefficients in ¥. Since vg(&) > 0 and vg(nb) = p, we must have 
ved,) 2p +1. Hence d, = vp4i(h,---,¢-), where ¥,4: is a form of degree 
p+lint,---,t¢,, with coefficients in §. Since ¢, = O(m, m,°-*, 7m), we 
will also have @, = gp41(m, °** , %m), Where g,4: is again a form of degree 
o+1in m,-+:,m, With coefficients in $. Consequently, &@ = g,4:/nh = 
t0Jo+i(1, m/m,*** 5 2/0), Whence & = O(3-m). We conclude that X-n = 
$, and this completes the proof. 

From the fact that the irreducible variety T(P) is defined by a principal ideal, 
namely by the ideal 5-0 , it follows T(P) is a simple subvariety of V (of dimen- 
sion r — 1, and having mo as uniformizing parameter). Therefore T(P) contains 
points which are simple for V. We shall need, however, the following stronger 
result: 

TuzorEM 2. Every point of T(P) is a simple point of V. 

Proor. Let P be a point of T(P), which we may assume to be a point at 
finite distance. “We consider an arbitrary but fixed valuation B’ with centers 
P and P (on V and DV respectively). Assuming, as we did before, that 
w(t) < vp(t), i = 1, 2,--+,7r, we will have t;/m €%, and since ¥ C Q(P), 
it follows that 


(2) en Sees eee 
No 


Every prime ideal § of 5-9 contracts to p (see footnote 11), and hence 3 = 0» & 6;. 
From this it follows immediately the ideals 5-7) and 3-7 have like decompositions into 
maximal primary components. 
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We consider the ring o* = Kli&i,---,&, tb/h,-*:,t/h). Let V* be the 
model whose general point (in non-homogeneous coérdinates) is (£,, --- . 
to/t,, ---, t/t). Since vg-(t:/t) 2 0, the center P* of B’ on V* is a point at 
finite distance. We will have also the following relations, similar to (2): 


(3) 7 €Q(P*), a= 0,1, -+-,m. 
1 


From (2) and (3) it follows that t;/7 is an element of Q(P) and that its reciprocal 
has non-negative value in the valuation B’. Since P is the center of B’ on J, 
we conclude that t;/n is a unit in Q(P). Similarly, t:/ is a unit in Q(P*). 
But then the quotients t,;/ti(= t:/no-m/t) are in Q(P), and the quotients 
ni/no(= ni/titi/m) are in Q(P*). Therefore 5 C Q(P*) and o* C Q(P), and 
this implies: Q(P*) = Q(P). Thus, we have only to show that P* is a simple 
point of V*. For that we have to exhibit uniformizing parameters at P*. 

Let A be the residue class field of the point P, i.e. let A = o/p. Here A is an 
algebraic extension of K. Similarly, let A* be the residue class field of P*. 
We have A* D A, since o* D 0 and since the prime o*-ideal p* of the point P* 
contracts in 9 to p. Let ci,---,¢n be the P-residues of &, --- ,& (c;€ A), 
and let d,, --- ,d, be the P*-residues of t/t: , «++ , t/t (di ¢ A*). The residue 
d; will be the root an irreducible polynomial f;(z) with coefficients in A. Replace 
each coefficient of f;(z) by an arbitrary but fixed element of o of which it is the 
residue. We get a certain polynomial F;(z) with coefficients in 9. We assert 
that the r elements 


imu, d-A(#)--, ¢=r(2) 
ty ty 


are uniformizing parameters at P*, i.e. t; , tz, --+ , t- generate in Q(P*) the ideal 
of non-units. It is sufficient to show that the ideal o*(t; , t2 , «~~ , t,) is the inter- 
section of prime zero-dimensional ideals (one of these ideals will have to be the 
ideal defined by the point P*, since ¢; = 0 at P*). Now this ideal is contained 
in the prime (r — 1)-dimensional ideal o*t,(= o*p; the center of the p-adic 
divisor on V*). Modulo this prime ideal the elements t2/t; , --- , t-/t: are alge- 
braically independent, while the residues of £, --- , &, are C1, °** , Cn Frespec- 
tively. Therefore, if we pass to the ring 0*/o*t; , we see immediately that the 
above assertion is equivalent to the following statement: if z:, --- , 2 are 
indeterminates over A, then the polynomials fo(zs), --- , f-(z-) generate in the 
polynomial ring A[z , --- , z,| an ideal which is the intersection of prime zero- 
dimensional ideals. Since the polynomials f,(z;) are irreducible over A and 
since A is of characteristic zero, this statement is true and its proof is straight- 
forward. 


II. RESOLUTION OF THE SINGULARITIES OF AN ALGEBRAIC SURFACE 
5. Two lemmas 


If W is an arbitrary collection of points on a given irreducible algebraic 
variety V (for instance, if W is an algebraic subvariety of V), we denote by 











e the 
eo 


int at 


rocal 
on V, 
(P*), 
tients 
, and 
imple 


is an 
[ FP. 
it. P* 
€ A), 
sidue 
place 
is the 
ussert 


ideal 
inter- 
e the 
ained 
-addic 
alge- 
spec- 
t the 
, are 
1 the 
zero- 
and 
ight- 


braic 
fe by 


RESOLUTION OF SINGULARITIES OF ALGEBRAIC SURFACE 591 


N(W) the set of all zero-dimensional valuations B (of the field = of rational 
functions on V) such that the center of B on V is in W. 

Lemma 1. If W is an algebraic subvariety of V and if for any point P of W 
there exists a resolving system for N(P), then there also exists a resolving system 
of N(W). 

Proor. Lets = dimension W, i.e. s is the highest dimension of the irreducible 
components of W. For s = 0 the lemma is trivial, because W consists then of a 
fnite number of points. We therefore assume that the lemma is true for 
s = p — 1 and we prove that it is also true if dim W = p. 

We fix a point P; on each irreducible p-dimensional component of W and we 
consider a resolving system V,,---,V, of N(P,, P2,---). Let V* be the 
join of V, Vi, ++: , Va. The points of V* to which there correspond singular 
points of V; form an algebraic subvariety Wi of V*(i = 1,2,---,h). Let W* 
be the intersection of Wi ,---,Wx. The points of W which correspond to 
points of W* form an algebraic subvariety W, of W, of dimension < p, since 
P:eW,. It is clear that (Vi,---,Vn») is also a resolving system of 
\(W — W,). Hence, if there exists a finite resolving system for N(W,), this 
system, together with V,,---,V,, will give a resolving system for N(W). 
Since dim W, < p, our induction is complete. 

The second lemma deals with algebraic surfaces. Let F be a normal surface, 
and let P be a point of F. We apply to F a quadratic transformation of center 
P, getting a surface F;. If F, is not normal, we pass from F , to a corresponding 
derived normal surface F; (see ‘‘Results,” p. 290). The birational transforma- 
tion which consists in passing from a given variety to a corresponding derived 
normal variety shall be referred to in the sequel as a normal transformation. 
We know from section 3 that the transform of P on F; is a pure (r — 1)-dimen- 
sional subvariety of F;. We take an arbitrary point P; of this subvariety. 
To P; there will correspond on F; at most a finite number of points. Let P; 
be one of these points. We now repeat the above procedure, starting with the 
normal surface F; and with the point Pi. We will get first a quadratic trans- 
form F: of F; (with P,; as center of the quadratic transformation) and then a 
derived normal variety F2 of F;. On F3 we select at random a point P; which 
corresponds to P; , and then we let P: be one of the points of F2 which corre- 
sponds to P;. In this fashion we proceed indefinitely, getting an infinite 
sequence of models F; Fi, Fi; F2, F2;-::; Fi, Fi; +++, and of points P; 
Pi, Pi; P2, Pr; --.; Pi, P;;-+--, where: a) P; eF;, P;¢F; ; b) the quotient 
= pre is integrally closed and c) Q(P) C Q(Pi) & Q(Pi) C Q(P2) & 

ska, 

Lemma 2. The union of the quotient rings Q(P;) (or lim Q(P;)) is the valuation 
ring of a zero-dimensional valuation of >. 

The proof is exactly the same as the one we gave in the case of algebraically 
closed ground fields (“‘Reduction,” p. 681, Theorem 10). 





_ In that proof we selected an element ¢ in Q(P) which is a non-unit of Q(P) but is not 
in the “tangential” ideal. The consideration of the tangential ideal can be omitted. 
We know that if ® is the ideal of non-units in Q(P), ® = (m0, m,°** » mm), then the ex- 
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6. The existence of resolving systems 


Let F be a normal surface. We shall prove that the hypothesis that the 
field = of rational functions on F does not possess a resolving system leads to a 
contradiction. Under this hypothesis it follows, in view of Lemma 1, that there 
must exist a point P on F such that N(P) does not possess a resolving system, 
By a quadratic transformation of center P, we transform F into a surface F, 
and into the derived normal surface F, of F;. Let W, be the subvariety of F, 
whose points correspond to P. It is clear that N(P) = N(W,), and hence there 
must exist a point P; on W; such that N(P;) does not possess a resolving system. 
By repeated application of this argument, we get an infinite sequence of points 
P, P,,---,P:,--: of the type considered in the preceding section, such that 
N(P,) does not possess a resolving system, 7 = 1, 2,---. Let B be the zero- 
dimensional valuation whose valuation ring B is the union of the rings Q(P)). 
By the local uniformization theorem, let F* be a model on which the center P* 
of Bisa simple point. We have Q(P*) C B, hence Q(P*) C Q(P,), for i suffi- 
ciently high, say 7 2 m. Every valuation of center P;, 7 2 m, will have P* 
as center on F*, ie. N(P:) & N(P*). Therefore F* is a resolving surface for 
N(P;), if i 2 m, a contradiction. 


% Proof of the fundamental theorem 


Let F, F’ be the pair of surfaces which constitute a resolving system for a 
given set N of zero-dimensional valuations of our field =. The birational 
correspondence between F' and F’ may have fundamental points on either sur- 
face. Our first step consists in the elimination of the fundamental points of one 
of the two surfaces, say of F, by applying to F a sequence of successive quadratic 
and normal transformations, as described in the preceding section. As center 
of the quadratic transformation we take a fundamental point of F, one at a time, 
until we have exhausted all the fundamental points of F. As a result we get 
some new normal surface, say F,. If the birational correspondence between 
F, and F’ still has fundamental points on F; , these points must be among the 
points which correspond to the fundamental points of F. In that case we 
proceed with F; in the same fashion. We assert that after a finite number of 
steps we will get a surface F; = F such that the birational correspondence between 
F and F’ has no fundamental points on F. For, otherwise there would exist an 
infinite sequence of points P, P,, P2, --- , P; « F;, such that each point P; is 
fundamental and such that Q(P) C Q(Pi1) C---. Let B = lim Q(P;), and 
let B be the corresponding zero-dimensional valuation (Lemma 2). Let P’ be 
the center of Bon F’. Then if 7 is sufficiently high we will have Q(P:) 2 Q(P’), 
and this is in contradiction with our hypothesis that P; is a fundamental point 
of the birational correspondence between F; and F’ (see section 3). 

Since under quadratic transformations simple points go into simple points 





tended ideal of 8 in Q(P)) is a principal ideal generated by one of the elements 1; , 38Y 
by mo. Take as ¢ the element 7 . 
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(section 4) and since under normal transformations simple points are not affected 
at all, it follows that the pair of surfaces (F, F’) is also a resolving system of N. 

Our next step is similar to the step just executed, namely we now eliminate 
by quadratic and normal transformations the fundamental points of F’ in the 
birational correspondence between F, F’. However, this time we only eliminate 
those fundamental points of F’ which are simple points of F’. No singular point 
of F’ will be affected, even if it is a fundamental point. Let F’ be the transform 
of F’ thus obtained. 

We assert that the join F* of F and F’ is a resolving surface for N. 

The proof is straightforward. For, let B be any valuation in the set N. Let 
P, P’, P’ and P* be the centers of B on F, F’, F’ and F* respectively. We 
have to show that P* is a simple point. 

First Case: P’ is a singular point. Then P is simple (since (F, F’) is a 
resolving system for N). We have Q(P) D Q(P’) (since the birational cor- 
respondence between F and F’ has no fundamental points on F) and also 
Q(P’) = Q(P’) (since the singular points of F’ have not been affected in the 
passage from F’ to F’). Therefore Q(P) D Q(P’) and consequently™ Q(P) = 
Q(P*). Since P is a simple point, it follows that also P* is a simple point. 

SeconD Case: P’ is a simple point. If P’ is not a fundamental point of the 
birational correspondence between F and F’, then Q(P’) = Q(P) (since P is 
also not a fundamental point), and moreover Q(P’) = Q(P’) (since the points 
of F’ which are not fundamental in the above birational correspondence have 
not been affected in the passage from F’ to F’). Hence Q(P) = Q(P’) = 
Q(P*), and therefore P* is a simple point. If, on the other hand, P’ is a funda- 
mental point in the birational correspondence between F and F’, then P’ is not 
fundamental for the birational correspondence between F and F’ (because the 
simple fundamental points of F’ are eliminated in the course of the passage 
from F’ to F’). Hence Q(P’) 2 Q(P), Q(P*) = Q(P’). Since P’ is simple, 


also P’ is simple, and consequently P* is a simple point, q.e.d. 


THe Jonns Hopkins UNIVERSITY 





* We make use of the following property of the join V* of two varieties V and V’: if 
P*, P and P’ are corresponding ‘points of V*, V and V’ respectively and if Q(P) D 
Q(P'), then Q(P) = Q(P*). The proof is straightforward. 
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6. The existence of resolving systems 


Let F be a normal surface. We shall prove that the hypothesis that the 
field > of rational functions on F does not possess a resolving system leads to 4 
contradiction. Under this hypothesis it follows, in view of Lemma 1, that there 
must exist a point P on F such that N(P) does not possess a resolving system, 
By a quadratic transformation of center P, we transform F into a surface F, 
and into the derived normal surface F; of F;. Let W1 be the subvariety of F, 
whose points correspond to P. It is clear that N(P) = N(W,), and hence there 
must exist a point P; on W; such that N(P;) does not possess a resolving system. 
By repeated application of this argument, we get an infinite sequence of points 
P, Pi,-::,Pi, +++ of the type considered in the preceding section, such that 
N(P;,) does not possess a resolving system, 7 = 1, 2,---. Let B be the zero- 
dimensional valuation whose valuation ring B is the union of the rings Q(P,). 
By the local uniformization theorem, let F* be a model on which the center P* 
of Bisa simple point. We have Q(P*) C B, hence Q(P*) C Q(P,), for 7 suffi- 
ciently high, say 7 = m. Every valuation of center P;, 7 2 m, will have P* 
as center on F*, i.e. N(P;) © N(P*). Therefore F* is a resolving surface for 
N(P,), if i 2 m, a contradiction. 


7. Proof of the fundamental theorem 


Let F, F’ be the pair of surfaces which constitute a resolving system for a 
given set N of zero-dimensional valuations of our field 2. The birational 
correspondence between F and F’ may have fundamental points on either sur- 
face. Our first step consists in the elimination of the fundamental points of one 
of the two surfaces, say of F, by applying to F a sequence of successive quadratic 
and normal transformations, as described in the preceding section. As center 
of the quadratic transformation we take a fundamental point of F’, one at a time, 
until we have exhausted all the fundamental points of F. As a result we get 
some new normal surface, say F,. If the birational correspondence between 
F, and F’ still has fundamental points on F; , these points must be among the 
points which correspond to the fundamental points of F. In that case we 
proceed with F, in the same fashion. We assert that after a finite number of 
steps we will get a surface F; = F such that the birational correspondence between 
F and F’ has no fundamental points on F. For, otherwise there would exist an 
infinite sequence of points P, P; , P:,--- , P;¢F;, such that each point P; is 
fundamental and such that Q(P) C Q(P:) Cc ---. Let B = lim Q(P,), and 
let B be the corresponding zero-dimensional valuation (Lemma 2). Let P’ be 
the center of Bon F’. Then if 7 is sufficiently high we will have Q(P;) 2 Q(P’), 
and this is in contradiction with our hypothesis that P; is a fundamental point 
of the birational correspondence between F; and F’ (see section 3). 

Since under quadratic transformations simple points go into simple points 





tended ideal of $ in Q(P,) is a principal ideal generated by one of the elements 7; , 82Y 
by mo. Take as ¢ the element 7 . 








15 | 
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(section 4) and since under normal transformations simple points are not affected 
at all, it follows that the pair of surfaces (/’, F’) is also a resolving system of N. 

Our next step is similar to the step just executed, namely we now eliminate 
by quadratic and normal transformations the fundamental points of F’ in the 
birational correspondence between F, F’. However, this time we only eliminate 
those fundamental points of F’ which are simple points of F’. No singular point 
of F’ will be affected, even if it is a fundamental point. Let F’ be the transform 
of F’ thus obtained. 

We assert that the join F* of F and F' is a resolving surface for N. 

The proof is straightforward. For, let B be any valuation in the set N. Let 
P, P’, P’ and P* be the centers of B on F, F’, F’ and F* respectively. We 
have to show that P* is a simple point. 

First Case: P’ is a singular point. Then P is simple (since (Ff, F’) is a 
resolving system for N). We have Q(P) D Q(P’) (since the birational cor- 
respondence between F and F’ has no fundamental points on F) and also 
Q(P’) = Q(P’) (since the singular points of F’ have not been affected in the 
passage from F’ to F’). Therefore Q(P) D Q(P’) and consequently® Q(P) = 
Q(P*). Since P is a simple point, it follows that also P* is a simple point. 

SeconD Case: P’ is a simple point. If P’ is not a fundamental point of the 
birational correspondence between F and F’, then Q(P’) = Q(P) (since P is 
also not a fundamental point), and moreover Q(P’) = Q(P’) (since the points 
of F’ which are not fundamental in the above birational correspondence have 
not been affected in the passage from F’ to F’). Hence Q(P) = Q(P’) = 
Q(P*), and therefore P* is a simple point. If, on the other hand, P’ is a funda- 
mental point in the birational correspondence between F and F’, then P’ is not 
fundamental for the birational correspondence between F and F’ (because the 
simple fundamental points of F’ are eliminated in the course of the passage 
from F’ to F’). Hence Q(P’) D Q(P), Q(P*) = Q(P’). Since P’ is simple, 
also P’ is simple, and consequently P* is a simple point, q.e.d. 


Tae Jonns Hopkins UNIVERSITY 





We make use of the following property of the join V* of two varieties V and V’: if 
P*, P and P’ are corresponding points of V*, V and V’ respectively and if Q(P) D 
Q(P’), then Q(P) = Q(P*). The proof is straightforward. 
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1. Euler relations for the new homology groups 


We assume familiarity with the definitions and notations of our previous 
paper, “A new Homology Theory,” these Annals, vol. 43, 1942, pp. 370-380. 
The homomorphisms 


(1.1) cet C’, t= 0,1,2,--- ;0<q<p, 
defined by 
(1.2) © F°(K‘**) = K' 


have the group Z:* as nucleus and the group B}_, as map. 

In this section the underlying simplicial system = is supposed to be finitefand 
if in addition we restrict ourselves to its regular subsystem 2), which restric- 
tion does not influence the homology groups, the ranks of all groups involved 
will be finite. Thus (1.1) yields for the ranks 


(1.3) r(C***) al r(Zq"") + r(B5-a), 0<q< p,t = 0,1,2,+:-. 
Hence 
(1.4) r(C*) = r(Zq) + r(By-%) 


is true for 7 = q and will remain true for i < gq if the rank of a group of negative 
dimension is put equal to zero. This follows from 


(1.5) C'=Zi fori < q (andi = 0, +1, +2, ---). 


Remark: The introduction of chains of negative dimensions here has as 
its sole purpose to dispense with the handling of sub-cases. (This device was 
also used in §7 of our previous paper, but differently from the way adopted 


here.) 
Hence we have 
(1.6) r(C) = r(Zi) + r(Bi-4), 0<q<p, i=0, +1, +2,- 
Furthermore from 
(1.7) Hi=Zi-—B 
defining the (qg, 7)-homology groups, we derive 
(1.8) r(Hj) = r(Z;) — r(B), O<q<p, 1=0,+1, +2,°°: 


Eliminating 7(Z;) from (1.6) and (1.8) we arrive at 


(1.9)  r(H}) =7(C’) — r(Bi) — r(Bit), O<q<p, i1=0,+1,+2,:°°. 
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Here we replace g and 7 by p — q and i — q respectively, to get 
(1.10) r(Hixt) = r(C**) — r(Bixt) — r(Bi”), 
0<q<p, i =0, +1, +2,--: 
From (1.9) and (1.10) we eliminate r(B5—% 
(Ht) — r(Hixt) = r(C*) — r(C**) — 1(Bi) + (Bi), 

“ 0<q<p, i=0, +1, +2,---. 
Fori = np + j,0S j < p (1.11) becomes 
r(Hp?*4) — r(Hp23?*) 

= (Crt) — p(QrPtinay — 9 Br) + ri BOPPrs), 


For j and q fixed (0 S j < p,0 < q < p) we sum the relations (1.12) forn = 
0,1, 2, --- , to obtain the Euler relations 


(1.12) 


(1.18) = [r(g?*) — (527°) = 2 [r(c*”™) — r(c"?*)). 
n=0 n=0 
The sums appearing in (1.13) are finite since 2 is finite. (For p = 2,j =q=1 
the relation (1.13) is the Euler relation for the classical modulo 2 case.) 
If we let 


(1.14) rm = r(C"), 


then 7, is the number of all simplexes of dimension m, simple or not. If on 
the other hand a» denotes the number of the simple simplexes of dimension 
m then rm is linearly expressible in terms of ap, a1, *-*, @», With integral 
coefficients which do not depend on the underlying simplicial system >. Con- 
sequently the right side of (1.13) is a linear function of a, a1, -+* ay, where 
N denotes the dimension of = (i.e. N is the largest dimension of a simple simplex 
of 2), with coefficients independent of 2. 

For a Euclidean polyhedron | Z|, which is a realization of the simplicial 
system 2, the left side of (1.13) has been shown to be a topological invariant. 


Hence this is true for the right side, and being linear in the ao, a, «+: aw, 
this side can differ from the Euler number | 
(1.15) E()) = a — a1 + a — +++ + (—1)"an 


only by an integral factor (§4). To determine this factor we may choose the 
system 2 in the simplest way, and this we do in taking the system 2» composed 
of one zero-dimensional simplex. Here a = 1 and all the other a;, 7 > 0, 
are zero. Furthermore for 2p 


(1.16) m= m1 = +++ = rpe = 1, r, = 0,-:-n>p-— 2, 
since only regular chains are admitted. For 2» the right side of (1.13) becomes 
(1.17) 


ri — Ti-a — Tpt+i-a 
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these being the only non-vanishing terms. Two cases arise: a) j ¥ p — 1, 
and b)7j = p — 1. 
Case a,j = 0,1, ---, p — 2, splits into subcases a) 7 2 q and a) j < q: 


a1) r;=1, Tra=1, Tptrp_ = 0, 


az) r;=1, rj-q = 0, Tptj-q = 1---G<q-1, 

O-:--- j =q- 1. 
Hence for 7] # p — 1 the expression (1.17) is zero except for 7 = q — 1 in which 
case (1.17) = E(X) = 1. 

In Case b, rj = 0, rj—q = Type = 1, Trt iH-a = Teper = O, since 0 < g < pp. 
Hence for j = p — 1 the expression (1.17) zs (independent of g) equal to — E(3,) 
= —l. 

Thus the following formula has been proved 


Do (e(HG?) — rH329)] = FEC), 
(1.18) 


a e ae oo 3 
| where f} = 6f— — 6?" , with 6; = 
| 0---iFk. 
Remark: f? = 0 is possible only for 7]  g — landj ¥ p — lsinceg — 1 # 
p-l1. 
This formula being true for any (finite) = suggests first 
(1.19) r(H7) =0, r(A3-3) =0, forn 4 —landn — q F¥ —1, (mod p), 


and indeed these two relations hold, as will be shown in the next section. It 
suffices to prove the first of them, since n #4 —1 and n — q # —1, (mod p) 
entails n — g # —1 and (n — q) — (p — g) = n F —1 (mod p). In §3 we 
shall prove 


(1.20) r(Hy?**") and r(H7?*?"’) 


independent of gq, likewise suggested by (1.18). 
In the following the simplicial system is no longer supposed to be finite. 


2. Proof of the rank relations 
(2.1) = r(H") =0 forn 4 —lLandn — q # —1, (mod p). 
We first prove 
(2.2) Forn A —1, (mod p) any (q, n)-cycle is a (p — gq — 1)-boundary. 


(Of course, for g = p — 1 the above statement is vacuous.) 
To prove (2.2) we introduce p — 1 linear operators D. , a = 0,1,°°* ,p-% 
with 





(2.3) 


for % 
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For: 
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n+l 


DAPi +++ Pays) = (—1)*e! p E (P, -<- a -o> Pasa), 


j=1 
for n-chains, n 2 O and with 


23.1) DaK" = for n < 0, (K" a chain of negative dimension). 


Forn 2 Oand a = 0,1, --- , p — 3, we derive from (2.3) 


n+1 


{ 
'FD.(P: + Pays) = (-D*"(a + 1)! Bi (Py +++ PPo* oe+ Pass) 
which - 
(2.4) | n+1 
< | + (—1)%a!l DD (Pies) PPO +++ Parade. 
p. | j=l kj 
E(%) 


By (2.3), (2.3.1) the last term on the right side of (2.4) equals 
(a! > (P, +++ PPO «++ Passe = DaF(Py +++ Pays). 
and therefore we have for n = Oanda = 0,1, ---,p—3 
(2.5) (FD. — DaF)(Pi +++ Pai) = Days (Pi +++ Pas), 
or, as an operator relation, 
(2.6) (FD. — DaF)K" = DayilK" 


which holds for any n (because of (2.3.1.)) and for a = 0,1, --:, p — 3. 
From (2.6) we derive 


(2.7) D.= 2, -1' (2) F°’ DF, a=0,1,---,p—2. 
r=0 


Since 


(2.8) Dy-o(Pi +++ Pays) = —(p — 2)'n + 1)(Pi +++ Pos), 





we get from (2.7) fora = p — 2 
—2 

(29) —(p — 2)'n+1)K" = > (—1)’ ¢ es *) F?-"* Do F K". 
r=0 


But p being prime, 


20) ater, (P75?) = +d, § (mod p). 


Hence for any n-dimensional chain K", n = 0, +1, +2, --- the relation 


p—2 


(2.11) > (r + IF’? DoF’ K" = —(n + 1)K" 

r=0 
holds. For a qeycle K" we have DF’K" = DoF*"K" = --- = 0, since 
then either the F°K", F7"7K", --- vanish or they are chains of negative di- 
mensions. The relation (2.11) then becomes 
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(2.12) —(n + 1)K" = F"*" »> (r + DFr DoF K} 


thus proving (2.2). 

The term corresponding to r = g — 1 inside the bracket in (2.12) is gD,F*"K", 
We prove (2.1) by showing that for n — gq # —1, (mod p) this term is q 
boundary: 


(2.13) DoF*"K" = F( ); forn — q # at (mod DP). 


For g — 1 > n (2.13) is the zero-chain by (2.3.1), and hence a boundary, 
Here n # q — 1, thus proving (2.13) forO >» —q+1. Thecasen — q+ 1 = 
0 can be neglected since by assumption n — q # —1 (mod p). Thus we may 
assume n — qg +1 > 0or 


(2.14) nz=4q. 
Let (P; --+- Pn4:) be a simplex of the g-cycle K”; then 
DoF™ (Pi +++ Pat) = (@—-V!Do Do (Pave> Prtaday---0¢-1 


(a1°** @g—1) 


(2.15) Z n—qt+2 

=@ nt 2 gy Oa eh -+ Pa.) 

(B1°**Bn—gq+2) j=1 
the summation running over all the (n — q + 2) faces of (Pi --+ Psi). Again 
we have to introduce linear chain-operators A, , p = 1, --- , p — 2 which are 
defined for chains of dimensions = 1 by 
(2.16) A,(Pi-+: P,) = Do (Pi++: PP? +++ Pitt ++ P,), y22, 
(78) 


and which transform into zero chains of lower dimension. In (2.16) j, / run 
over 1, 2, --- , v, (without repetition, 7 ¥ 1). Obviously 


(2.17) A, = A, for p to =p-1 


so that, of the operators A, only Ai, Ae, --- Apne, are distinct. Since 
n—q+2 2 2 we have, similarly to (2.15), 
A F*'(Py +++ Pn4t) 


” (q - 1)! ) t (Ps, ° P3.* : ++ Pj + * Panett): 


(B1°* *Bn—g+2) {72] 
Here, putting n — q + 2 = », we take the boundary 
{ FA, F* "(Py -++ Pass) 


=—@-— D1 2d Paes: PR +++ Pa +++ Pe.) 


**By) [70] 


+ 2% — @- Dt ae > (Pa, * PI; --- Pe.) 


***By) j=l 


+q@-)! b re - Pj;* +++ Pa, +++ Ps,)e- 


\ (B1°**By) [il] kx7,0 


(2.18) 


(2.19) 
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Foy =n— q+ 2 2 8 the last term (2.19) can be written 
(2.20) e@- it. - Dd, (Py, +++ PF) +++ Ph, +++ Py,,); 


*¥%y—1) [72] 


the first sum running over all combinations (7; --- 7,1) of 1, 2, ---,” + 1. 
(Such a combination (y1 *** Y-1) is derived from a combination (6; --- 8,) 
in which all of the y1, +--+ Ya Occur. There are (n + 1) — (v» — 1) = 
@tv-l)- (vy — 1) = q such combinations (6; --- 8,).) But (2.20) = 
AFP, «++ Pays). For » = n — q+ 2 = 2 the last term (2.19) vanishes and 
so does A:F%(P1 +++ Pn4i), hence (2.19) can be written 


iy — A F)F°"(Pi +++ Pays) = 2p — apes +++ Paya) 
ar == DEL & (Pan oes Phe oe Phyo Pa) 


(B1°* By) 


For ¢ = 2, 3, --+ (p + 1)/2 and chains of dimensions 2 1, we introduce the 
linear operators 


(2.22) A(Pi--: P,) = > (Pi +--+ P?* +++ Pl --- P,), y => 2. 


(7) 
(Obviously Acp-1ys2 = Acg42/2). Now (2.21) can be written 
(2.28) (Fa; — A\F)F*"K" = 2(y — 1)DoF*"K” — AcF*'K”. 
Since » - 1 = n — g +1 # O (mod p) by assumption, (2.13) is true if and 
only if 
(2.24) A2F*"K" = F(_ ). 


This follows from (2.23), K” being a q-cycle. 
For p = 2, 3, --+ (p — 1)/2 we derive equations analogous to (2.19), 


FA,F° "(Py +++ Pays) 
~—te>- OL 2» 2, (Pe, °°* Pir? +++ PE’ +++ Pp,) 


**By) [it] 
einige ray On oe PBs + Phi +> Po.) 


**By) [70] 


+@-D > > yy P§;? +++ Pg +++ Po,)e; 


**By) [il] kat 


(2.25) | 





where the last term on the ped is A,F*(P: --+ Pn41). Hence for the q-cycle 
K" we have for p = 2, «++ , (p — 1)/2. 


ans FA,F*"K" = —pAyyiF*"K” + (p + 1)A,F* “K”. 


rs pand p + 1 are ¥ 0, (mod p), hence from (2.26) it follows that the two 
chains 


(2.27) A,F*"K’, AyiiF* "K", p= 2,3,°°°, (p T? 1)/2 


are simultaneously bounding or not bounding. 
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For p = (p — 1)/2 the chains (2.27) coincide and (2.26) becomes 
(2.28) FAw—»aF* K" = Aw@_—»pF* K”. 


Hence all the A,F* "K” bound, p = (p — 1)/2, --- , 3, 2, and then (2.13) fol. 
lows from (2.23), which proves (2.1). 


3. Proof of the rank relations 


(3.1) : (Hiei *) = r(H7**”) 

and 

(3.2): HP") =H), g=1,-+:,p—1,7 =0,1,2,-. 
We first define a homomorphism 

) | ae H,; — H;, Nee 

of the (r, n)-homology group into the (s, n)-homology-group of =. Let 

(3.4) {Z"} a 


denote the homology class of the r-cycle Z” in H?. Then either r > n or 
F(Z") = 0”, hence either s > n or F°(Z") = F* "F'(Z") = 0" and Z’ is 
an s-cycle. The mapping of homology classes 


(3.5) {[Z"}un > {Z2"}un 


then defines the homomorphism (3.3). 

ReMaARK: Since a (p — r)-boundary of dimension n is a (p — s)-boundary of 
this dimension, B? C Bj , and the mapping (3.5) is independent of the choice 
of Z” in the class left in (3.5). 

Let us consider the nucleus of the homomorphism (3.3) as defined by (3.5): 
The class on the left in (3.5) belongs to the nucleus if and only if Z" C B}, 
i.e. if and only if for some chain K"*?~* 


(3.6) F?-*(K"*?*) hae Zz”. 
For n 2 r from F’(Z") = 0” then 
(3.7) ciate Saale = 0° 


follows. For.n < rwe haven + p—s <r+p — sand again K"’”~ isan 
(r + p — s)-cycle. Thus we have proved that {Z"} 4” belongs to the nucleus of 
the homomorphism (3.3) if and only if a (p + r — s)-cycle of dimension (p + n — 8) 
exists (i.e. an element of Z?2;;-~) such that (3.6) holds. 

But (3.6) defines a homomorphism 


(3.8) Hite > H; . 
Indeed, Z" is an r-cycle if K"*?™ is a (p + r — s)-eyele. Furthermore, to 4 


p — (p+r-—s) = (s — r)-boundary K"*?* 
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3.9) Kt? at Pa?) 


corresponds in (3.6) 
(3.10) ZF = FE (Ke) = F**K"), 


ie.a(p — r)-boundary. Our above result can be stated as follows: 

(Z"\, belongs to the nucleus of the homomorphism (3.5) if and only if it 
belongs to the map-group of the homomorphism (3.8). Or: The nucleus of 
(3.5) is the map of (3.8). 

We now consider the nucleus of the homomo.'phism (3.8) as defined by (3.6) 


or by 


(3.11) {K?7"*} potens —> {F?-“"(K?*"*) | oe 

The class on the left belongs to the nucleus of (3.8) if and only if 
(3.12) FP K™ +P) = F-"(Kp +?) 

for some chain K?*”~”. But then 

(3.13) Fe-1K"t?— a Fe" (Kr?) ee 0”, 


and the (p — s)-cycle K"*”* — F*"(Ki*””’), since p — (p +r — 8) = 8 —7, 
belongs to the class on the left in (3.11). 

Thus the class on the left in (3.11) belongs to the nucleus of the homomorphism 
(3.8) af and only if this class contains a (p — s)-cycle. 

If K"*?* is a (p — s)-cycle, then in a way analogous to (3.5) (since r + p — s 
>p-— 8) 


(3.14) {K™'? antes —> {KP Jarte-s 


defines a homomorphism 
(3.15) eit — Wee. 


Our last result can now be stated as follows: 

The class on the left in (3.11) belongs to the nucleus of (3.8) if and only if it 
belongs to the map of (3.15). 

Or: The nucleus of (3.8) is the map of (3.15). 

Thus, in the three homomorphisms 


H; — H? 
(3.16) H2i*-3 — H? 


+n— +n—s 
we. ~~ Ro 


as defined by (3.5), (3.11) and (3.14) respectively, the nucleus of the first (second) 
is the map of the second (third) homomorphism. 
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Since p + r — s > p — 8, the relations (3.16) may be continued to give the 

chain of homomorphisms: 

{f H?—H 

Hye. — A; 

Hp? — Apt 

(3.17) H.t?~" — Het? 

Hite" > Wyte 


Het? — Hea" 


L Ht? —, H*t? 





in which the nucleus of any homomorphism coincides with the map of the fol- 
lowing one. We write for 


(3.18) s=r+1, n—r=vp—1, v=0,1,2,---, r=1,-+-,p-2, 
the first three homomorphisms (3.17) 

Hy are 
(3.19) a7" — Ho?" 


vp+p—2 vp+p—2 
T-4 — T.4 


By our earlier result (2.1) H??i"" and H’,?*?;° are zero-groups. (Indeed 
vp +r — 1 #¥ —1land #7, (mod p) and vp + p — 2 ¥ —lLand Ff p — r - 2, 
(mod p).) Thus the nucleus of the first homomorphism and hence the map of 
the second is the group H;”*"™ itself. Furthermore, the map of the third 
homomorphism and hence the nucleus of the second one is the zero-subgroup 
of H%24”. Therefore the second homomorphism (3.19) is an isomorphism 


(3.20) Hie? 2. Bret 


thus proving (3.1) (first for r = 1, 2, ---,p — 2. But forr = p — 1 (3.1) 
becomes an identity). 

Now, beginning with the fourth, we write a second triple of homomorphisms 
(3.17) again using (3.18): 


H’?te- _, H’2te— 


p—r p—r—1 
(3.21) Byte _, priest 


(e+1) ptr—1 vpt+p—l 
Ay +i — H;? pos a 


+p—2 +1)p+r-1 : s us 
Here H77+?;" and Ht;?”*"" are zero-groups, and the same reasoning as used 
before proves the isomorphism 
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thus proving (3.2). The ranks (3.1) are in general different from the ranks 
(3.2), as follows from the Euler relations (1.18) since, in general, E(2) = 0. 
4. The Euler number 


TueorEM (4.1): If a; denotes the number of i-dimensional simple simplexes 
of the finite simplicial system = of dimension n then (up to a factor) the Euler 
number 

E(2) = 2) (-1)'a 


is the only invariant of = with respect to its subdivisions, which is linear in a , 


Mm, °**»,» An- 
Remark: In case 2 is a polyhedron, E(2) (up to a factor) will be the only 
topological invariant linear in a, ---, Qn. 


Let )> Arax, k = 0, 1, --+ , m, be an invariant with respect to subdivisions 
of simplicial systems 2 of dimension n. Then we prove 


(4.2) > Ayo, = fE(2). 


To prove (4.2) we can choose any system 2 of dimension n since by assumption 
the A, do not depend on 2. We choose for 2 the system composed of the 
n-simplex (P; «++ P41) and its faces denoted by Z,. Here 


(43) bh.) wef to E : : 


Let 3, be subdivided into 2), and let a,” be the number of the k-simplexes of 
y,. Then 


(4.4) * 4 Ax(az” — af) = 0, 
k=0 


ie. the “vector” & = a,” — af ,k = 0,1, --- 7, lies in the hyperplane > Ark. = 
0. If for suitable choices of such subdivisions we arrive at n such linearly- 


independent vectors &"”, vy = 1, 2, --- , n, then the A,’s are determined up to 
a factor f and (4.2) is proved. 
We choose the subdivision >’, of =, yielding &'” » = 1, --- n (the »*” vector 


in our construction) by introducing the centroid of a v-face of =, . 

Let (Pi --+ P,43) be that v-face, v = 0 included, S its centroid and a;"” the 
number of k-simplexes of 5’,. A k-simplex of 2’, not containing S is of the type 
(Pa, +++ Pa,,,) but not of the type (P: --+ Py4:Ps, «+: Ps,-,), which (for v ¥ 0) 
does not exist in >”. 

Hence the number of k-simplexes of 2’, not containing S is 


(4.5.1) se ') 3 C - | 
k+1 k-—y 























a 


mainte 


a DS BIO SO ney Dre Nae 8 











= 


es tee 


na ee ee ee eee eae 
EE OT OTR NAb E 



















602 W. MAYER 
Since p + r — s > p — 8, the relations (3.16) may be continued to give the 
chain of homomorphisms: 
( H? — H; 
Hpi. — H; 
H3t?* + HG 
(3.17) gS +i 
Hite" — Hy 
Hy*? » He" 


[ H**? —, H*t? 





in which the nucleus of any homomorphism coincides with the map of the fol- 
lowing one. We write for 


(3.18) s=r+1, n-—r=vp—1, v=0,1,2,---, r=1,-++,p-2 
the first three homomorphisms (3.17) 

| eae «iti Hz" 
(3.19) Hi? — Hy? 


vp+p—2 yp+p—2 
F4 — H>-1 


By our earlier result (2.1) H?2?i" and H’?*?;" are zero-groups. (Indeed 
vp +r — 1 # —land ¥r, (mod p) and vp + p — 2 ¥ —lLand Fp —-1r- 2, 
(mod p).) Thus the nucleus of the first homomorphism and hence the map of 
the second is the group H;”*""' itself. Furthermore, the map of the third 
homomorphism and hence the nucleus of the second one is the zero-subgroup 
of H’,?\”. Therefore the second homomorphism (3.19) is an isomorphism 


(3.20) Re 3 es 


thus proving (3.1) (first for r = 1, 2, ---,p — 2. But forr = p — 1 (3.1) 
becomes an identity). 

Now, beginning with the fourth, we write a second triple of homomorphisms 
(3.17) again using (3.18): 


H’ pt+p—1 wah H’ p+ p—2 


p—r p—r—l 
(3.21) Hy * —+ wer? 


(v+1) p+r—1 vp+p—1 
A441 —— H;” . 


+p-2 +1)p+r-1 . 3 
Here H7,?*?;° and H{i??*"" are zero-groups, and the same reasoning as used 
before proves the isomorphism 
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thus proving (3.2). The ranks (3.1) are in general different from the ranks 
(3.2), as follows from the Euler relations (1.18) since, in general, E(=) ¥ 0. 


4. The Euler number 


TuroreM (4.1): If a; denotes the number of i-dimensional simple simplexes 
of the finite simplicial system = of dimension n then (up to a factor) the Euler 
number 


n 


E(z) = p> (—1)*ax 
is the only invariant of = with respect to its subdivisions, which is linear in aw , 


a. "5 Clin, « 
Remark: In case = is a polyhedron, E(z) (up to a factor) will be the only 


topological invariant linear in a, +++, Qn. 
Let} Axor, k = 0, 1, «++, n, be an invariant with respect to subdivisions 
of simplicial systems 2 of dimension n. Then we prove 


(4.2) > Axon = fE(2). 


To prove (4.2) we can choose any system = of dimension n since by assumption 
the A, do not depend on 2. We choose for 2 the system composed of the 
n-simplex (P; --+ Pn41) and its faces denoted by Z,. Here 


(43) att) ~ af = Ee i 


Let 2, be subdivided into >, and let a,” be the number of the k-simplexes of 
,. Then 


(4.4) > Ax(ax” — af) = 0, 
k=0 


ie, the “vector” & = a4” — af ,k = 0,1, --- n, liesin the hyperplane >) Ait: = 
0. If for suitable choices of such subdivisions we arrive at n such linearly- 


independent vectors &'”, vy = 1, 2, --- , n, then the A;,’s are determined up to 
a factor f and (4.2) is proved. 
We choose the subdivision >%, of >, yielding £"” v = 1, --- n (the »*" vector 


in our construction) by introducing the centroid of a v-face of 2, . 

Let (P; +++ P,4:) be that v-face, v = 0 included, S its centroid and a;"” the 
humber of k-simplexes of =’,. A k-simplex of 2’, not containing S is of the type 
(Pa, +++ Pa, ,,) but not of the type (Pi +--+ P,41Ps, --+ Ps,-,), which (for v ¥ 0) 
does not exist in 3”. 

Hence the number of k-simplexes of 5%, not containing S is 


(4.5.1) (53) <b ee ”) 
k+1 k—v/° 
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A k-simplex of 2’, containing S is of the type (SP., --- Pa,) but not of the type 
(SP; ae Py41P 3, Os Pincia)- 
The number of k-simplexes of D>, with one vertex S therefore is 


- n+1 n—»p 
(4.5.2) ( k }= ("5 Pa 


Thus 

strat n+1 n+1 * JF), ut—p 
(4.6) ie = (Rt) +( k ) G29 G52.) 
and 

oa = ("2 ')-@72)- n—v 
Bie ors oe ee ee Ra MTR 


For &"" the relations 
(4.8) 2, (1) se” = 0 


hold. This of course is a consequence of the invariance of the Euler number, 
but is readily verified as follows. The left side of (4.8) 


_ ee, aefntl  /_4)k == Ff _— a a? 
= 2; ( »*( k +d » eee d (=) hee 


k=0 
-_ (1 ro gi ia (—1)°" + (—1)"" os 0. 


Furthermore, 


oat (*E)-@)-G2) 


and 


os. n+H1 co n— vp Per g~— 3 _0---v7=0, 
(4.10) -( ma yee Seger Ber cor 


From (4.7) for n, vy > 0 we get 
got = (2) — ( n—v © 
‘ k k-yvy+1 k-— yp 
_ rv»  (n+1 i a n 
— ge41 (; + ') + 45 _ fn41 (, + a3 


ey, = gp + (, + i). 


(4.11) 


or 
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We are now able to prove the linear independence of the vectors &", » = 1, 
.,n, (k = 0,1, -°° ,n). From 


(4.13) > ate” = 0 


, v=] 


by (4.10) for k = 0 we deduce 


(4.14) > a = 0, 
and then by (4.12) and (4.9) fork = 1,---,n 
n n—1 n—1 
(4.15) Dy wb = De ara” = Do arse” = 0. 


Thus from the linear independence of the (n — 1) vectors gf”, » = 1, «++, 


n-1(k = 0,---,n— 1) (by (4.13), (4.14) and (4.15)) the linear independence 
of the n vectors &"”, v = 1, ---, n, (k = 0,1, ---, 7), follows. Buté&' =, 1, 
k = 0, 1, hence, of the sets of vectors &", p = 2,---,n,v=1,-+-,p, (k = 0, 
1, ++, p) each one is a linearly independent set, thus proving (4.1). 
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